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EXISTENCE AND UNIQUENESS OF SOLUTIONS FOR COMPRESSIBLE
MAGNETOHYDRODYNAMIC EQUATIONS WITH BOUNDED DENSITY

YASI ZHENG

ABSTRACT. This article concerns the three-dimensional compressible magnetohydrodynamic
equations on the torus in the presence of vacuum. We establish the existence and uniqueness
of strong local solutions for low-regularity initial data without imposing an initial compatibility
condition. More precisely, the initial data are assumed to satisfy 0 < pg € L (T3),uo,bo €
HY(T3),divby = 0. The main difficulties arise from the strong nonlinear coupling between the
velocity and magnetic field and from the low regularity of the density. By introducing the effec-
tive viscous flux and deriving suitable time-weighted energy estimates, we establish a uniform
local existence theory independent of the initial compatibility condition. For uniqueness, we
estimate the density difference in a negative Sobolev space and introduce a coupled backward
parabolic system to avoid derivatives of the density. The proof is completed by a logarithmic
BMO estimate and an Osgood-type argument.

1. INTRODUCTION

1.1. Compressible magnetohydrodynamic (MHD) equations. We consider the compress-
ible MHD equations in T3 x (0, 7)),

pt + div(pu) =0, (1.1)

plug +u-Vu) — pAu — (u+ A\ Vdivu + VP = (V x b) x b, (1.2)
by — V x (u x b) = vAb, (1.3)

divh =0, (1.4)

where the unknowns (p, u, b) represent the density, velocity and magnetic field, respectively. The
pressure is P = ap where a is a positive constant. The viscous coefficients p and A satisfy the
physical constraints

w>0, 2u+3X>0.

There is an extensive literature on the mathematical analysis of the compressible MHD equa-
tions, which couple the compressible Navier-Stokes equations of fluid dynamics with Maxwell’s
equations of electromagnetism. When vacuum is allowed, i.e., when the initial density may vanish
in some region, many results have been obtained for the compressible MHD equations. For local
and global weak solutions to the compressible MHD equations, see [15} 20} 26} 27, 28] 29| 2T}, [T'7, [33]
and the references therein. Global well-posedness of strong solutions to compressible flows with
large oscillations and vacuum was studied by Lv, Shi and Xu [36] and by Li, Xu and Zhang
[30], and the latter result was subsequently improved by Hong, Hou, Peng and Zhu [19]. For the
non-isentropic case,

Fan and Yu [I6] considered the local existence and uniqueness of strong solutions with initial
data satisfying pg € W9, ug, by € H?,divbg = 0, and the following compatibility conditions

—/JAU,O — (/J + )\)V div Ug + VPO — (V X bo) X bo = \/[Togl, PO = Rpo(go, (15)
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1
KAB + g|Vuo + (Vuo) ™12 + M(divug)? + ;|V x bol? = \/pogz, (1.6)

for some g1,92 € L?. This result thereafter was extended by Liu and Zhong [34] to the global
existence result. Recently, Lu and Huang [35] investigated the existence of strong local solutions
for the full compressible MHD equations with vacuum and zero heat conduction, see also Xi and
Hao [39] and Zhong [42]. For local and global well-posedness to the incompressible MHD equations,
one refers to [2, B [, 5l [7, B2 40] and the references therein.

The MHD system is concerned with the interaction between fluid flow and magnetic field. When
the electromagnetic effect is absent, i.e., b = 0, the MHD system reduces to the compressible
Navier-Stokes equations, which have been extensively studied, see [9] 10, [TT], 18, 23] and the
references therein. Typically, local well-posedness to the Navier-Stokes equations requires suitably
regular initial data satisfying the following compatibility conditions

—pAug — (p+ A)Vdivug + V(Rp()eo) = \/pohi1, (1.7)
KAy + g|Vu0 + (V)72 + A(div ug)? = \/poha, (1.8)

for hy, he € L?. It should be pointed out that these compatibility conditions and impose
some restrictive constraints on the initial data in the vacuum region and also in the neighborhood
of the vacuum-nonvacuum interface. It is therefore of both mathematical and physical impor-
tance to establish an alternative well-posedness theory without requiring any initial compatibility
conditions like and (L.8). The first study towards this direction was made by Li [24] for
the inhomogeneous incompressible Navier-Stokes equations, where the local well-posedness was
successfully established without any compatibility conditions on the initial data, see Danchin and
Mucha [T4] for further developments aiming to relax the smoothness of the initial density. Local
well-posedness theory to the compressible Navier-Stokes equations without any initial compati-
bility conditions was later established by Gong, Li, Liu and Zhang [I8] and Huang [22] for the
isentropic case, and thereafter extended by Li and Zheng [31] to the heat conductive case. Similar
results have been pursued for the MHD equations. Cheng and Dong [8] and Zhang, Guo and Fang
[41] established local well-posedness theory to the non-isentropic MHD equations in several space
dimensions without imposing the corresponding initial compatibility conditions 7. Their
results, however, require stronger spatial regularity of the initial density than that assumed in the
present paper.

The aim of this paper is to establish local existence and uniqueness of strong solutions to the
compressible MHD equations under low-regularity assumptions and without any initial compati-
bility conditions. In particular, we allow the initial density to be merely bounded and nonnegative,
po € L, which is substantially weaker than the regularity assumptions used in the preceding lo-
cal theories. This is achieved by successfully extending and refining the approach of Danchin and
Mucha [I4] for the compressible Navier-Stokes equations. Moreover, we introduce a coupled back-
ward parabolic system and apply a logarithmic Grénwall-type inequality to prove the uniqueness
of solutions.

System (|1.1)—(1.4) is supplemented with the initial data

(ps pu, b)|i=0 = (po, pouo, bo), (1.9)

where pg,up and by are given functions. For sufficiently regular solutions of system (1.1)—(1.4)), it
is straightforward to verify that both the total mass and momentum are conserved through the
evolution. Specifically, for all ¢ > 0,

/ p(z,t)de = / po(z)dx and / (pu)(z,t)dz = / (pouo)(z) dz.
T3 T3 T3 T3
Without loss of generality, we always suppose
/ po(z)dz =1 and / (pouo)(z)dz = 0. (1.10)
T3 T3

It should be pointed out that the actual values of ug that we need are only those in the non-vacuum
region T3 := {z € T3|po(x) > 0} but not in the vacuum region T := {z € T3|po(z) = 0}. More
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precisely, we denote by uf* the initial velocity in the non-vacuum region Ti, and define

Tt = {0 + Gip = uff™ on T3, g € H'(T?)}.

Then any ug € Sxt can be chosen as the “initial” velocity without changing the initial condition
(1.9) and normalization (1.10). In fact, for any ug € Fext, it is clear that

real 3
potio — Poug in T7,
0 in T3.

Because of the above explanation, throughout this paper, we assume that the “initial” velocity wug
is defined on the whole domain such that ug € H*(T?).

Before stating the main results, we first clarify some necessary notations used throughout this
paper and state the definition of solutions to be established.

For 1 < p < oo and positive integer m, we write L? = LP(T?) and W™P = W™P(T3) to denote
the standard Lebesgue and Sobolev spaces, respectively, and we use H™ to replace W™2. For
simplicity, we also use notations L? and H™ to denote the N product spaces (LP)N and (H™)V,
respectively. We always use ||ul|, to stand for the LP norm of u, while the L? norm is further
simplified as || - ||. To shorten notation, we sometimes use ||(f1, f2, - , fn)|lx to denote the norm

vazl | fillx or the equivalent product norm (Zfil I fill%)Y/2.
We introduce the material derivative, effective viscous flux and vorticity as follows:

u = u; + u - Vu,
G:=(2u+ N divu — P, (1.11)
w:=V X u.

Thanks to this, applying divergence and curl to the momentum equation (1.2 yields the elliptic
systems

AG =div(pi — (V x b) x b), pAw =V X (pi— (V xb) xb). (1.12)
In what follows, we shall frequently use the Hodge estimate on T2. For any 1 < p < oo, it follows
from (TTT)-(T12) that

IVullr < C([[divull, +[lwllp) < C Pl + Gy + [wllp)- (1.13)
To be more precise, the strong solutions to be established in this paper are defined as follows.
Definition 1.1. Let T > 0 and ¢ € (3,6), and assume that
OS,OQELOQ7 uo, boEHl, divbg = 0.

A triple (p,u,b) is called a strong solution to system (L.1)-(1.4) in T2 x (0,T), if it has the
regularity

0<peL>0,T;L>)nC([0,T]; L),
(u,b) € L=(0,T; HY), /pu e C([0,T];L?), be C([0,T);L?)
Vu € L*(0,T;L%), be L*(0,T;H?), (VG,\/pu,b;) € L*(0,T;L?),
(Vit/pi, Vb)) € L=(0,T; L?), (ViVa, ViVb,) € L*(0,T; L?),

satisfies (1.1)—(T.4) in the sense of distributions, in T3 x (0,7), and fulfills the initial conditions
(1.9) and normalization (1.10)).

Remark 1.2. The term “strong solution” refers to the regularity of p, u, b specified in Definition
and to the strong attainment of the initial data. However, since the density is only bounded,
the equations (1.1)—(1.4]) are understood in the sense of distributions.

