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DYNAMICS OF WEAK SOLUTIONS FOR TWO-DIMENSIONAL
MICROPOLAR EQUATIONS WITH NONLINEAR DAMPING

XUELI SONG, XINYU LIU

ABSTRACT. In this article, we consider 2D micropolar fluid equations with a nonlinear damping
term olu|®~1u with 1 < 8 < 7/3. We establish the existence and uniqueness of weak solutions.
Based on the method of ¢-trajectory proposed by Malek and Prazak, we analyze the long-time
behavior of the system in the trajectory space X, deduce the existence of the global attractor
of the semigroup in the initial phase space H x L2(2), and establish that this global attractor
has finite fractal dimension.

1. INTRODUCTION

This article considers the long-time behavior of weak solutions for the two-dimensional microp-
olar equations with nonlinear damping,

ug + (u-V)u— (v +k)Au+olul’lu+Vp=2kV xw+ f1, (r,t) € QxR
wi + (u- V)w + dkw — yAw = 2kV x u + fa, (z,t) € A x R,
V-ou=0, (x,t)eQxRF, (1.1)
w(z,0) = uo(z), w(z,0) = wo(z), =€,
u(z,t)|oq = 0,w(z,t)|sn =0, t>0,

where Q C R? (d = 2) is a bounded domain with smooth boundary 9, u = (u1,us) is the
velocity of the fluid, w = w(x,t) is the angular velocity of micro-rotation, p(z,t) is the fluid
pressure, f1 = fi(x) and fo = fo(z) represent the time-independent external force terms, the
positive constant ¢ is the damping coefficient, v, k and  are all positive constants,  represents
the angular viscosity. Moreover,

_ Ouz 0wy _(Ow ow
qu—aml (9582’ VXM_(@JEQ, 8.131)

Damping phenomena are extremely common in nature. Originating from fluid motion, they
can describe flows in porous media, resistance or friction effects, as well as certain dissipative
mechanisms(such as [2] 3, [TT],[12]). Real fluid motion is generally accompanied by dissipation, and
the damping term is the core physical term that characterizes such dissipative mechanisms.

When w = 0, system reduces to the two-dimensional Navier-Stokes equations with damp-
ing. For the Navier-Stokes equations with damping, a fairly systematic theoretical framework has
been established for the study of their long-time behavior (such as [7, 3], 2I]). However, the
classical Navier-Stokes equations neglect the microscopic rotational degrees of freedom of fluid
elements, so the micropolar fluid theory needs to be introduced. The micropolar flow model was
first proposed by Eringen in the 1960s [I0]. It describes the dynamic behavior of fluids with non-
uniform stress tensors, including animal blood, polymer suspensions, liquid crystals, and dilute
aqueous polymer solutions, and holds significant practical value.
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Numerous scholars (such as [4] [8, @, [15], 23]) have investigated the mathematical theory of the
two-dimensional micropolar fluid model, yet the existing results on the two-dimensional micropolar
fluid equations with damping remain are relatively limited. Therefore, in this paper, we will discuss
the existence of solutions and attractors for the two-dimensional micropolar flow equations with
nonlinear damping terms. For 1 < 8 < 7/3, we rigorously establish the existence and uniqueness
of weak solutions to system via the Galerkin approximation method [6]. Nevertheless, due
to the lack of sufficient regularity of weak solutions, traditional methods fail to directly prove the
existence of a global attractor for the system, which constitutes a major challenge in this field.
Ai and Tan [I] addressed this type of problem by proving the existence of global and exponential
attractors for the two-dimensional non-Newtonian micropolar fluid equations via the ¢-trajectory
method [18], which offers a crucial insight. Motivated by [I], to establish the existence of a global
attractor for system , we derive a priori estimates for weak solutions, construct the trajectory
space Xy, and equate the limit behavior of solutions in the original phase space with that in the
trajectory space. This approach overcomes the regularity barrier of weak solutions, and we finally
prove the existence of a global attractor for the system in the phase space.

The structure of this paper is as follows. In Section 2, we present the notations used in this
paper, as well as the relevant definitions and theorems involved in the research process. In Section
3, we establish the existence of a global attractor A, with finite fractal dimension in the trajectory
space by estimating the solutions of the system. In Section 4, we prove the existence of a global
attractor A in the original phase space, which also has a finite fractal dimension.

2. PRELIMINARIES

Throughout this paper, W™ = (W™P(Q))?, L9 = (L%(Q))?, respectively, stand for the
Sobolev and Lebesgue spaces on © with m € N and 1 < ¢ < co. In particular, H™(Q) = W™2(Q)
is a Hilbert space. The Lebesgue spaces L9(0, ¢; X ) are composed of all functions u that map into

X for almost every s € (0, ) and satisfy (foe ||u(s)||g(d8)1/q < +00. Moreover, let C be the generic
positive constants and C(-), Cy, C1, ... be the positive constants that need special emphasis.
To study problem (1.1]), we also introduce the following function spaces:
V={ue(C)*: divu=0},
H = the closure of V in (L*(2))?,
V = the closure of V in (HJ(92))?.

In addition, let V! be the dual spaces of V. And (,-) denotes the duality pairing between X
and X 1.
The inner products of H and L?(Q2) are defined by

(u,v) ::/u-vdx, for u,v € H or u,v € L*(Q),
Q

and the inner products of V and H}(Q) are defined by
2
(u,v) = Z/ Vu; - Voydz, for u,v € V oor u,v € HY(Q).
i=17%

Moreover, the L?-norm is defined as [ - || 4(o) and is abbreviated as || - || 4.
Next, we will introduce some operators used in this paper. Let the bilinear form ag : VxV — R
satisfy

2
ap(u,v) = Z / Op, Ui - Op,vidx,  for u,v €V,
Q

i=1,j=1
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the bilinear form a; : H} () x H}(Q) — R satisfy

2
ar(u,v) = Z /Qarjui - Op,vida,  for u,v € Hj().

i=1,j=1

Then let P be the Helmholtz-Leray orthogonal projection operator from L?(2) onto H. We define
the operator A : V — V! satisfying Au = —PAu, which is the Stokes operator with domain
D(A) =H?(Q) NV, endowed with inner product

2
(Au,v) = Z Vu; - Vo;dz, for u,v € V or u,v € H} ().
— Jo

The mapping By : V x V — V1 is defined by
By(u,v) = P((u-V)v), foru,veV,
the mapping By : V x H}(Q) — H~1(Q) is defined by
Bi(u,w) = (u-V)w, forueV,we Hi(Q),
which satisfy

2
b(u,v,w) = (B(u,v),w) = Z Auig?wjdx,

ij=1
b(u7’U7’U) = 07 b(u,v,w) = —b(U,UJ,’U),
where B(-,-) stands for By(,-) or By(, ).