We now proceed to state the main result of this paper.
Theorem 1.3. Let g € (3,6), and assume that
0<poe L™ g bpeH, divby=0,
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and that the normalization (1.10) holds. Then, there exists a positive time Ty depending only on
a, i, A\, v, q, and g, such that system (L.1)—(1.4) has a unique strong solution in T3 x (0, Ty), where
Do := [lpollec + I Vuoll* + (10011 -

The key to the existence part of Theorem is to derive some suitable a priori estimates
independent of the compatibility condition for the quantity

t
B(t) = 1+ sup (Il + [Vull + ) + [ 170 V20 AV s (114
58> 0

for any approximate solution (p,u,b) to system f subject to 7. To this end,
we introduce the effective viscous flux and the vorticity, which allow us to estimate the velocity
without the gradient of density Vp. The magnetic coupling produces additional nonlinear terms,
and these are handled through the resistive structure of the magnetic equation together with
carefully chosen time-weighted energy estimates. More precisely, we prove a smallness condition
of the form 7% & & (T) < eg, which implies a uniform bound for ®(7") < C, where ¢y and C' are
two positive constants independent of the compatibility condition, see Corollary Moreover,
due to the lower regularities on the initial data and the absence of an initial compatibility condition,
the regularities of the strong solutions obtained in this paper are weaker than those required in
[16, B9] to prove the uniqueness. In order to overcome this difficulty, we first estimate the density
difference in a negative Sobolev space and use a logarithmic estimate involving the BMO-norm of
Vu. To avoid the appearance of Vp, we introduce a coupled backward parabolic system, and then
carry out some suitable weighted energy differential inequalities, which fit into the framework of
a logarithmic Gronwall inequality, to prove the uniqueness.

Next, we present some important lemmas. The following Poincaré inequality proved in [14] will
be used frequently.

Lemma 1.4 ([I4) Lemma A.2]). Let p be in L*® with % +1=1and2<p<6. Assume that

/pvdx:() and M := pdzx > 0.
T3 T3

Then there exists a constant Cp, depending on p, such that

C
loll < (1 + MPHP - CHS) |Vol|, for a real number c.

Lemma [1.4] immediately yields

1
ol < Cp(1+ 5= llp = cllz- ) IVel, ¥2<p<6.
The next lemma gives basic estimates for G and w.

Lemma 1.5. Let (p,u,b) be a smooth solution of problem (1.1))~(1.4). Then there exists a positive
constant C' such that for any q € (3,6),

VG, Vw)ll < ClplI X IVpill + bl 1928]2),
54—6 6—g 3q—6

I A 3
I(VG, Vw)lly < Clllpll™ lvpul = IVl ™5 + [Bli%: + 1651172
Proof. From the momentum equation (|1.2]), one has

/pudx:/(be)xbdx.
T3 T3

2q—3

).

By (1.4)), it follows
1
/ (V x b) x bdz = / ((b-V)b— fV\bF) da =0,
- - 2

/ pudz = 0.
T3

which implies
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The standard L?-estimate for elliptic system directly yields
IVG| + IVwll < ClplI2 I vpil + 18l ]blle)
< C(lloll &2 1Vl + bl 925 72).
Similarly, the Gagliardo-Nirenberg inequality shows that for each ¢ € (3,6),
IVGllq + IVwllg < Cllptllg + [(V < b) x bllg)
3¢-6

TEETINNE
< Cllpal ™= lpalls™ + [[bllool[VEllq)

3¢=6 NTCE
< Cllpllsc™ [lv/pul = Vil

3q

5 bl 2 + B2

2q—3

). O

We also state the following Osgood type lemma to be used in proving uniqueness.

Lemma 1.6 ([I, Lemma 3.4]). Let b > 0, and p : [0,b] — [0,00) be a continuous nondecreasing
function such that p(r) > 0 for r € (0,b]. We say that u is an Osgood modulus of continuity on

[0,8] if
/b i = 400
o K(r) .

Giventy < T, letT € L'(ty, T) be a nonnegative function, and Y : [to, T] — [0,b] be a nonnegative
measurable function. Assume that, for some real number ¢ > 0,

Y(t)<c+ /t T(s)u(Y(s))ds for a.e. t € [to,T].
If ¢ is positive, then we have, for a.e. t € [to,T],
¢ b dr
MY (t))+ M(c) < /to I(s)ds, M(zx):= /m )

In particular, if c =0 and p is an Osgood modulus of continuity, then

Y(t)=0 fora.e. tEe€lty,T].

2. A PRIORI ESTIMATES INDEPENDENT OF THE COMPATIBILITY CONDITION

In this section, we aim to derive some a priori estimates for strong solutions to system (1.1f)—
(1.4), with initial data satisfying 7 and the compatibility condition. In particular, the
a priori estimates established in this section do not depend on the initial compatibility condition.
We begin with the following local existence result for the compressible MHD system, which can
be proved in the same way as in [I6], where the natural compatibility condition is required.

Proposition 2.1. Let q € (3,6] and assume that (po,ug, bo) satisfies
0 < po€ WH(T?), (ug,bo) € H*(T?), divby =0,
and the compatibility condition
pAug + (e +N)Vdivug — VPy + (V X by) X by = /P09,

for some g € L*>(T3). Then, there exists a positive time T, depending on a, u, \, v, q, |[Vpollq,
|V2uoll, [[V2bo| and ||gl|, such that system (L.1)—(1.4) admits a unique strong solution (p,u,b) in
(T3) x (0,Ty), satisfying
p € C([0, T.; W), p, € C([0,T.]; L),
(u,b) € C([0, ) H') N L*(0, To; W21),
(ug,be) € L2(0, T; HY),  (v/pus, b)) € L=(0, Ty; L?).
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It will be shown in this section that the existence time T, in the above proposition can be
chosen depending only on a, , A, v, ¢, and the upper bound of

D0 := [lpollos + Vuoll* + [[boll3: -

In particular, T, can be chosen independent of ||Vpo|lq, [[VZuol, [[V?bo|l and [|g||. Let ® be the
quantity given by . The main content of this section is to obtain the local-in-time estimate
of ® independent of |[Vpollg, [|VZuoll, |[V?bo|l and ||g||, and therefore independent of the initial
compatibility condition.

From here to the last proposition of this section, we assume that (p, u,b) is a solution to system
f in T2 x (0,7), for some positive time T' < 1, satisfying the regularities in Proposition
with T, there replaced by T. We emphasize again that C, which may vary from place to place,
is a generic constant depending only on a, i, A, v, g, and the upper bound of ®.

Proposition 2.2. [t holds that

7q

(7).

T
/O (I divullee + (G, W)lleo + (VG V)| + [(VG, Vw)ll) dt < CT 5 @
Proof. Tt follows from Lemma [I.5] that
T T
[ v vwlac< e [ (IIve + ) a

<C <T1/2<I>(T) + T%cp(T)) (2.1)

< OTY?®(T),
T T 59—6 6—q 3¢—6
/0 VG, Vw)lqdt < C/O lolloc™ llv/ptl| = || Va2 dt

2g—3

T
e / (15120 + 612219287

(2.2)

Tq—6
q

gO(T%f@ ; (T)+T<1>(T)+T%¢»(T))
(1),
where we used 2—?’(] > 64;(]‘1 for ¢ € (3,6), T <1, and ®(T) > 1. From relation (1.11]), one has
Gl < C(ldivull + llpl)) < CUVull + llolloo)- (2.3)

Therefore, by the Gagliardo-Nirenberg and Young inequalities, one obtains

T T
/0 ||Guoodtsc/0 (1G] + IVG]l) dt

<C (T<I>1/2(T) +TO(T) + T ®

Tq—6
q

6—gq
<CT™ia @4

7q

()

7q—6

<CTE T (T),

and
7q

= (7).

T T
[ lelwde o [l + [Vul,) dt < 07 0
0 0
Moreover, using again (1.11]) yields
7q—6

T T .
/ | div oo dt < c/ (Gl + llplloo) dt < CTF 6755 (7).
0 0

This completes the proof. O
Proposition 2.3. It holds that

q 7qg—6

6;
sup |[plloo < [lpollec exp {CT 5 &5 (T) }.
0<t<T
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Proof. For any given x € T? and s € [0, T], we define U(z,t;s) by

iU(m,t; s) =u(U(x,t;8),t), Vtel0,T],

dt
Ul(z,s;s) = .
Then, it follows from transport equation ([L.1]) that
d
ap(U(Jc,t; s),t) = —=divu(U(z,t;8),t)p(U(x,t; 8),t), Vte(0,T).

Solving the above ordinary differential equation yields
p(U(z,t;5),t) = p(z,s)e” JodvuU@ms) ) dr -y g e [0,T7.
Choosing ¢t = 0 in the above, one gets
p(z, s) = po(U(x,0;s))e Jo dvullzms)ndr gy g) e T3 x [0,T].
Therefore, by Proposition it holds that

_— 6-q 796
Sup. [l (t) < lpollacei 19 197 < [ o O 7 10D,
t<

which completes the proof. O
As a direct corollary of Proposition [2.3] one obtains:

Corollary 2.4. There is a sufficiently small positive constant ey < 1 depending only on a, pu, A\, v, q,
and ®q, such that

sup |[plloe < 5,
0<t<T
as long as
6—q 7q—6
T4 & 4 (T) < e, (2.4)
where the positive constant p denotes the upper bound of density.

Since ®(T') > 1, it is easy to check that the following relations hold by the assumption (2.4):

—q q— s a— 129

T3 (T) = ( %@74q6(T))7q ST <t < 1, (2.5)
—q q— 873 11q—3 _8a

TEOX(T) = ( %@74q6(T))7q TS < el <1, (2.6)

which will be frequently used in the rest of this section.

Proposition 2.5. Let ¢g be the number stated in Corollary and assume that (2.4) holds. Then,
the following estimate holds

T
sup \|b||2+/ VB2 dt < C.
0<t<T 0

Proof. Multiplying with b and integrating over T3, one deduces by the Holder, Sobolev, and
Young inequalities
1d
2 dt
By , integrating the above inequality over (0,T) gives

1%
611 + || VBI1* = /w(u x b) - (V x b)dz < Clulle[Blls[ Vo]l < SIVOII* + ClIVull*[[b] 5

T T
sup [0+ [ 92 de < (ol +C [ ITuPblE a)
0<t<T 0 0

< 0(1 + Tq>2(T)) <c.

This completes the proof. O
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Proposition 2.6. Under the conditions of Proposition[2.5], it holds that
T
swp [(Vu VO + [ (196, Vi, b P20 + [Val) de < C.
0<t<T 0

Proof. Applying the elliptic estimates to (1.3)) and using the Young and Gagliardo-Nirenberg
inequalities, one gets

IV20]* < C([[be])* + IV x (u x b))
< O(I[be]l + 10121 Vaull* + [JulI I VBII3)
< O(I[be)l + (N0l + 1ol V20D Vul® + Vo[V 20] [V [?)
1
< SIVEBIZ + Cllbe]” + bl (1 + [ Vull ),
and, thus
IV20]1* < Clibe]|* + ClIblI 3 (1 + [ Vul|). (2.7)
Multiplying (1.3) with b;, and integrating it over T2, one obtains by the Young, Sobolev and
Gagliardo-Nirenberg inequalities
ST+ 1P = [ V< (uwx ) brda
< C([[ullsl[ VoI5 + [10lloc [ Vull) ][0
< mu([1be ]| + [IV261%) + Cllbl[7 (1 + [[Vul*),

for any positive number 7;. Combining the above estimates with (2.7) multiplied with a small
positive number €;, choosing n; sufficiently small, and integrating the resultant over (0,T), one

has by Proposition and (|2.5))

T T
v sup (VO + [l + el 92 de < (Vb + [ Bl 1+ 19l )

0<t< (2.8)

<C(1+T¥*T)) <C.
Since fw wdz = 0, one deduces by ((1.13] , Lemmau 5(and Corollary [2.4] that
IVull§ < CUIPIE + I1GIIE + llwllf)
< C(IP)1% + IGI? + VG + [[Vwl]f?) (2.9)
< O+ [[Vull® + [[vpal® + [[bl3 V25

For the pressure term, integrating by parts yields

VPu;dx = —i Pdivudx + / P divude

T3 dt Jps T3
4 Pd1 ude + —— ! P(G+P)dac
Tt v 2+ A ¢

d 1 a
=—(————|P|?- | Pdivud -VGdz.
dt(2(2u+)\)” | /Tg v 9:>+2M+)\/T3pu v

By the same token, we deal with the Lorentz force term as follows:

/ (V x b) x b-uy dz :/ ((b~V)b7 1V|b|2) cup dz,
T3 T3 2

d 1.9,
. ((b~V)u-b—§|b| dlvu) dz

+/ ((bt-V)u-b+ (b-V)u-by — 1at|b|2divu) da
T3 2
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Multiplying (1.2]) with u,, integrating over T2, and using the above two identities, it follows from
[TTT) that

% o HEA L 1 2
S(E ETA1q -
G (BI9ul? + E 2 vl + g sP)
d

1
+— (0 Vyub— SR dive - Pdive) do+ |ly/pil?
dt T3 2
:*QM_‘_)\/TSPU'VGdIJr/wml'(u~V)ud:177 §/T33t|b|2divudx

+/TS ((bt~V)u'b+(b~V)u'bt)diE-

By Lemmas [T.4] and [T.5] and Corollary it follows from the Gagliardo-Nirenberg, Sobolev, and
Young inequalities that

a
- <
5755 [ VG| < Cllplllulel V6

< Cpl|Vull(lv/pall + 157 1v20]/?)

1o
< SIVPEl? + CIVull® + 8l 11V8]),

/ pl - (u- V)ude
T3

< CVallvailulls|Vels
< Cllvpil || Vul*?[Vuls?
< LIV + mlVul + CIvulf,
5 [ odbP divuds| < I Tulslbls
<l Vull + Ol + [FulP [Bl3),

[ (0090 bt G- 9y b) da] <l Dl + COBIE + (TPl

for any positive number 72. Plugging the above estimates into (2.10)), adding the resulting in-
equality and (2.9) multiplied with a small positive number €3, and choosing 79 sufficiently small,
one obtains

dp 2 HEA Lo 1 2

(e EEA g 5 IPI2)

gt (G IVal? + 55 = divl? + 5o =S 1P

1 1
+ ((b V)u-b— = b divu — Pdivu) da + = |ly/pul? + 2|Vl
at Js 2 2 2
< C(L+ 1ol + 11Vall® + [IVull® (1Bl 2 + (16l [ V20]]) -
Integrating the above inequality over (0,7'), one deduces by Proposition [2.5and (2.8)) that

T
posuwp |Val+ [ (1vpil? + el Vul?) de
0<t<T 0

1
<2 sup (‘/ b-Vu- bd:c’ + f‘ |b\2divud:17‘ + ’/ Pdivudx’)
0<t<T T3 21 Jrs T3

+C(||Vuo|\2+Hpo||2+‘/ (bo-V)uo-bodm‘—&—‘/ |b0|2divu0dx‘+‘/ Podivuode
T3 T3 T3

T
+C/O (T + 1Bl + 1V2ll® + IVl (bl 52 + 1Bl 120]]) dt

<2 sup |VulP+C[1+ sup (ol + [Blf) + TOHT) + TV/20%(T)]
2 o<t<T 0<t<T
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< sup |Vu?+C (1 +TENT) + T1/2<I>2(T)> :
2 o<t<T

by (2.5)—(2.6)), which implies
T
sup [ValP+ [ (17l + [Vulf) dt < €.
0<t<T 0

Moreover, from Lemma [T.5] it follows that

T T
[ IvaiPa<c [ plelvail? + ol 17200 de < € (14 T202(0)) < c.
0 0
Combining the above two estimates and (2.8]) yields the desired conclusion. O

Proposition 2.7. Under the conditions of Proposition[2.5] it holds that

T
sup_(1I(VEy/7i, Vibi, VIT2)|? + |ViVul ) +/ I(VEVa, VeV, | dt < C.
0<t<T 0
Proof. Differentiating (1.3|) with respect to ¢ yields

btt—VAbt =V x (’U,t X b)+V>< (Uth)-

Multiplying the above identity with tb; and integrating over T2 x (0,7) yields

1 T
L p ||¢£bt||2+u/ V/EVbi |2 dt
2 o<t<T 0

(2.11)
1

T T T

=7/ ||bt||2dt+/ t/ (utxb)-(bet)dxdt—i—/ t/ (u x by) - (V x by) dz dt.
2 Jo 0 T3 0 T3

By the Young and Gagliardo-Nirenberg inequalities, and Propositions we obtain
T

’/ t/ (g ¥ b)-(bet)dxdt’
0 T3

T
< / b1l ]| V]| dt
0

T
< /0 (IVtalls + IvVtull ool Vulle) 1Bll 1 [ VEV D | dt

v

T T
< 4/0 II\/iVthFdHC/O (IVEVal? + IV ull | VEVullol Vulld) 1Bl dt

IN

T T
5/ ||M£Vbt|\2dt+o/ IVtVa|2dt + C sup [|[VEVuls.
4 0 0 0<t<T

Since

/ bpde= [ Vx(uxbder+v [ Abdzx=0,
T3 T3 T3
one obtains

T T
(/ t/s(u X b) - (V % by) dadt] g/ tllaal 1be | Vbel| e
0 T 0

T
<c / Va2 | VET b |2 dt
0

A

4
v

— 4

T T
< 5/ \|\/¥Vbt||2dt+0/ £Vl 4[|be |2 dt
0 0

A

T
/ [VEVD,||? dt + CT®(T).
0
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By (2.5) and Proposition combining these above estimates with (2.11)) entails
T T
sup ||\/Ebt||2+u/ IVEVb||* dt < c/ ||\/%vu||2dt+c( sup ||\/%Vu||e+1). (2.12)
0<t<T 0 0 0<t<T

Recalling (2.7)), it follows from Proposition and the Young inequality that

sup_[VEVH2 < C sup_ (Il + lblF (1 + | Vul*))
0<t<T 0<t<T

<C sup ([|Vtb]? +T2%(T) +1
<C swp (Vi +79%(T) +1) (2.13)