Let us apply the orthogonal projection operator P to problem (|1.1)), then (1.1]) is rewritten as
the equivalent functional differential equation,

ut + Bo(u,u) + (v + k)Au + G(u) = 2kP(V x w) + Pfy,
wy + By (u, w) + dkw — yAw = 2kV X u + fo,
V-u=0,
u(z,t)|t:0 = ug(x), w(as,t)|t:0 = wo(x),
where we let G(u) = P(o|u|?~1u).
Poincaré’s inequality [20] gives

lullz < ALY 2 IVullce,  [lwllze < A2 (IVw]| gz, for (u,w) € V x HY(R),

1,u 1w

(2.1)

where A1 4, A1, are the first eigenvalues for Au and Aw, respectively.
Now we give the definition of solutions to the two-dimensional micropolar fluid equations (|1.1)
with nonlinear damping.

Definition 2.1. Assume (ug,wo) € H x L*(Q) and (f1, f2) € H x L?(Q). For any fixed T' > 0,
the function (u(t), w(t)) is called a weak solution of equations (1.1]) with initial condition (ug,wq)
n (0,7), if
u(t) € Cu(0,T; H) N L2(0,T; V) N LPH(0, T; LPH(Q)),
w(t) € Cyu(0,T; L*(Q)) N L*(0,T; Hy (Q)),
(ug,we) € L2(0,T5 V™" x HH(Q))
for all (p,9) € V x H(Q), satisfy

), 9) + (Bo(u(t),u(t), #) + (v + Kao(u(t), ) + (Gult)), 9 )

=2k(V xw(t),p) + (fi(z),9)
and

d

7 (@®), %) + (Bu(u(®), w(?)), %) + 4k(w(t), ¥) +yar (w(t), ¥)

= 2k(V x u(t),¥) + (f2(x), )
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hold on (0, c0) in the sense of distributions.

Subsequently, we present the proof of well-posedness for weak solutions of the two-dimensional
nonlinear damped micropolar fluid equations (1.1)).

Theorem 2.2. Assume that (f1,f2) € H x L*(Q). Then for any (ug,wo) € H x L*(Q) with
1< B < %, there exists a weak solution (u(t),w(t)) of problem (L.I).

Proof. By the proof of [6, Theorem 8], we consider {¢., tmen C V and {¢y, fmen C H(2). We
denote by V,,, = span{¢1,...,om} C V the linear subspace spanned by {¢1,...,9m}, and by
W, = span{t, ..., ¥} C HE(Q) the linear subspace spanned by {t1,...,%,}. Additionally,
we consider the pair (u,,,w,,) satisfying

m

Um (@, t) = Zbrm(t)@r(fr)v wm (2, t) = Z oy ()1 ()

r=1

are the solutions of the approximate problem

U (£), 1) + (Bo(tm (1), um (1)), 07) + (v + k)ao (um (£), @r) + (Glum (1)), 7
(wam o)+ (A(2),00), r=1,2....m

( ) (Bl(Um(t)7wm(t))awr) +4k(wm(t)7wr) +7a1(wm(t),¢,,) (24)
2k (qum(wr) (fala), ), 7=1,2,...,m

Um(0) = ugm — ug, strongly in H,

I &~

I @\Q“A

W (0) = woy — wo, strongly in L*(9).
Since a local solution to ([2.4]) exists on the interval [0, t,,,] with 0 < ¢,,, < T, we extend this solution
to the entire interval [0, 7] by the first estimates in the following.

First estimates. Multiplying both sides of (2.4); by b, and (2.4)), by dyn,, followed by summing
over r = 1 to m, we obtain

3 <l s + @+ BVt (B3 + ol (25
= 2K(V X wn(t), (1)) + (f1(2), () (25)
= 2k(V X um (1), wm (t)) + (fi(z), um(t))
< 2k[lwi (D) |22 ([ Vum (@)l 22 + [[f1 (@) lv-1 | Ven ()| 22
and
1d 9 9
3 g llwm(t )72 + 4kllwn ()72 + Y Vwm )72

= 2k(V % i (£), W (1)) + (f2(), win (1)) (2:6)
< 2k Vur () || L2 [lwm ()| 22 + ([ f2(@) |71 0) | Vwn () || L2
Applying Young’s inequality, we derive the following inequalities from (2.5 and (2.6|) separately,

1d

5 gl @I + @ + B[ Ve @)]7: +ollum ()74

2.7)
u+k 64> u+k 3 (
< IVum ()72 + —— > IIwm( e + [ Vum (t)]72 + mllh(m)ll?z—l
and
1 d 2 2 2
5 o lom Ol + 4klwn ()22 + 7 T (8) |2

2.8)
VJrk 6k2 5 1 (
< IV um ()7 + Al wn ()72 + Ve ®l7: + %HfQ(x)H%{*l(Q)'
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By adding (2.7) and (2.8)) and integrating the result from 0 to ¢ with 0 < ¢ < T, we deduce that

t
()1 + o 1) + 4 8) [ [V (9] s
t t
420 [ un()GE ds [ IVwn()ls ds (2.9)
0 0

t
<C+C [ (@) + o (9]2) .
Using Gronwall’s inequality, we obtain
i (8)122 + m (]2 < C. (2.10)
Consequently, using estimate , we conclude that
{um} is bounded in L*>(I; H), (2.11)
{t,,} is bounded in LPTY(I; LATY), (2.12)
{t,} is bounded in L*(I; V), (2.13)
{wy,} is bounded in L>(I; L*(Q)), (2.14)
{wp} is bounded in L?(I; H} (), (2.15)
where I = (0,T) is a time interval.

Second estimates. The mapping P, : V — V,, is defined as the orthogonal projection from V'
to Vi,

m

Pnu=Y (u,9;)¢;, Vu(t)€V.

j=1
We further consider the adjoint operator of P,,, denoted by P : V! — V=1, We note that
P*ul. = ul, . Through the choice of the special basis {¢,,}, we obtain

|Pullecvvy <1, [[Pnllev-1,v-1) < 1. (2.16)

From 1, we obtain
u,, = —P% Bouy, — (v + k) Py Aup, — P Gup,) + 2kPi N X wp, + P f1. (2.17)
Using the Gagliardo-Nirenberg’s inequality, we derive that
[(Bo(tm, tm), v)| = [b(tm, tm, V)]
= [b(wm, v, um)|
< llumllza [Vl 2 [[um | £+
< Ollum | 2 IVt 155190 2l | 7| Pt 7

< Cllum || 2[Vum | 2| Vo] 22

for any wu,,(t),v(t) € V. Therefore, from (2.11)) and (2.13]),

{Bo(tm,tm)} is bounded in L*(I; V). (2.18)
Since [(Atp, V)| < [V || £2]|Vo| L2, for all uy,(t),v(t) € V. From (2.13), we take
{Au,,} is bounded in L*(I; V1), (2.19)

Let up,(t),v(t) € V, using Holder’s inequality, we have
G (), 0] < W] e, 0)] < Ml |® e Lossl|vll e < Clluml osss | Voll -
Then we deduce that when 1 < 8 <5/3
(Gum), v)] < Cllm 72V 2.