T
gc/ ||\/Zvu|\2dt+c( sup ||\/£VuH6+1).
0 0<t<T

Direct computations yield

O (pt;) + div(upit;) = p(Oeit; + u - V)
d1(0;P) + div(ud; P) = — div((Vu)T P),
Ot (Auy;) + div(uAu;) = Ad; — Au - V) + div(uAu,;)
= At + div[Vu(divul — Vu — (Vu)')),
0¢(0; divu) + div(u0; divu) = 9; diva — 0; div(u - Vu) + div(ud; div u),
O ((V x b) x b); + 05[((V x b) x b);uj]

1 1
= 01 (050 — 50ubI2) + 0| (103b: = SO
Hence, applying the operator 0;(-) + div(u-) to , we rewrite ([1.2)) as the following identity:

p(ty +u-Vu) — pAu — (p+ A)Vdiva
= div((Vu)T P) + pdiv[Vu(divul — Vu — (Vu)T))
F (N div](dive)? — YV : (Va)T)T - diva(Va)T] (2.14)

+0, (b Vb — %V|b\2) +div [(b Vb — %V|b|2) ® u}

Multiplying (2.14)) with t4, and integrating over T2 x (0,7 yields

1 T T
L up ||¢i\/puu2+u/ ||\/fvu||2dt+(u+/\)/ IVEdiv a2 dt
20§t§T 0 0

T T
< %/ ||ﬁu||2dt+/ t/ div[(Vu)" P+ p(Vu(divul — Vu — (Vu)")] - ddz dt
0 0 T3

T
+ (u+ )\)/O t /Ts div[((divu)? — Vu : (V)T — divu(Vu)T] - ade dt (2.15)

T 1
+/ t/ at(b-Vb—be\Q)-adxdt
0 T3 2

+/0Tt/1r3div[(b-Vb—;V|b2) @u} -udxdtzzgji.
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By the Cauchy and Gagliardo-Nirenberg inequalities, it follows from Corollary[2.4and Propositions

that J; < C, and

T
22 < C [Pl Tl + [Vl Vo) V]
<0 [ ipIull + 19ul IVl IET )|V a

< o(Ta(T) + THe(T) sup IVivals),

T
| Js] SC/ IVulls|VEVulls|[VEVal dt < CTT@(T) (Sup IVl
0

<t<T

T
i <C [ tblalblal vl de
0

T
<c / R b [V Vb V2 bl 1 [V dt
0

N

T T T
<L [ VIRt [CIVEORIEdes [ bl o)
0 0 0

T T
b [ ivalacns [ IViBiEarc.
0 0

IN

T
PARYe: / tlealollblls [ VB[Vl dt

T
< O/O VEHIVull (161 + 16l V0] [VEVa dt
< CT?3*(T),

for any positive number n3. Plugging the above estimates into (2.15]), and choosing 7ns small

enough, it follows from Proposition (12.5)—(2.6) and (2.12) that
T

sup [Vivpil? + [ VAVl

0<t<T 0

<C(1+THe(T)) sup |[ViVulls +C(1+ T(T) + THOX(T)) (2.16)

0<t<T
< C( sup ||VtVulle + 1).
0<t<T
Recalling (|2 , it follows from Propositions |2 and , and the Young inequality that
sup ViVl < C sup (t+ tVull® + ||ﬁﬁu||2 bl + VIV
0<t<T

<C sup (||\/i\/ﬁa|\2+H\/fVu||6+T<I>3(T)+1)
0<t<T

< C sup (||\/£Vu||6+1)

0<t<T

< 5 sup H\[VUHG—i—C

—_

and, thus, sup<,<7 [[VtVul[§ < C. With the aid of this, the conclusion follows from (2.12 -

and (Z15).

As a direct corollary of Corollary 2:4] and Propositions [2.5H2.7] we have the following result.
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Corollary 2.8. Under the assumptions of Proposition[2.5, it holds that
(1) + sup_(|[(G, Viypit, Viby, VIV + |[VEVul3)
0<t<T

T
+ [ (1o ViV, TE) 2 + VulE) i<
0

that is

sup (||pHoo + 1[(Vu, Vb, G, Vi/pie, VIV, Vi) + [VEVul)

+/ (H(\/ﬁa, ViV, by, VtV by, V20, VG) || + ||Vu||§) dt < C.
0

We end this section by proving in the next proposition that the existence time T;, depends only
on a, i1, \, v, q, and the upper bound of ®¢, but is independent of the quantities ||Vpo|l4, || V2uoll,
[[V2bo|| and [|g]|.

Proposition 2.9. Let g € (3,6) and assume that (po, uo,bo) satisfies
0<p<po€Wh, wgby€ H? divby =0,

/ podz =1, / poug dz = 0.
T3 T3

Then, there exist two positive constants Ty and C depending only on a, u, A\,v,q, and the upper

bound of ®q, such that system (1.1)—(1.4), subject to (1.9)—(1.10), admits a unique solution (p,u,b),
in T3 x (0,Ty), satisfying

50 (el + 1V, 95, G, Vivpis VIV, Vi) + [ViVul}) < €

and

To
| (151 VEVit b VI8, 92, 9GP + V) e <
0

Proof. By Proposition n 2.1} there is a unique local strong solution (p,u,b) in T3 x (0, T,) satisfying
the regularities stated in Proposition 2.1} By applying Proposition 2.1] inductively, one can extend
the local solution uniquely to the maximal time of existence Tiyax- Then7 the following holds

1
sup (1= lloo + lpllwra + Jullze + 1Bl ) = oc. (217)
T.<t<Tmax > P
For any T € (0, Timax), (p,u,b) satisfies the regularities in Proposition with T, there replaced
by T'. Let ¢y be the constant stated in Corollary ® the function given by (1.14)), and set
Ty = sup {T € (0, Tinax) : T%Q)%(T) < eo}.
Claim: Ty < Tyax. Assume by contradiction that Ty = Tinax. Then, by definition
T%qcb%( T)<e, VT € (0 Thnax)- (2.18)

Since ®(T") > 1, it follows from ) that Thax < 60 q. Thanks to (2.18]), it follows from
Corollary 2:§] that
O(T)+ sup ||ViV2D|? < C, VT € (0, Tmax), (2.19)
0<t<T

for a positive constant C' independent of T' € (0, Tiyax). By following the arguments in Proposition

one deduces by Proposition and ([2.18)) that

inf p > peJo Idivuledt > po=Ceo vy (0 Tp), 2.20
ra il P2 pe > pe ( ) (2.20)
for a positive constant C' independent of T' € (0, Ti,ax). Differentiating the continuity equation
gives
oVp+ (u-V)Vp+ (Vu)TVp + (divu)Vp + pV divu = 0.
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Thus q
3 IVPlla = ClIVullo[Vallg + Cllplloo||V div ulfg.
Since
G = (2u+ A)divu — ap,
we have

IV divully < CIVGl, + Cl[Vplly.
By the logarithmic and elliptic estimates

IVulloo < € (14 | divulac + [lwlloo ) 1og (e + [ V2ull,)

< C(1+ | Vull + VGl + [ Velly) Tog (e + I V2ull,) .
IV2ully < C(IVGllq + IVl + 1Vellg) -
By the bounds on VG and Vw following from Lemma [1.5] we obtain
Y'(t) < CAR)Y (t)log Y (t).
We set
Y(t) :=e+[[Vp)llg, Ao(t) =1+ [[Vull +[[VGllq + [Vwlg-
Since Y (t) > e, it follows that
log(e + || V?ullq) < C (1 +1log(e + Ao(t)) +log Y (t)).
Consequently,
Y'(t) < CAo(t)(1+1log(e+ Ao(t))Y (t) log Y (t).
Defining
A(t) := Ag(t) (1 +log(e + Ao(1))),
it follows from Proposition [2.2| that A(t) € L' (0, Tinax). Hence,
/
%log logY(t) = Y(t)YloZ>Y(t) < CA(t).
By Proposition A € LY0, Tyax)- Integrating the preceding inequality gives

t
loglog Y (t) < loglog Y (0) + C’/ A(s)ds.
0

Exponentiating once, we obtain

log Y (£) < log Y (0) exp (c /0 t A(s) ds) .

Therefore

sup  |lpllwia < oo. (2.21)
0<t<Trmax

Next, we control v in H?. The elliptic estimate applied to entails
[ullzz < C (il + [[VPI 4+ [[(V x b) x bl + [ul])
< C (o2 vl + 90l + 613/ 19262 + [Vul) , vt > T,
by and , which gives

sup  ||u|l gz < oo. (2.22)
T. <t<Twax

Therefore, combining (2.19)—(2.22)) yields

1
sup (1= loe + lollwra + ullz= + bll2 ) < C,
Te<t<Tmax - P

which contradicts (2.17)). This contradiction proves the claim.
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Since Ty < Tmax and noticing that ®(7T') is continuous on [0, Tyyax), one gets by the definition
of Ty such that
6-q  1q_
T, "% (Ty) = co. (2.23)

4q

Thanks to this and recalling that ®(7') > 1, it follows from Corollary that Ty < €, 7 and
®(Tp) < Cy for a positive constant Cyy depending only on a, 1, A, v, ¢, and the upper bound of ®.
4

Therefore, it follows from ([2.23)) that Ty > ( £0 )ﬁ The corresponding estimates follow from
C,

74—6
4q
0

Corollary This completes the proof. O

3. PrROOF oF THEOREM [L.3]

3.1. Existence. The proof is divided into 6 steps:

Step 1. Construction of the initial data. We proceed to construct the initial data in
such a way that the initial density is bounded away from zero, and the approximate initial data
(Pon, Uon, bon) satisfy and . Choose a sequence e, — 07 and let j., be a standard
mollifier on T3. We assume, without loss of generality, that |T3| = 1. We define po,, = je, * po-
Then we have

/3071 S Coo) ﬁOn Z 0 and ||ﬁ0n”oo S ||p0H007 (31)
and for 1 < p < oo,
/ Pon dx = / podx =1 and pg, — po in LP. (3.2)
T3 T3
Let o, > 0 satisfy a,, — 0 as n — oo, and define
- p~0n + Oy
Pon =1 an,

Then po, € C*° C W4 for any ¢ € (3,6), and

Pon 2 > 0.

n
1+ ay,
Moreover, relation (3.2 gives

1
L de = Son + ) dz = 1. 3.3
/TS'OO x 1Jr%/w(po +ap) dz (3.3)

Also, for all 1 < p < o0,

Pon — po in LP. (3.4)
Indeed,
__ Pon — Po ( ) (679}
— po = -1
Pon — PO 1+ o, 1+a, Po+1+an7

by (3:2), hence

1pon = pollp < llpon = pollp + Canllpollp + Can — 0.
Furthermore, since ||pg||r=~ > 1, we have ||ponllco < ||P0]lco, Provided that n is large enough.
Next set

Von = jsn * Ug, by = / PonVon dz,
T3

and define
Uon = Von — Un.
Then ug, € C>* C H? and vg, — up in H' as n — oo. It follows from (3.3) that

/ Ponlon dr = / PonVon dx — gn/ pon dz = 0.
T3 T3 T3

It remains to prove that ug, — ug in H' as n — co. Since fqr?» poup dxr = 0, we write

|4, = ‘/ PonVor A —/ Polo dm’
T3 T3
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= ‘ / pon(Von — uo) da +/ (Pon — po)uo dx
T3 T3

< |lponlle/sllvon — uolle + llpon — pollesslluolles

from which, using Sobolev embedding H' < L% and vg,, — ug in H' as n — oo, we obtain £, — 0.
Therefore,
Ugn = Von — bn — ug  in H. (3.5)
Moreover,
Vugn = V(je, *uo) = je, * Vo,
and thus
[Vuon || < [[Vuol|-

Finally, let P, denote the Leray projection onto divergence-free vector fields on T3, and define
bon = ]Pa(jsn * bO)
Then by, € C* C H?, div by, = 0, and, since divby = 0,
bon — by in H'.
In addition, the low-order quantities are uniformly controlled:
llponlloo + IVonll* + 1bonll7: < C (lpolloo + Vo ll® + [[bollZ:) - (3.6)
Since po, > 0, the approximate initial data (pon, won, bon) trivially satisfy the following compati-
bility condition
gn = po " [Auon + (1 + NV divug, — VPon + (V X bon) X bon] -

Step 2. Uniform estimates and weak compactness. By (3.6 and Proposition there are
two positive constants Ty and C' independent of n such that system (1.1))—(1.4) admits a unique
solution (py,, Un, by), in T3 x (0,Tp), and the following a priori estimates hold

To
/ 1/ Bt Deb, V2, VG |2 + [V |2) dlt < C,
0

0<t<Typ

To
/ (VEV iy, VEV Db || dt < C,
0
sup (| (VEy/Frin, Vi, VI |2+ [VETun|3) < €,

0<t<T,

for large n. Then, by the Banach-Alaoglu theorem and a diagonal argument, there exists a
subsequence, still denoted by (pn, tn, by), and (p, u, b) satisfying

p € L>®(0,Tp; L), wu € L>=(0,To; H'), Vu € L*(0,Ty; L), (3.8)
be L*(0,To; HY) N L%(0, Ty; H?), b, € L*(0,Ty; L?), (3.9)
ViVu € L®(0,Ty; L°),  VtV2b,v/th, € L>=(0,Ty; L?), (3.10)

Vi, Vb € L2(0,To; HY), G € L™®(0,Ty; L*) N L*(0,Ty; HY), (3.11)

such that
pn = p, in L=(0,Ty; L), (3.12)
Up = u, in L=(0,Ty; HY), (3.13)
Vu, — Vu, in L*(0,Ty; L°), (3.14)
U, — v, in L*(0,To; H), (3.15)
by = b, in L°°(0,Ty; HY), (3.16)
b, — b, in L*(0,Ty; H?), (3.17)
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Otby, — by, in L2(6,Tp; HY), (3.18)

for any ¢ € (0,Tp).
Step 3. Strong compactness of b, , u, and G,,. Since H%2 —— H! << L2 it follows from
the Aubin-Lions lemma and (3.16)—(3.18)) that

b, — b, in C([0,To]; L?) N L*(0, To; HY). (3.19)

Next, we derive the compactness of u,. By Sobolev embedding H' — L% and interpolation, we

estimate the convection term
To

To
/0 it Tt |2 At < C im0 100800 / V3

To
< 2 013001 IVt | 010522 / |Vunllodt < O,

Therefore,
\/zatun = \/Zun - \/Eun -Vuy,
is bounded in L?(0,Ty; L?). By the Holder inequality, it follows from Lemma and (3.7
that u, € L>(0,Tp; L?) and /tdwu,, € L?(0,Tp; L?). Applying the time-regularity result [13]
Lemma 3.4], we infer that for all a € (0, 1),
u, is bounded in Hz~%(0, Ty; L?).
By the compact embedding
L2(0, To; HY) 0 HY27%(0, Ty; L?) << L(0, Tp; L?),

we obtain, up to a subsequence,

up — u, in L2(0,Ty; L?). (3.20)
We next identify the weak limit v. For every ¢ € C2°((6,Ty) x T3;R3),

To
/ / (un~Vun—u-Vu)~q’>dxdt
TS
T(] TO
/ / Vun) ¢dzdt+/ / Vun—Vu)) ¢daxdt — 0,
T3 T3

where the first term tends to zero because
lwn — ullL2(5,10:22) | VUunll £2(5,10:22) — 0,
and the second term tends to zero by the weak convergence of Vu,,. Therefore,
Un, - Vi, = u-Vu  inD'(T? x (§,T)).
Since u,, — u in the sense of distributions,
Oy, — Opu in D' (T3 x (8, Tp)).
Passing to the limit in dyu,, =, — u, - Vu, gives
ou=v—u-Vu,
which implies v = 1.
To pass to the limit in the pressure term of the momentum equation, we prove the strong
convergence of the effective viscous flux G,,. From the uniform estimates , we have
G, is bounded in L>(0, Ty; L) N L*(0, Ty; HY). (3.21)
It remains to obtain a time compactness estimate for 9;G,, = (2u + A) div dyu,, — 0 P,,. For the
linear pressure law, the continuity equation (|L.1)) gives
Ot P, = — div(Pruy,).

Therefore,
0:G,, = div((2,u + AN, — (2p + Nuy, - Vuy, + Pnun).
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From 7, we know that
Vu, € L*>(0,Ty; L*) N L*(0, Ty; L),
which implies Vu,, € L?(0,Ty; L?). By the Holder and Sobolev inequalities, we have
Up - Vuy, is bounded in L?(0, Ty; L?).
Since P, € L*°(0,Tp; L*°) and u,, € L>(0,Ty; HY),
VtP,u, is bounded in L?(0, Ty; L?).
Consequently,
Vt9,G,, is bounded in LQ(O,TO; H_l).
The time-regularity lemma [I3] Lemma 3.4] then gives, for every « € (0,1/2),
G, is bounded in HY?7(0, To; H™).
Since H! <+ L? < H~!, Aubin-Lions lemma yields
G, — G, in L*0,Ty; L?). (3.22)
From the identity
G, = (2u+ N) divu, — apy,
the weak convergence of Vu,, and the weak-* convergence of p,, imply
G=2u+Ndivu—ap inD'(T® x (0,Tp)). (3.23)

Moreover,
divu, — dive in L?(0, Ty; L?).