So
||G(Um)||V*1 < CH“WLH?%
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and from this we have

T
/ |G () [[32ds < C / lumlZ2ds < Cllwm 17 1. T

For 5/3 < 8 < 7/3, using the Gagliardo-Nirenberg’s inequality, we obtain

(B+1)(38-5)
(G (um),v)| < Cllumll 377" [lu m||3"‘ 1)HVUHL%
So
(B+1)(38-5) —s
1G(um)llv—1 < Cllumll 537" lu mllm Y,

and from the above inequality we obtain
T T 2(8+1)(38-5) 2(5-p)
/ HG’(um)H%,_lds < C’/ [ | m”ma D ds
0 0

ooy (T sespern
< Cllun ;S [ Tl s

(T e VR
<c||wn||z§z(;)m(/0 i hds) O T,

Therefore, from (2.20), (2.21)), (2.11) and (2.12)), we have
{G(um)} is bounded in L*(I;V™1).
Let w,,(t) € H}(Q) and v(t) € V,
[V X wm, v)] = [(Wm, V X 0)| < [[wm]|L2][Vo]| L2,
it follows from that

{V X wy,} is bounded in L*(I; V).
From (2.18), (2.19)), (2.22), (2.23)), (2.16) and the assumptions on f;, we obtain
{u! } is bounded in L*(I; V1.
Similarly, let R,, : H}(2) — W,, be the orthogonal projection,

m

Rpw =Y (w,;)1h;, Yw € Hy(9).

Jj=1

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

We further consider the adjoint operator of R,,, denoted by R}, : H=1(Q) — H~(Q2). We note

that R} w), = w),. Through the choice of the special basis {¢,}, we obtain
Bl ecmz@)mi@) <1 [[1Bnlle@m—1o),m-19) < 1.
From (2.4),, we obtain
wh, = =R} By (U, W) — 4R w — YRy, Awp, + 2k RNV X Uy, + R, fo.
Using the Gagliardo-Nirenberg’s inequality, we derive that
|(B1(tm; wm), v)| = [b(um, wm, v)|
= [b(tm, v, W)
< lwmll Ll Vol 2 [Jwm || L4
< Cllum |21Vt | 22190l 2w | 5 [ Ve 1 7
< Cllumllz2[Vumllr2 Vol pz + [[wm || 22| Vwm [ z2 Vol 2
for all u,,(t) € V, wn(t),v(t) € Hi (). Therefore, from (2.11]), (2.13))-(2.15])
{B1(tm,w,,)} is bounded in L*(I; H~(Q)).

From ([2.15)), we obtain
{wy,} is bounded in L*(I; H~(Q)).

(2.25)

(2.26)

(2.27)

(2.28)
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Analogously, we have |[(Aw,, v)| < ||[Vwmn,| 12| Vo] L2, for all w,,(t),v(t) € H} (). From (2.15)),
we take

{Aw,,} is bounded in L*(I; H~*(Q)). (2.29)
Let un,(t) € V and v(t) € H}(Q)
[V Xty 0)| = [, V X 0)| < Jum |22 [ V]| 22
it follows from that

{V X u,,} is bounded in L*(I; H*(Q)). (2.30)

From ([2.27)-(2.30), (2.25) and the assumptions on f5, we obtain

{w!,} is bounded in L*(I; H~(Q2)). (2.31)

From (2.11))-(2.15)), (2.24)), (2.31) and the Aubin-Lions lemma, we conclude that there exist sub-
sequences of {u,} and {w.,}, still denoted by {u,,} and {w,,} respectively, such that

Up — u strongly in L2(I; H), (2.32)
U — u strongly in LAT1(I; LAFY) (2.33)
Um — u  weak star in L*(I; H), ( )
Up — u weakly in L2(I; V), ( )

ul, — ' weakly in L*(I; V1), (2.36)
wy, — w  strongly in L2(I; L?(Q)), (2.37)
Wy, — w  weak star in L>(I; L*(9)), (2.38)
Wy, — w  weakly in L2(I; H} (Q)), (2.39)
w), —w'  weakly in L*(I; H~1(Q)). (2.40)
We note that and imply that v € C°(I; H). Similarly, and imply that

w € C°(I; L?(Q)). Therefore, it makes sense to consider u(0) = ug and w(0) = wp.
From (2.32) and (2.37) and the proof of [0, Theorem 8|, we deduce that

T
/ b(Ury Upn, ) — b(u, u, ),
0 (2.41)

/ (1t s ) %/ b(u, w, ).

From ([2.33), we deduce that
T T
| Gl eyt o [t (2.42)
0 0

The convergences (2.32)-(2.42) allow us to pass to the limit in the system (2.4)), where ¢, and ),
are fixed to obtain

u' + Bo(u,u) + (v + k) Au + G(u) = 2kV x w + f1, in L*(I; V1), (2.43)
w' + By (u,w) + 4kw + yAw = 2kV x u+ fo, in L*(I; H1(Q)). (2.44)
O

Theorem 2.3. Assume that (fi, f2) € H x L?(Q). Then for any (ug,wo) € H x L?*(Q) with
1 < B < 7/3, the weak solution (u(t), w(t)) to problem (L1)) in the sense of Theorem[2.9 is unique.
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Proof. Let (u1,w;) and (ug2,ws) be weak solutions to problem (1.1)) in the sense of Theorem
and let (a,w) = (u1 — ug2, w; — ws), then (@, w) satisfies the equations

ou
a—;‘ + Bo(uy, 1) — Bo(uz, uz) + (v + k) A + G(uy) — G(uz) = 2kP(V x @),
O Biun,un) — Ba(us, wn) + 4k + 7 A0 = 2k(Y x 1), (2.45)
a(0) = w(0) = 0.
Multiplying (|2 1 and (2.45), by @ and @ respectively, and integrating by parts, we find
1d
sl + 0+ BIValE + [ (Glu) - Gluw) - ade + b(a . a)
@ (2.46)
:2k/ (V x @) - adz,
Q
1d
3 dt”wHLz + 4k||w||22 + Y| V@22 + b(a, we, W) = Qk/ﬂ (V x a) - wdz. (2.47)

By [22, Lemma 2.2] and the proof of [6, Theorem 9], combining (2.46) with (2.47)), we infer that

1d _ _ _ _
537 IElZe +1@l72) + v + B)IValzs + 5 Vollz: + CB)llall 5t + 4k

< |b(@, @, u1)| + |b(@, w, wa)] +4k/(v X @) - wdz
Q
< 6@, uy, @)| + |b(@, wa, ©)| + 4k|| V|| 12 | @] 12
1/2 1/2, —11/2 1/2
<o||w1\|LzHu||Lz||Vu||Lz+C||Vw2||LzHu|| IVl 2 ol 2 Vol 1L + 4k Val g2 @] 2
1/+k

IVallZs + CllVus|[f2llalZ + IIVﬂIILzﬁHV’me

+ CIIUIIL‘ZIIMIILZ IVwal72 + 4K]| V| 2 @] 2

V+k V+k
< IVall7: + Cl[Vui|7=]la]7= +

IValz + 5 IIVU’JII%z + C|[Vws| 2. @]z

+ C||Vw2|\L2||w||Lz + 4’~€||VU||L2|IWHL2

V+k V+k
< IValZz + Cl|Vua |72 1@ll7- +

1/+k

IValz: + ”vw”L? + Ol VweZ: [lulf-

+C||Vw2|\L2||lT)||Lz +

IValZ. + OHw||L27
which implies that

th (||u||L2 +llwlZ:) < CA+[[Vur|Ze + [Vwslz2)(alZe + [@]Z2)- (2.48)
Integrating ([2.48) from 0 to ¢, we obtain
t
allZz + @]Z: < C/O (L+ V|7 + Vs o) (@l 72 + (o] 72) ds. (2.49)
Applying Gronwall’s inequality to (2.49) and combining with (2.13]) and (2.15)), we deduce that
(5% (t) = Ug(t), wl(t) = U)Q(t), Vi € [O,T] (250)
U

Based on the well-posedness of weak solutions to the system (1.1]) established in Theorem
and Theorem and by referring to [I, Corollary 2.1], we obtain the following results.