Consider the extended-valued functional
To
U= [ M@ldt, f e L(0.5) < T,
0

The functional _# is convex and lower semicontinuous with respect to the strong L2-topology, and
hence it is weakly lower semicontinuous on L?. Therefore,

To To
/ | div | dt gnminf/ | div | dt < C,

where the last inequality follows from Proposition 2.2} Consequently,
divu € L*(0, Tp; L™). (3.24)

Step 4. The continuity equation and strong convergence of the density. Following
Danchin-Mucha [14], we prove the strong convergence of the density. We first identify its weak
initial trace. For every scalar test function ¢ € C° (T3 X [O,TO))7 the approximate continuity
equation gives

To To
—/ / pn&g(pdxdt—/ / pnun-thdxdt:/ pone(0) dz.
o Jrs o Jrs T3

pn —p in L=(0,Tp; L), u, —u in L*(0,Tp; L?),
pon — po in LP  for every 1 < p < o0,

Since

we may pass to the limit and obtain

To To
—/ / patgadxdt—/ / pu-Vdexdt:/ po(0) dz. (3.25)
o J13 o Jrs T3

Thus, the limit density satisfies
Oip +div(pu) =0 in D'(T? x (0, Tp)),
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with initial value py in the weak sense. Since u € L(0,Tp; H') and (3.24) holds, the renormal-
ization theorem applies to the limit continuity equation. For smooth approximate solutions, the
renormalized continuity equation with 3(z) = zlog z gives

Or(pn 1og pr) + div(py, log pp up) + pp divu, = 0. (3.26)
Since
(Gn + apn),

div Up = m

we rewrite (3.26)) as

O (pn log pr) + div(py, log pp up) + G, + P2 =0. (3.27)

a
2u+)\pn "2u A

Let
plog p := weak-*1im p,, log pp, p? := weak-*lim p?.
n— 00 n—oo

We also have
pnlog p, u, — plogpu  in D'(T? x (0,Tp)). (3.28)
Indeed, for every ¢ € C°((0,Tp) x T3;R?), we write

TO -
/ /3 (pn10g pp un — plog pu) - ¢ da dt
0 T

T To
:/ / pnIngn(un_u)'¢dxdt+/ / (pnlngn_plogp)u'(bdxdt'
0 T3 0 T3

The first term tends to zero because sup,, ||pn 10g pn|| L= < 0o and u, — u in L?(0, Ty; L?), while
the second term tends to zero by the weak-* convergence of p,logp, in L. Since G, — G
strongly in L? and p,, is bounded in L>°, we have

pnGrn — pG  in D'(T? x (0,Tp)).
Passing to the limit in (3.27)), we obtain

Oipl di 1 G 2 =0. 3.29
iplog p + div(p ogPU)JrQH)\p AT (3.29)
On the other hand, the limit density is a renormalized solution of the continuity equation:
Ot(plog p) + div(plog pu) + pdivu = 0.
Consequently, it follows from the relation divu = 2#%(G + ap) that
1
de(pl div(pl G 2 =0. 3.30
i(plog p) + div(p OgPU)+2M+)\p NS (3.30)
Subtracting ([3.30)) from (3.29)), integrating over T2 x (0,t), and using
pon =+ po in LP; 1 <p < oo,
we obtain )
— a —
Togp — plog p) (t)d (b7 = ) dzds = 0. 3.31
/Tg(pogp pogp)()fﬂ+2u+A/o/TSp p?) dads (3.31)

By the convexity of functions z — zlogz and z — az?, we have
plogp > plogp, p>>p°.
Hence both nonnegative terms in vanish. Thus
plogp = plogp.

Since z — zlog z is strictly convex on [0, 00), it follows that

pn — p ae. in T x (0,Tp).
Together with the uniform L°°-bound, this gives

pn — p in LP(0,To; LP), 1<p < oo. (3.32)
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We now prove the time continuity of the density. Since p € L*°(0,Tp; L) and 9;p = — div(pu)
in the sense of distributions, we have

p € Cyu([0,To); LP), 1< p< .
The renormalized equation with 8(z) = 2P yields
Op? + div(pPu) + (p — 1)pP divu = 0.
Since divu € L1(0,Ty; L>), we infer that
tes ol
is continuous. Combining the weak continuity with the continuity of the LP-norm gives
p € C([0,Tp]; LP), 1<p< oc.

The continuity in L' then follows from the finite measure of T® and the continuity in any fixed L?
with p > 1, that is

lp(t) = p(s)ll < [T*1V2[lp(t) = p(s)lI-
Consequently,

p € C([0,Tp]; LP), 1<p < 0. (3.33)

Step 5. Passage to the limit in the nonlinear terms. We use the conservative form of the
momentum equation:

Ot(pntn) + div(ppun @ uy) — pAu, — (p+ N)Vdivu, + VB, = (V X by) X by,.
We first observe that
Prlly — U, Ppiin @ Uy — pu@u  in LY(0,Ty; LY).
Indeed, since u € L>°(0, Tp; H') < L>°(0,Ty; L), it follows from and that
[ontin — pullL1(0,1p;21)
< |lpn(un = w1001y + (o0 — p)ullLr (0,711
< lenllz2o,10;02) 1un — wllz20,10:22) + lon = pll2(0,10:2) 1wl L2 (0,10 22) — O
Moreover, we decompose
Prtin @ Uy — pU @ U =pp(Up — 1) @ Up + pou @ (U — u) + (pn — p)u @ u.
Using and again, and the fact that p,, is bounded in L>°(0, Tp; L>°) and u,, is bounded
in L>(0,Ty; H'), we have
| pn (un — u) @ unHLl(O,To;Ll) < |lpnllLelun — u||L2(0,To;L2)||un||L2(0,To;L2) — 0,
and similarly,
lpnu @ (U — u)”Ll(O,TO;Ll) — 0.
Since p, — p in L%(0,Tp; L?) and u ® u € L*(0,Typ; L?), we obtain
[(pn — P)u@ullLr0,10:21) < llon — pPllz2(0,70;12) lu ® ull2(0,7;22) — 0.
Therefore,
Prlly @ Uy = pu@u  in Ll(O,TO; Ll).
From the relation P,, = ap,, the strong convergence of p,, gives
P, — P in LP(0,Tp; LP), 1 <p < .
Therefore,
VP, — VP inD'(T? x (0,Tp)).
The viscous terms pass to the limit by weak convergence:

Au, — Au,  Vdivu, — Vdive in D'(T? x (0,Tp)).
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For any test function ¢ € C°(T? x (0,Tp); R?), recalling that (3.16)—(3.17) and b, — b in L? as
n — 00, we obtain

To
/ [(Van)an—(VXb)Xb]¢dxdt
T3
To
/ (V xby) - ((by —b) x ¢) dadt
T3

+/TD 3(V><bn—V><b)'(b><<;$) dzdt — 0.
T
Hence
(V X bp) X by, = (Vxb)xb inD/(’]I‘?’ x (0,Tp)).
For the magnetic induction equation, it follows from - ) that
[[tn X b —w X bl L1 (0,70521)
< [(un — w) X ballpro,my:nr) + [[u x (bn = b)[|L1 (0,711
< un = ull22(0,10:22) 10nll 220, 10:22) + 1wl 20, 70:22) [1Pr — Bl L2(0,10522) — O,
which yields
Up X by = ux b in L0, Ty; L*).
Consequently,
V X (tup X by) = V x (uxb) in D'(T? x (0,Typ)).
Since b, — b weakly in L%(0,Ty; H?), we have
Ab,, — Ab in D'(T3 x (0,Tp)).
Thus the limit b satisfies
—V x (uxb) =vAb in D'(T? x (0,Tp)).
Since div b,, = 0 for every n, passing to the limit gives
divb =0 in D'(T? x (0,Tp)).
Moreover, by the weak lower semicontinuity of norms, it follows from 7 and

To To
/ I/pal2dt < liminf/ ly/Brit|2dt < C.

Step 6. Attainment of the initial data and completion of the proof. Combining (3.25|)
with (3.33) gives
p(t) = po in LP ast — 07,

Since by, — by in L2, it follows from that b(t) — bo in L? ast — 0F.

It remains to pass to the limit in the momentum equation together with its initial value. For
every ¢ € C (']T3 x [0,Tp); RB), passing to the limit in the weak formulation of the approximate
momentum equations gives

To To
/ / ou - atwdxdt—/ / pu®u: Vipdedt
T3 T3

To
+,LL/ Vu: Vi dedt + qu)\/ / divudiv ey da dt
o Jr3 T3

To To
—/ Pdivwdxdt—/ / ((V x b) x b) - ¢ dxdt
0 T3 0 T3

= / poto - ¥ (0) dx
T3

Since pu € L°°(0,Tp; L?) and the conservative momentum equation gives

O (pu) € L*(0,To; W—H3/2),

(3.34)
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the standard weak-continuity argument yields
pu € Cy([0,To); L?),  pu(0) = pouo. (3.35)

In particular,
pu(t) = poug in L* ast—0F.
We first establish the time continuity of the velocity away from the initial time. For all ¢ € [4, Tp],

To To C To
/ |2 dt < c/ Va2 dt < g/ VeVl dt < oo,
§ § 1)

thus u € L?(8, Tp; L?). By Holder inequality, we have
To To
/5 - Full2 dt < 2w szy.z0 /5 Va2 dt

To
< ul2 o 5.0z [ V0l o (570522 /5 IVullg df < oo,

which implies u - Vu € L2(8, Tp; L?). It follows from the material derivative that
ug € L*(5, To; L?).
Together with u € L2(§, Ty; L?), this gives
u € WH2(68, Ty; L?) — C([6, To); L?). (3.36)
Indeed, for § < s <t < Tp,
lu() = ()l < 1t = s/ |luell L2 (s 1:2)-

Combining with
p e C([0,To); L*)  we L®(0,Ty; L),
we obtain
Vpu € C((0,Tyl; L?). (3.37)
We define the pressure potential by
H(r) = {arlogr, r >0,
0, r=20,

and set
(L L (e L,
)= [ (Goll + o)+ 5107) e, Fai= [ (Gmlul + o)+ 5lwl?) do.