Corollary 2.4. Suppose that (fi1,f2) € H x L*(Q), (uom,wom) — (uo,wo) € H x L?(), let
{(um (t), wm () }S5_; be a sequence of weak solutions of problem such that (unm,(0), w.,(0)) =
(Uom, Wom). For any T > 0, if there exists a subsequence of {(um(t), wm (t))}55_1 that converg-
ing (x—) weakly to a certain function (u(t),w(t)) in the space {(u(t),w(t)) € (L>=(0,T;H) N
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L2(0, T3 V)NLA*Y(0, T5 LP*1(Q))) x (L0, T5 L*(Q))NL2(0, T3 Hy (2))) = (ur, we) € L*(0, T3V ' x
H=1(Q))}, then (u(t),w(t)) is a weak solution on [0,T] with (u(0),w(0)) = (ug,wo)-

Now we present some definitions and results for general dynamical systems [I§]. Considering
a nonlinear system of differential equations that can be formulated as an abstract evolutionary
problem,
du(t)
dt

= F(u(t)), in X (t>0),

u(0) = uyg,

where X is an Banach space, F' : X — X is a nonlinear operator, and ug € X. Assume that
for each up € X, the system admits a unique solution u(t) € X on ¢t > 0. Then the
solutions of system define a solution semigroup {S(¢)}:>0 such that S(¢)uo is the set of all
solutions with initial value wg, that is, S(¢t)ug = {u(t;ug)}, and S(t)ug C X for all ug € X and
t > 0. Furthermore, no matter how complex the initial states of the system are, after evolving for
a sufficiently long time, all solutions will fall into a specific set, which is the global attractor A
possessed by {S(¢)}+>0, that is to say, A is the long-term convergence set of all solutions of the
original system.

Lemma 2.5 ([B, 177, 8, [19]). Let p; € (1,00], p2 € [1,00). Let X be a Banach space, Y and Z be
separable and reflexive Banach spaces satisfying Y —— X < Z. Then for any £ € (0, 00),

{ue LP(0,4,Y); u' € LP*(0,0; Z)} << LP*(0,4; X).

Definition 2.6 ([I6]). Let X be a Banach space, and {S(t)}:>0 be a family of operators on X.
We call that {S(t)};>0 is a norm-to-weak continuous semigroup on X, if the following conditions
hold
(I) S(0) =Id (the identity);
(I1) S(t)S(s) = S(t+ s), for any t,s > 0;
(II) S(t,)x, — S(t)z, if t, =t and 2, = x in X.

Definition 2.7 ([I8 20]). Let {S(¢)}:>0 be a semigroup on a Banach space X. A set A C X is
called a global attractor of the dynamical system, if A satisfies that
(I) Ais compact in X;
(IT) A is strictly invariant, i.e., S(t)A = A, for all ¢t > 0;
(IIT) A attracts all bounded sets in X, i.e., for any bounded set B C X, distx(S(¢)B,.A) — 0
as t — oo, where distx denotes the Hausdorff semi-distance in X, which is defined as

(2.51)

distx (B, A) = sup inf ||b —al|x, for any A, B C X.
peB a€A

Lemma 2.8 ([I8, 20]). Let (S(t), X) be a dynamical system and X be a Banach space. Assume
that there exists a compact set Xo C X, which is uniformly absorbing and positively invariant with
respect to S(t). Moreover, let S(t) be continuous on Xo. Then (S(t), X) has a global attractor.

Definition 2.9 ([I8]). For any non-empty compact subset Xy C X, the fractal dimension of X
is the number <
log N2 (X,
d}((XO) = limsup 08 e 120) g O),
e—0t IOg (E)
where NX(Xj) is the minimum number of open balls in X with radius € > 0 that are necessary
to cover Xj.

Lemma 2.10 ([18]). Let X, K be normed spaces such that K —— X and A C X is bounded.
Assume that there exists a mapping L such that L(A) C A and L : X — K is Lipschitz continuous
on A. Then d (A) is finite.

Lemma 2.11 ([18]). Let X and Y be metric spaces and F : X — Y be a-Holder continuous on
the subset A C X. Then .
4Y (F(A) < ~df (A).

«
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In particular, if the mapping F' is Lipschitz continuous, then the fractal dimension of its image is
finite.

3. EXISTENCE OF A GLOBAL ATTRACTOR IN X/,

In this section, we transfer the phase space H x L?(Q2) of the solutions of problem to the
trajectory space X, for consideration.

It follows from Theorem [2.2] and Theorem we can infer that problem admits a unique
weak solution (u(t),w(t)), and this weak solution satisfies (u(z,0),w(z,0)) = (ug, wo) in Hx L2().
Thus, we define a (H x L%(Q), H x L*(Q))-continuous semigroup {S(t)};>0 governed by problem
in the space H x L?(Q), which satisfies

S(8)(uo, wo) = (u(t), w(t)) = (ult; (uo, wo)), w(t; (uo, wo)))

for all t > 0. Since for any (ug,wo) € H x L*(Q) and ¢ > 0, there exists at most one solu-
tion (u(t),w(t)) € Cyu([0,4); H x L?(£2)) satisfying the initial condition (u(0),w(0)) = (ug,wo) €
H x L*(Q). To this end, we introduce the space X,, which is the set of all solution trajecto-
ries x (7, (ug,wp)) = (u’w)ho,z] in L2(0,¢; H x L?(f2)) in the sense of the norm topology. Since

X¢ C Cyu([0,4]; H x L*(R)), it makes it meaningful to discuss the point values of the trajec-
tories. Moreover, since it has not been proved whether the trajectory space Xy is closed in
L2(0,¢; H x L?(Q2)), in general, X, is not necessarily a complete metric space.