Each smooth approximate solution satisfies the standard total-energy equality associated with
(1.1)—(1.4). Let F,, be defined analogously, with (p, u, b) replaced by (py, tn, by ). The construction
of the approximate initial data implies

Therefore, by weak lower semicontinuity, for almost every t € (0, Tp),
t
Fo) +/ / (WIVul? + (s + 2| dival® + v|Vb?) dzds < Fo. (3.38)
o Jrs

The map

t— | H(p(t))dz
TS

is continuous, because p € C([0, Tp]; LP) for every 1 < p < oo, the density is uniformly bounded,
and H is continuous on every bounded interval. Together with (3.19)) and (3.37)), this shows that
the left-hand side of (3.38)) is continuous on (0, Tp]. Hence (3.38) holds for every ¢ € (0, Tp).

We set

K(t) := /11‘3 p(Ou(®))?dz, Kq:= /T3 poluo|? dz.
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By the weighted Cauchy-Schwarz inequality,
2
‘/ pu(t) - ug dx‘ < K(t)/ p(t)|uo|? da. (3.39)

T3 T3
It follows from (3.35]) that

/ pu(t) - up dz — / poluol? dz = K.

T3 T3
Moreover, since p(t) — po in L3/? and ug € LS,
[ plo)huoP o > Ko
T3

Taking the lower limit in (3.39)), we obtain

Ky < liminf K (). (3.40)
t—0+

On the other hand, (3.38)), together with p(t) — po in LP and b(t) — by in L?, gives

limsup K (¢) < K. (3.41)

t—0+
Combining (3.40) and (3.41]), we obtain
K(t)— Ky ast— 0. (3.42)
Therefore,
/ p(t)|u(t) — ug|>dz = K(t) + / p(t)|ug|* dz — 2/ pu(t) - ugpdz — 0.
T3 T3 T3
Moreover,
IV p(t) = Vpo)uoll3 < llp(t) = polla/zlluollg — 0.
Therefore,
1/2
IVp@u(t) — vl < ([ p®lute) = uol? da) "+ 1(/50) - VAol 0.

Thus

Vpt)u(t) = /pouo in L? ast — 0.
Combining this strong initial trace with (3.37)), we conclude that

Vpu € C([0,Tyl; L?). (3.43)

3.2. Uniqueness. We prove the uniqueness of the strong solutions established in Subsection [3.1}
The low regularity creates two main difficulties. The first one is that the conventional energy
estimate for the density difference is not available, because the condition Vp € L%, ¢ € (3,6), used
in [I8], is not assumed. The other difficulty is that divu, curlu € L'(0,T; L°) cannot ensure that
Vu € L'(0,T;L>). Inspired by [I4], the available regularity of the solution allows us to show
that Vu € L'(0,7;BMO). With the aid of this, we introduce the backward parabolic system
to construct the difference of the velocity and magnetic field without introducing derivatives of
density. The following proposition is crucial for proving the uniqueness.

Proposition 3.1. Assume that u is the velocity component of a strong solution in the sense of
Definition|1.1. Then we have

To
/ (1+ |logt|) [[VulBmo dt < oco.
0

Proof. Since each component of Vu has zero mean on T2, the Hodge decomposition gives

[Vullsmo < C (|| divulsmo + [[wlBymo) -

Thanks to this, by the boundedness of Riesz transforms on BMO, the Gagliardo-Nirenberg in-
equality and Lemma [1.5, we have

IVullepo < Clllplleo + VG + [Vl + (Vg + [[Vewllq)
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. 3/2
< C(L+ [l I/pull + B]5/711920]/2)

3qg—6

L B 2
+ C(lvpull = Vel "= + (b7 + [1Bll V20
from which, by Corollary 2.8 and the Holder inequality, we deduce that

2q—3

),

To
/ (1 + [log ) [|Va(®) [suo d
0

29—3

T)dt<c. O

T
<C [ (Ut ogel) (14 V7l 5 IVl 5 + (bl + 9]
Let (p1,u1,b1) and (p2,us,bs) be two solutions to system (L.I)-(L.4) in T? x (0,7) with the
same initial data (pg, uo, bo). Denote
0p=p1 —p2, Ou=wu; —uz, O0b=0by — bs.
One can check by direct calculations that (dp, du, §b) satisfies:
dpe + div(prdu + dpuz) = 0, (3.44)

p1(0uy + uy - Vou) — pAdu — (u+ AV div du + aVip

1 (3.45)
== 75[)712 - ,015’[1, . VUQ + ob - ng + b1 . Véb - §V(5b . (b1 + bg)),

8by — V x (uy x 0b+ 6u x by) = vAsb, divdb = 0. (3.46)

To prove (8p, du, 6b) = 0, we need to perform estimates for dp in L>°(0,T; H~ 1), and for /p10u, b
in L2(0,T; L?).
Step 1. Estimates for dp. Since [ 6pda =0, we set ¢ := —(—A)~1dp such that
IVl = 161l g = l0pl -1
Multiplying (3.44) with ¢ yields

1d
§EHV¢HQ < )/ (p16u - Vo + Spus - Vo) dz|.
T3

By the Holder inequality,

| [ pidu-oda| < vallasul 7ol

It follows from integration by parts
. . 1
/ dpug - Vodx = / uy0;pApdr = — | Opus0;¢0ke da + f/ divuy|Vo|? da. (3.47)
T3 T3 T3 2 Jrs

To bound the first term in (3.47)), we use the following important inequality in Hardy space (see
e.g.[37, Theorem. D)):

[fll3¢ < Cllf 1 (Hog [Lf[l1] + log(e + [ fllo0))-
Thus, combining with the fact that [|[Vo(t)||. < Cp, for all ¢t € (0,T,), we obtain

| [ dpua Vo da| < ClTuslol| Vo & Tl
T3
< C|IVuz|[Bmol|Vel1* (| log [|V@l|*| +log(e + [ VoII3,))
< O|[Vuz|smolIVel[* (1 + [ log [V [l]).
Therefore,
d
2 IVel* < C(IVprdull + [ Vuz|lBuol VIl (1 + [Tog Vo)) [ V4.
Since ||[V¢(0)|| = 0, one gets after integration that for all ¢ € (0,7Tp)

t t
Vol < o [ Ivasular+ [ [9ulovol Vel -+ g Vol 7).
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Denoting Z(t) := sup,<, 77 12||5p(7)|| -1 and Z(0) := 0, one deduces by the Cauchy inequality
that for all T € [0, Tp]

T
Z(T) < C(/ IVusllBMoZ(7)(1 + |log 7| + | log Z(7)]) d7 + H\/ﬂTéUHLZ(O?T;lp)). (3.48)
0

Step 2. Coupled backward parabolic system. In this part, we intend to control the differ-
ences for velocity and magnetic field. To this end, we introduce the solution (w, z) to the following
coupled backward system:

p1(wy + uy - Vw) + pAw + (u+ AN)Vdivw + by x (V X z2) = —p1du, (3.49)
zt + vAz = =6b, divz =0, (3.50)
w(T)=0, z(T)=0. (3.51)

We emphasize that the above system fails for classical linear parabolic theory when the coefficients
are rough and may vanish. However, if p1,u1, bo are smooth and p; is bounded away from zero, the
well-posedness is standard. For this system, the existence theory can be achieved by a regularizing
procedure together with the uniform estimates (3.58)).

Note that the spatial mean of each magnetic field is conserved,

obdx = 0.
’H‘3

Integrating (3.50) over T2 and using z(T) = 0, we obtain
/ z(t)dz = 0.
T3

Since ng, p1w dx need not be zero, we set

N = prdz =1, QI)::/ prwdex,
T3 T3
then
/ p1(w—w)dz =0.
’]1‘3
Using the Poincaré inequality in Lemma [T.4] yields
lw — @ < C(p)[[Vw].

Therefore,
Jull < C@IVal+] [ muwda| < CUlvaw] + [Vu). (3:52)
First, testing equation of (w, z) with w and z respectively, one deduces
1d

— o (ATl + 1212) + pl Vel + G+ 0| dive] + v V2|

:/p15u~wdx+ 5b-zdx+/ b x (V x z) - wdz.
T3 T3 T3
It follows from the Cauchy inequality that

[ pducwdos [ db-zda| < O vmsul? + 1807 + 1wl + 21).
T3 T3

We set

I(t) := [ by x (Vx2z) wda.
T3
Using the periodic boundary condition, we have

I(t):/w(vxz)~(wxb2)dx:/TSz~V><(wxbg)dx.

Since divby = 0,
V X (w X by) = —ba divw + (be - V)w — (w - V)b,
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hence, one deduces by the Holder, Gagliardo-Nirenberg and Young inequalities

()] < [Izll3([[b2ll6 | Ve[ + [[Vo2 | l|wlls)

121219202 (b2 | 12 (1/prw|| + [[Vawl) (3.53)
v H

SNV + 51wl + O+ [ballz) (IVorwl® + [1211%).