For any y € Xy, we define the mapping e, : X, — H x L?(Q) by

ee(X) = X(GE)
for any € € [0,1]. The mapping b: H x L?(Q) — X, satisfies
b((uo, wo)) = (u, w)(7; (o, wo)) = S(7)(uo, wo), 7 € 10,]
for any (ug,wo) € H x L?(Q).
The operators L; : Xy — X, are given by the relation
Lt(X(Ta (uO’ wo))) = (U, w)(t + 7, (Uo, wO))7 TE [O,E]

for any (ug,wg)) € H x L*(Q).
First, we obtain the existence of a positively invariant subset of the solution operator in H x
L?(2) by establishing some a priori estimates for the solutions of problem (1.1]).

Theorem 3.1. Assume that (f1, f2) € HxL*(Q), 1 < 8 < 7/3. Then there exist positive constants
p1 and py such that for any bounded subset B C H x L2(S)), there exists a time 71 = 71(B) > 0
depending on B such that for any weak solution (u(t),w(t)) of problem with initial value
(ug,wo) € B, we have

lu(®)llF + o @)72 < 1,

L
[ (hate+ 200 + e+ 1)1 )ar < o,

for any t > 7, where

(65 2 2 1 (65 agé 2 2
=14+ — = — —_+ —— )
P1 +a1)\2 (Hf1||L2+||f2HL2)a P2 051>\+ (a%)\g +a1)\2> (HleLz-‘erQ”Lz)
Proof. Taking ¢ = u and ¢ = w in equations ([2.2)) and ([2.3) respectively, we obtain
1d 1
§§I|UII%2 + v+ B)|[Vullz + ollul 7

= 2K(V X w,u) + (f1,0)
=2k(V x u,w) + (f1,u)

k v 1
< 2k|lw||7> + §HVU||%2 + §||VUH%2 + m”leQm
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and
1d 2 2 2
3 g Wiz + 4kllwllze +yIVwllze = 2k(V > u,w) + (f2, w)
3.2)
k v 1 (
< SIVule + 28wl + JIVulEs + I Al
which implies that
d 1
&HUII%z + (v + k)| Vullfz + 20 ull7 51 < 4k[|w]7. + W”fl“%% (3.3)
d 1
—llwlZe + 4k|wlZe +yIVwlZz < kIVulZe + ——Ilfall72- (3.4)
dt 'YAl,w
Combining (3.3]) with (3.4), we obtain
d
7 (ullZe + llwlZz) + vIIVullze + [ VewlZ: + 20 ull7 5+
3.5
< Al + e 7
- V)\l,u ’7>\1,u)
From (3.5, by using the Poincaré’s inequality, we obtain
d a2
(2 + lwl22) + and (lulle + wl3) < 52 (U2 +1802) . G0)
where oy = t{v,7}, az = max{Z, %} and A = min{A 4, A\1.0}-
Multiplying (3.6) by e***, we have
d o3
3 [ (lullZe + lwlZe)] < SFe™ ™ (Il + 1 £1172) - (3.7)
By integrating (3.7) from 0 to ¢, we obtain
—a g
[u()l|72 + [w(®)|[72 < e (JuolZe + lwoll72) + aZ (If2lZ2 + 11 f20122) - (3.8)

From (3.8)), we can deduce that for any bounded subset B of H x L?(f2), there exists a time
70 =70(B) = a7 '"A7  In (|Juo|22 + [Jwo||22) > 0 such that for any (ug,wo) € B, we have

(5]
lu(®)I72 + [w(t)[[7. <1+ a2 (Ifullzz + [l fall72) (3.9)
for any t > 79. Furthermore, by integrating (3.7) from ¢ to ¢t + r, we obtain
—ai AT a2
lu(t + )22 + wt +7)12: < e (Ju@®)]Z2 + w(t)Z2) + e (Ifilze + 11 f20172) - (3.10)

Combining with (3.9)), by integrating (3.10)) with respect to r over (0,¢), we obtain

¥/
A (luaCt + ) [2 + (e +r)]25) dr

1 @ gl
< o —ai M 2 2 2 2 2 2 3.11
<oy - ) 1+ e Uflze + 1 £all3:) | + o UAlze +1£lie) B0
1 (6] 0126 2 2
< 2 ,
<A (0@8 + al)\g) (IAllZ2 + [Lf21172)

Therefore, for any bounded subset B C H x L?(Q), there exists 7, = 2a; 'A~' In | Bllrrxr2(0) = To
such that for any (up,wp) € B and t > 71, we have

(6% 0126 ) 2 9
3.12
v t age) Al IRIE), B12)

14
1
/O (It + )22 + ot +)l[7) dr < =+ (

where || Bl g x12(Q) = SUP (4o, wo)e B (lluollzz + llwollZ2)- =
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Let
By = {(u,w) € H x LX) : |lu(t)|[F + |w(®)|Z: < p1}
be a bounded subset of H x L?(€2). By Theorem for any weak solution of problem (1.1]) with
initial value (ug,wq) € By, there exists a time ty = to(B) > 0 such that (u(t),w(t)) € By, where
(u(t),w(t)) is the solution of problem (|1.1)) with initial data (ug,wq) € By, for any ¢ > tg. Then,
we obtain
S(t)BO C By

for any t > to.

We define

—HxL*(Q
B1 = Uieo,t9)S(t)Bo, Ba = By i ),
B = {x € X¢: eo(x) € Ba},
from the proof of the bounded absorbing set in Theorem we have
S(t)By C By, and L;Bf C B§

for any ¢t > 0, and B, is a bounded subset of H x L?(2). Moreover,we obtain the following
conclusion by Theorem [3.1]

Corollary 3.2. Suppose (f1,f2) € Hx L*(Q),1 < B < % Then for any bounded subset B§ C X,
there exists a time Ty = T2(BE) > 0 such that for any weak solution (u(t),w(t)) of problem (L.1))
with (-trajectory x € B§ C Xy, it satisfies

lu®lF + lw®)ll72 < p1,

¥
/ (e + )12 + et +1)[22) dr < po
0
forallt > 15.

Next, we establish the existence of a positively invariant compact absorbing set in X, of the
semigroup {L;}¢>o.

Theorem 3.3. Suppose (f1, f2) € Hx L?(Q),1 <3< % Then for any bounded subset B§ C Xy,
there exist positive constants ps, ps and a time T3 = Tg(Bg) > 0 such that for the {-trajectory
X € Bg C Xy corresponding to any weak solution of problem (1.1)), we have

¥ ¥/ ¥/
/ IVu(t +7)|2adr + / IVuw(t +7)|2dr + / lut + 1P dr < ps,
0 0 0

¢ ¢
| e st [ st Dl @ <
0 0
for any t > 73.
Proof. By Theorem and Corollary we obtain that there exists a time 7o = To(B§) such
that
lu@®)lIZz + @Iz <1+ —5 (||f1||L2 + 1 £21172) (3.13)
for all t > 7.

For each t > 79 + %, combining (3.13)) and integrating (3.5)) from ¢t — s to t + ¢, where s € (0, %),

we obtain
t+0

lu(t + 017> + llw(t + Ol + V/ IVul|2dr

t—s

t+¢ t+¢ 1
ty / IVuw|2adr + 20 / 5 dr
t—s t—s (3.14)

3a 14
° - (12l + 11£1172)
(65) 30126

<1+ (5t o )(||f1||Lz+Hlele)~

< lult = s)l[72 + lw(t = s)l7 + <=
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We denote 73 = 75 + 5. From (3.14), we have

t+¢ t+¢ t+¢ 1
/ IVu)2adr + / IVw]2adr + / 5 dr
t7

15 315*2 t—s (315)
a2 Q2 2 2
< = 2 2

for each ¢ > 73, where 6 = min{v, v, 20}. Thus, we obtain

l ¥/ ¥/
/ ||Vu(t+7')||2L2dT—|—/ ||Vw(t+7')||2L2dT+/ lu(t + PP dr < pa,
0 0 0

where . -
_ 1 Q9 (65 9 9
ps =5+ (a5 + ) (112 +152122)
By (2.1), we have
us = —Bo(u,u) — (v + k)Au — G(u) + 2kP(V x w) + Pf, (3.16)
wy = — By (u,w) — 4kw — yAw + 2k(V x u) + fo. (3.17)

For (3.16)), by the proof of [6, Theorem 8], using Holder’s inequality, we deduce that when 1 <
B<5/3

[utlly -+ < Collull 2| Vull L2 + (v + k) [[Vul| L2 + C1|\U|ligﬁ + 2K Vw2 + (| fillz2

(3.18)
< Collull 2| Vull 2 + (v + )|Vl 2 + Cillullfs + 2k Vwl| g2 + || f1]|z2-
For (3.18]), we obtain
Nluell 2t 07 -1y < Collull oo b, e40my [0l L2 (1 04-0v) + (v + B)[ull L2400 (3.19)

+ 0151/2||U||5x(t,t+g;1{) + 2k(wl L2 ¢ 04012 () + 2 fill 2 (e)-
As 5/3 < B < 7/3, using the Gagliardo-Nirenberg’s inequality and Young’s inequality, we have

[utlly -+ < Collull 2| Vull L2 + (v + k) [[Vul| L2 + C1HU||B + 2K Vw2 + (| fill 22

Sp
SRS s
< Collullr2[[Vullr2 + (v + E)[Vul[ 2 + Cllull 535 [[ull 72
+ 2k Vwl|rz + || f1]| 2 (3.20)

—B
< Collullzz|Vull Lz + (v + k)| Vaul[L2 + C||u||m+1 + Clu ||7 *
+ 2k[|[Vw| r2 + || f1ll 2,

noting that
(B+1)(38-5)

lull g < Cllull 777 Jlu ||w 2
where % — 07 for 8 — %+, and % — 27 for 8 — I . Therefore, we always
have %735)5) c (0 1) aS,B c (%,%)

For (3.20)), we obtain

HutHL2(t,t+£;V*1) < OO||UHL°°(t t+€*H)HU'||L2 (tt+6v) T (v+ k)||uHL2(t,t+€;V)
(5—8)

+ C||u||LB+1(t t+0;LB+1(Q)) +or 2||u||L7°°?ft+Z H) (3.21)

+ 2kl w2 e m2 2y + Pl 20
For ), by the proof of [6 Theorem 8], using Holder’s inequality, we deduce that
”wt”H (9))
< Collull S IV ul 2wl 2 IVl + 4klwlle + |Vl + 2k Vall e + [ foll e (3:22)
< Cllull2IVull 2 + Cllwll 2| Vwl| 2 + 4k |lwll L2 + Y[ Vw2 + 2k(Vul| L2 + || f2]| 2
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For (3.22)), we obtain
lwell L2t eem-1 (2))
< Cllullpos .m0 lull 2 g,e6v) + Cllewll o 462200 [0l 20,4513 ) (3:23)

+ AP |w]| oo 4022 (2)) F VNl 2 et sm @) + 2k ull 2oy + €72 f2ll L2 0)-

Combining (3.19), (3.21)) with (3.23)), we conclude that there exists a positive constant p4 such
that

¥ ¥/
/ et + 1) |3 —dr + / et + )31 A7 < (3.24)
0 0

for any t > 73. O

Let
Y ={x€X,:x€L?0,6V x Hy(Q)), x¢ € L*(0,6 V' x HY(Q))},

endowed with the norm
Ixlly = {||X||L2(o,£;vXH(}(Q)) + ||XtHL2(O,£;V*1><H*1(Q))}-

From Corollary and Theorem we obtain L;B§ C Bf for any t > 0, and L;B§ C Y for any
t 2 T3.

We define
L%(0,6;Hx L% (Q
Bf — L‘rng ( xL( )),

where 73 = 75 + g.

L2(0,6;Hx L%(Q))

Lemma 3.4. Suppose (f1, f2) € H x L*(Q),1 < 3 < L. Then L,B§
t>0.

C B§, for any

The proof method for the above lemma is similar to that of [I4, Lemma 3.5], so we omit it.

Lemma 3.5. Assume that (f1, f2) € H x L?(2),1 < 8 < % Then the mapping Ly : Xy — Xy is
Lipschitz continuous on B§ for all t > 0.

Proof. For any fixed t > 0 and any x',x? € B, let Lix! = (ui(t + 7),wi(t + 7)), Lix? =
(ug(t + 7),wa(t + 7)) and let (@, w) = (u; — ug, w1 — ws), then (u, w) satisfies (2.45)) in the proof
of Theorem And the following inequality is valid:

d . ) _ _ } _ _
7 (ElZe + [@]72) + (v + Bl Valz: + [Vl +CB)alfi < nt)(lalg: + wllZ), (3.25)

where n(t) = C(1+ [|[Vu1||2, + ||[Vws||2.). Integrating (3.25) from s to ¢ + s, we deduce that for
any s € (0,¢) and any t > 0,

t+s
[a(t+s)[1Z2 + [[w(t+s)l|72 S/ n(r) (1a(r)l1Z22 + lw(r)[72) A7+ [[a(s) |72 + @ ()] (3.26)
By using Gronwall’s lemma, we obtain
t+s
Jat + ) + 0t + 9)E < (a3 + o)) exp ([ nirdr)

< Ne(®) (la(s)ll7z + o (s)lz2)

(3.27)

where Ny(t) = exp ( JH n(r)dr).

Since eg(x) is uniformly bounded in H x L?(Q) for any x € Bf, we conclude that N,(t) =
exp (fOH_L; n(T)(zis a finite number depending on eg(x) € Ba, for any ¢ > 0.

Integrating (3.27)) with respect to s from 0 to ¢, we have

£ £
/0 (It + $)lIZe + [lo(t + 5)[72) ds < Ne(t)/o (la(s)ll7= + @ (s)]1Z2) ds. (3.28)
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From (3.28)), we conclude that
ILix" = Ll 220,01 xr2(0)) < Ne(®)lIx' = X2l 20,60 220))- (3.29)
Therefore, the mapping L; : Xy, — X, is Lipschitz continuous on Bg for all ¢ > 0. O

By Corollary 3.2} Lemma[3.4] Lemma 3.5} and the invariance of By under the action of {L¢}¢>o,
we can deduce that W = BY C B0 is a compact, positively invariant, and uniformly bounded subset
in Xy. According to Lemma [2.8] we can get the existence of a global attractor in X,.