IA

IN

Combining the above estimates entails

d
- < (IVFTl? + [217) + pl Vol + AV G
< C (Ilvprdul® + 116b]%) + C(1 + (b2l 7)) (Iv/prwl® + [[2[).
Next, applying the elliptic estimates to (3.49)) yields
IV2w][? < C([lproull® + lp1we|* + [lpr (w1 - V)w]|® + [[bz x (V x 2)|1%),
from which, by the Holder, Sobolev and Young inequalities, one deduces that
lpr (1 - V)wl* < Cllud [§IVwll3 < ClVua [Vl V]|
1
< SIVEw[? + ClIVal|*Vwl?,
1b2 % (V x 2)|* < Cllb2 5l V2[5 < [[ba 70 [V 21/ V22]]
1

< SIVE? + Cllballa 1V 2]

thus,
1 1
S IV2wl? < SIIVZ2)? + Cll(Vorou, vorw) I + C ([Vur [Vl + [ballz [V2]1%) -
Similarly, applying the elliptic estimates to (3.50) gives
IV22]2 < CI0b]1* + [[21%).-
Combining the above two estimates, we have
[(V2w, V22)[|* < C ([[(Vp1ws, z:) |1 + [|(v/p1du, 6b)[|*) (3.55)

+C (V| [[Vw]) + b2l 3 [[V2]]?) -

Then, multiplying (3.49) and (3.50) with w; and z; respectively gives
1d .
=5 WIVwl® + (4 N dive|® + vI[V2]?) + | Vorw]” + |1z
= 7/ 5b~ztdx7/ p16u~wtdx7/ pl(u1~V)w~wtdx7/ by x (V x 2) - wyda.
T3 T3 T3 T3

By the Holder, Gagliardo-Nirenberg and Young inequalities, one obtains that for any positive
number (,

[ ortur - V- wida| < VBl Brwnd s oVl

< prwl[IVu [ Vw2V 2w /2
< CUlvprwe* + [V?w]?) + Cl[Vur[|* Ve 2.

Since

/bzx(szt)~wdx=/(szt)~(w><b2)dm:/ zt -V X (w X by)da,
T3 T3

T3

integration by parts gives

/ng(sz)wutdx:iI(t)— 8tb2><(V><z)~wdx—/ zt -V X (w X by)dex.
T3 dt T3 T3
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It follows from the Gagliardo-Nirenberg and Cauchy inequalities that

| [ 0 x ( x 2) - wda| < 9ubal V=]l ]w]a
T
< 0ba [[1V2 2 ([l/prw]| + [ Vw])
< ¢[|V222 + Cllawbs 2 ([ V/arw|? + [Vuw]?),

and

‘/ %V X (wxbg)dx’
T3
< lzell (o2l Vewlls + I Vba[ls]lwlle)
< Ozl <\|b2||H1||VwH1/2|\V2w||1/2 + (Vb2 |2V 2o |2 (| /prowl | + IIVwII))
< (2l + 1V2w]?) + C (b2l 72 + [V02[[[V2b21]) (prwl® + [[Vawl]f?).
Therefore, plugging the above estimates, adding the resulting inequalities to (3.55) multiplied with
a positive number €3, and choosing ( sufficiently small shows that
d
= 3 (lIVel® + (p+ Nl dive|* + v Vz|* - 21(#))
+ IVarwdl” + 1zl + esl| V2wl + e 722 (3.56)
< Cll(Vprdu, 6b)|* + CBE)(|lVprwl® + [|Vwl® + [[V2]?),

where
B(t) := 1+ (|02 + [ Vur[|* + [[b2l[ 71 + I V02| [[V?b2| € L*((0,T)).
We define
E(t) := pl|Vwl® + (u+ N[ divw|® + v V] + v (IVerwl® + [|2]17) — 21(2),
and

E(t) = V| + | divew|® + V2] + |vprwl|* + |2,
for a large number ~y. Similar to (3.53)), we have
11(#)] < (I V2[* + [IVwl?) + Ce (1 + 12l 72 ([l v/orw]|* + |21
Choosing € > 0 sufficiently small and then v > 0 sufficiently large, we obtain
co€(t) < E(t) < Co&(t), (3.57)

where ¢y and Cj are two positive constants depending only on &, u, A\, v,y and on the norms of
solutions (p;,u;,b;), i = 1,2. Therefore, multiplying (3.54) by a sufficiently large number v and
adding the result to (3.56]) gives

d
= E® + IVorwl* + 2] + [V2w]* + [V22]* < C ([ Vprdul® + 166]]*) + CBH)E®).

Since B(t) € L'(0,T) and w(T) = 2(T) = 0, the Gronwall inequality and (3.57) give

T
sup H(\//le,z,Vw,Vz)||2+/ \\(mwt,zt,vzw,v22)||2dt
0

0<t<T
< Cr|(Vprdu, 00)||72 (0 7.2y

(3.58)
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Step 3. Uniqueness. We next estimate ,/p1du, b in L2(0,T; L?). Testing (3.45) and -,
respectively, with w and du, and adding the resulting identities together, one obtams

T
|‘m6u‘|%2(0’T;L2) = a/ n dpdivwdz dt —/ . (0ptia + p1(0u - V)ug) - wdx dt

// 5b V)bs + (by )5b—7V(6b (b1+bg))>~wdxdt (3.59)
TB

—/ /ng(sz)-éudxdt.
o Jrs

Similarly, multiplying (3.46]) by z and (3.50]) by db leads to

T T
H5b||2L2(07T;L2) = /0 . V x (6u x by) - zdz dt +/0 o V x (ug x 8b) - zdz dt. (3.60)

Since
T T
/ Vx(éuxbg)-zdxdt:/ Su- (by x (V x 2)) dzdt,
0 T3 0 T3
combining (3.59) and (3.60)) implies
[ (v/p1ou, 5b)||2L2 0,T;L2)

= / 5pd1vwdxdt—/ (0ptia + p1(0u - V)ug) - wdx dt
T3 T3

(3.61)
//T (30 9)bs + (b V)éb—§V(5b-(b1+b2)))-wdxdt

+/ V x (uy x 6b) - zdz dt.
o J13

The terms on the right-hand side can be estimated by the Holder, Gagliardo-Nirenberg and Young
inequalities as follows:

T
‘/ / 5pd1vwdxdt‘ S THt_l/Q(Sp”LOO(O,T;H—l)HV divw||L2(0,T;L2),
0 T3

T
’/ / 5pu2~wdxdt‘
o Jrs

T
< 1280 e o) / VAV (i) |
0

T
<l 5pleioirrry [ (Ve + [ Veialo Pl ) de
0

< CT%Ht_l/Q(SpHLoo(o T H—1)||\[V112HL2(0,T;L2) (I(/prw, Vw)|| oo 0,7:L2)
1/2
+ Il (vprw, Vo) 12 o o) IV*0 G0 712 )

T
‘/o ASp1(5u~V)u2~wdxdt‘

T
< / VAlIVBLoul| [ Vualls|lw]le dt
<c / /Aroul|Vua | 2] Vs (|/Brwl] + [[Vel)) dt

1/2
< CT1/4||\/ 5“||L2 0,T;L2) ||VU2H / (0TL2)||vu2||L2(OTLB)”(\/plwaVw)||L°°(O,T;L2)7
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T
1
‘/ / ((6b-V)b2+(b1~V)6b—§v(6b-(b1 +b2))) -wdxdt)
0 T3
T
SC/O ([IVb2lls[lwlle + [[b1][oc VW] + [[b2]lo [ Vw]]) [|b]| dt

T
<c / (1Gbx, 02)llars + (b1, b2) 132192 b1, b)) (/o] + 7w 18b] e
< CTY*16b]| 20,712 (||(b1, b2)l| o< (0,7;11)
+ (b, b2) 12 19201, b2)l1 50 sy ) IV, Vo)
15 92)ll oo (0,73 H) 1:92)llL2(0,1;1.2) PLW, VW)L (0,T;L?)>

T
]/ Vx(ulxéb)-zdxdt‘
0 T3

T
<c / Jua oo 185V 2] dt

1/2 1/2
< CTY 460 220,72 V|12 0 ooy IV | ot 0y | V2] 2% 0,722

Plugging the above estimates in , one deduces by Corollary and
(B0, 80) 22 02y < CTYAE28pl| e 075011 | (/5700 30)| 20,712
T+ OT ) (/515 35) 30 -
Therefore, we choose T sufficiently small such that
1(v/p16u, 6b) || 20,7522 < CT 4|t 26p]| Lo (0, 1311y < CTVAZ(T), (3.62)
which, together with , leads to

t
Z(t) < C’/ IVus(7)[BMo Z(7)(1 + |log 7| + |log Z(7)|)dr, for all t € [0,T].
0

Since Ty < 1,
1+ |logs|+ |log Z(s)| < (1 + |log s|)(1 + |log Z(s)]).
We set

F(s) := C(1 + |log s|)||Vus(s)|[mso.  pu(r) := {“1 +[logr]), >0,

0, r=0.

Hence, by Lemma the above inequality implies Z = 0 on [0, T}, that is, 6p = 0. Thanks to
this, it follows from (3.62) that ,/p1du = 0 and b = 0. Consequently, recalling (3.45)), one has

p1(dus + ug - Vou) — pAdu — (p + AV div ou = 0;

therefore,

1 T )
§le/p75ullioo<o,:r;m> +/O (1lIVoull* + (u+ N[l div 6ul|?) dt =0,

which implies that éu = 0 on [0,T]. The preceding argument proves uniqueness on some interval
[0,71]. Since the two solutions coincide at ¢t = T, the same argument can be restarted from
Ti. At every positive restart time, the time-weighted estimates imply the corresponding local
unweighted estimates. A standard open—closed continuation argument therefore yields uniqueness
on the whole interval [0, Tp].
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