Theorem 3.6. Assume that (fi,f2) € H x L*(Q),1 < 8 < % Then the semigroup {Li}i>0

generated by problem (1.1) possesses a global attractor Ay in Xy and e.(Ap) is uniformly bounded
in H x L?(Q) with respect to € € [0, 1], where

ec(Ar) = {ec(x) : x € Ae}
for any € € 0,1].

Next, we prove the smooth property of the semigroup {L;}:>o and thereby estimate the finite
fractal dimension of the global attractor Ay.

Lemma 3.7. Assume that (f1, f2) € HxL?*(Q), 1 < 3 < 7/3. Then there ezist a positive constant
ps such that for any bounded subset B C H x L*(Q), there exists a time 74 = 74(B) > 0 depending
on B such that for any weak solution (u(t),w(t)) of problem with initial value (ug,wp) € B,
we have

[wllLos t,e+ev) + Wl oo (t040m2 () < P35
for any t > 74.

Proof. Taking the inner product of (L.1)), and (L.1)), with Au and Aw in H x L?(Q), respectively,
and by Young’s inequality, we obtain

1d
53 IVullzz + [ VwllZ:) + 4k VellZ: + (v + k)| AullZ: + 7| Aw][Z:
4o (B — 11
+o|l|ul = Vul 2, —&-7 \% 2
Il = vl CESE VIl 513
—/(u~Vu)-Audx—/(u-Vw)-Awdx—|—4k:/(v X w) - Audz
Q Q Q

—|—/f1-Audx+/ fa - Awdzx
Q Q

1 2 2 v 2 1 2 2 v 2 2
< [ul*[Vul*dz + — || Aul[72 + [ul*Vwl*dz + _[[Aw|[72 + 4k||Vw| 7

1 v 1 ol

4kl Aul + S + FAuls + 5ol ol + 1 Awls

1 1 v
< ;IIUH%w [Vull7 + EIIUII%wIIVU}II%z + 4k Vwl|7. + (5 + k) [Aull72 4+~ Aw|Z

1 1

+ ;||f1||%2 + g||f2|\%2
<1 Aul| 2| V|2 + Aul| 2| Vwl2s + 4k V)22 + (£ + &) || Aul?
< llullzz | Aull 2| Vullze + 27||uHL2|| ull 22| Vewllze + 4k Vllze + (5 + k) [ Aullzs

1 1
+ [l Aw|72 + ;IIflllia + *IIsz%z

1
< alllEalVuls + FlAuls + s el Vwlls + lAuls + 4KVl
14
+ (f + k) 1 Aull}z + vnAwnia + fuflnp + 5l

IIUIIL2IIVUI|L2 3 ”uHLZvaHLZ +4kVw|[Ls + (v + k)| Aul|Z: + vl Aw]Z,
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1 2 1 2
oI+ 5 ol
which implies that

d
= (19ul + [Vul:)
<<

C
iVl te + S5l Vults + as(1 73 + 1 22122) (3.30)

< Cllul IVl + lulli: Vel 2:)([VullZs + [VwlZ:) + as(fllZs + [ f0172)

where ag = max{2/v,1/v}.
With the aid of the uniform Gronwall’s inequality, it can be inferred from the proofs of Theorem
B3 and Theorem [3.3] that there exists a positive constant ps such that

lull oo (t,64-0,v) + [0l oo (1 e4-0,m2 (02)) < P5 (3.31)

for any t > 74. O

Theorem 3.8. Assume that (f1, f2) € HxL*(Q),1 < B < %, and let xt, x? be two (-trajectories in
Ay. Then there exists a compact subset Y in X, such that for any t > £, the mapping Ly : Xy —> Y
is Lipschitz continuous on Ajy.

Proof. By Lemma we deduce that Y << X,. For any fixed ¢t > 0 and any x', x? € Ay, let
Lix' = (ur(t + 7),wi(t + 7)), Lix? = (ua(t + 7),wa(t + 7)) and let (@, @) = (u1 — ug, w1 — wa).
Since e(x!) and e.(x?) are uniformly bounded in H x L?(f2) with respect to e € [0,1] for any
x*, x% € Ay, from the proof of Theorem we have

d _ _ _ _ _
7 (alZe +10]Z2) + v + B)[ValZz +lIVellz: <n) (lalz: + []7:), (3.32)

where n(t) = C(1 + ||[Vui |22 + || Vwa||2.).
It follows from Gronwall’s lemma that

t+4

Jat + Ol + llate + O < (e~ )| + ot - ) e ([ niriar).  (333)

t—s
For any s € [0, 5]7 integrating (3.32) from ¢ — s to ¢ + £ with ¢ > ¢, we conclude that
t+0
[a(t + 072 + @t + )72 + ff/ (IVa(m)z: + [[Va(r)|7:) dr
e (3.34)

t+-¢
< /t n(r) (1a(D)Ze + [0 (7)l[72) dr + a(t — $)|[ 72 + [0t = 5)|Zz,

—S8

where kK = min{v + k,~} > 0.

Considering (3.33)) and (3.34)), we obtain

t+4
w [ (VA + [0 ) o

—S

< /:n<7)[(|u<t = 8)l[72 + | (t = s)II7) exp (/t;n@dg)}dT
+ ||at — s)||72 + ||o(t — s)|)32 (3.35)
t+£ t4+-0
< [t~ 13 + e sty exn ([ wierac)] [ wryar

+at = s)l|7s + @t — )17
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Based on the above estimates, we obtain

t+£
1t + O)lIZ> + ot + Oz + Fv/t (IVa(n)lz + IVo()lz.) dr
t+4

< Wilt) (latt = )3 + (e = 5)13:) exp [

t—s

n(T)dT)
+[a(t = 9)|I72 + lo(t - )72,

where W, (t) = EH n(rT)dr + 1.
Integrating (3.32)) from s to t — s, for any ¢ > ¢ and any s € [0, £/2], we deduce

I1a(t = )72 + 1o (t —s)[I7> < / _sn(T) (1a(m)IZz + 1o (7)lI72) d7 + [[a(s) 7= + @(s)]|7-

Using Gronwall’s lemma, we have
t—s
Jat = ) + 0t - 9)IE < (a3 + o)) exp ([ nirdr)

t—s
< (o) + o)) e ([ nryar).
Combining ({3.36)) with (3.38)), we obtain

¥
K/O (IVa(t + 7|2 + IV (t +7)]22) dr
t+4
<Wilt) (o)l + o)z exo ([ wiriar)

t—s
+ (1) + o)) esp ([ ntryar)
< 2We()Ne(t) ([[a(s) 172 + [l (s)[|72) -
Integrating ([3.39)) over (0, %) with respect to s, we obtain

v
/0 (IVa(t + )2 + Vot + 7)) dr

< w / (la(s)l172 + llo(s)I1Z2) ds.

Since Wy (t) and Ny(t) are bounded for any fixed ¢ € [¢,400). Thus, we can infer that
¢
| (vate+ 7)1 + IVa+ Dl ar
0

4
< SN [* (ot + hoto))

From the above estimates, we obtain
ILex" = Lex®l 20.0v g ) < Kot OlIxt = Xl 20,6 x 20
for any x*, x? € Ay and t > /.

17

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

Suppose (u1,w;) and (ug,wz) are two solutions of (2.1]) corresponding to different initial values,

substitute them into respectively and take the difference to obtain
s = — (Bo(u1,u1) — Bo(uz,u2)) — (v + k)Aw — (G(u1) — G(uz)) + 2kP(V x o),
wy = — (By(uy,w1) — By (ug, ws)) — 4kw — yA®w + 2k(V X 4).
We deduce from the proof of [6, Theorem 9] that when 8 =1,
el < Jallgslunllze + Jusllsl@los + (v + )Vl g2 + Cllal 2 + 28]V ge.

(3.43)

(3.44)
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For (3.44)), we infer from Lemma [3.7| that

||ﬂt||L2(t,t+e;v—1) < Cllut||poe t,p+ev) 18] L2 046y + Clluz| Lo o0y 18] 22 (2 04-0,0)

O+ Wl ey + Clilaeser, + CHlTl om0
As 1 < < 7/3, using Holder’s inequality, we deduce from [22] Lemma 2.2] that
aellv - < @l pellunll e + uzll e @l o + v+ B)[Vall g2 + Cll(jua] + [ua)° ] g 1| o
+ 2k||Vw|| L2
< [l lurllzs + uzllzallals + (v + B[Vl L2 + Clllua| + |U2|||i§(1,1_1) IVl L2
+ 2k|| V|| 2
< allgallunllzs + uallgs s + @ 4+ BIVale + Clla iP5, Ivale 49
+Oluall®3 ., IVl s + 28] Vo e
< Nallpallwnllzs + luallzali@llos + (o + BIVal 2 + Cllus |2 [V 12
T Cllus |83 [Vl 2 + 24|V .
For , we infer from Lemma that
@l 2 evev-1) < Clluallpee @ erevy @l L2 revy + Clluzl poe @ rev) 18l 2t t40v)
+ O+ k)l L2 irevy + Cluallf< s e 18l 2 e erev) (3.47)
+ C‘|u2||§;1(t,t+Z;H) lall 22t e40,v) + CRIOI L2 01002 2))-
Similarly, we deduce that
@]l -1 (@) < lullzsllwillzs + uzllzsllwllzs + 4k[|lwl| L2 + 7| Vol L2 + 2KVl 2. (3.48)
For , we conclude from Lemma that
@l 2t 0+0m-1(2)
< Ollwillpoe @ evesmr o lal L2 erevy + Clluallzoe te400) 101 2 20412 (2)) (3.49)

+ 4kC|w| 2,12 ) + YNON 2016502 ) + CRllUl L2t 0400y

Combining (3.45)), (3.47) with (3.49), we conclude that there exists a positive constant r1(¢,£)
such that

4 0
/0 (Nae(t + ) + Nt + )31 ) A7 < R (£6) / () + ()3 ) ds. (3:50)

Combining (3.41]) with (3.50)), we have
I(Lex! = Lox®) l20.6v -1 xm-1 ) < w2t Ol = XMl 2(0,65x L2(0) (3.51)
for all x!,x% € Ay and t > £, where ko (t,£) = ko(t, ) - k1 (t, ). O

Combining with Lemma Theorem and Theorem we obtain the following result.

Theorem 3.9. Assume that (f1,f2) € H x L*(Q),1 < 8 < . Then the fractal dimension of
the global attractor Ay in X, for the semigroup {Li}i>0 generated by problem (1.1) established in

Theorem [3.4 is finite.

4. EXISTENCE OF A GLOBAL ATTRACTOR IN H x L?(Q)

In this section, we prove that the semigroup {S(¢)}:>0 generated by problem admits a
global attractor A with finite fractal dimension in the initial phase space H x L?().

By Theorems and we deduce that for a each initial condition (ug,wo) € By C H x L*(Q),
problem admits a unique solution. Thus, the solution operator S(t) restricted to By is a
semigroup. Moreover, Bs is positively invariant with respect to S(t).
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Theorem 4.1. Suppose (f1, f2) € H x L?(Q),1 < B < %, then the map e1 : Ay — A = e1(Ay)
is Lipschitz continuous. That is, for any two {-trajectories x',x? € Ay, there exists a positive
constant 0 depending on £ such that

¢
ler () = 1By <0 | IV =Xy
Proof. For each fixed t > 0 and any x!,x? € Ay, let Lix* = (u1(t + 7),w1(t + 7)), Lix? =

(ua(t + 7),wa(t + 7)) and let (4, w) = (u3 — uz,w; — wa). Since ep(x') and eg(x?) are uniformly
bounded in H x L%(Q) for any x!, x? € Ay, from the proof of Theorem we have

d . _ _ _ _ _
3 alze +llol7e) + v + B Vallz: +IVellz: <a@)lali: + o]z, (4.1)

where n(t) = C(1+ ||[Vui |22 + || Vws||2.).
For s € (0,¢), we infer from Gronwall’s lemma that

[a(O)lI7: + llo(@)72 < (la(s)lIzz + [lo(s)]Z2) exp / n(r
' (4.2)
< (Ia(e) s + ) =) esp ([ a(e)
Integrating (4.2) with respect to s over (0, ¢), we obtain
2 2 ‘ 2 2
la(O)lze + @072 < ng(O)/O (la(s)lIZ2 + @ (s)lIZ2) ds, (4.3)
where Ny(0) := exp (fo 7)dr) is a finite number, which depends on (uy,,w1,) and (ug,,ws,),
for any fixed £ > 0. Based on the above results, for § = éNg( ), then we have
¢
llex (") — e2 O e 220 < 9/0 IXH(7) = X2 (D) L2 () AT (4.4)
From (4.4), we conclude that the map e; : A; — A is Lipschitz continuous. O

Theorem 4.2. Suppose (f1, f2) € H x L*(Q),1 < B < L and (ug,wo) € H x L*(Q), then the
semigroup (S(t), B2) generated by (1.1)) possesses a global attractor A = e1(Ay) in H x L?(Q).
Moreover, the fractal dimension of the global attractor A is finite.

Proof. From Lemma [2.11} Theorem [3.9] and Theorem we can conclude that A is compact in
H x L?(Q) and the fractal dimension of A is finite. Since L;A; = Ay, we have

S(t)A=S(t)e1(Ar) = er(LAg) = e1(Ag) = A

for any ¢ > 0. From the definition of Bs, we can infer that for any bounded subset B in H X LQ(Q),
there exists a time ¢’ = ¢/(B) such that for any t > ¢/, it follows that

S(t)B C Bs.
Therefore, we need to prove that

lim dlStHXLz(Q) (S(t)BQ,A) =0.

=400

Suppose the above formula does not hold, then there exists a positive constant (y, a sequence
{(tn, wn)}22; C Ba, and some time ¢, such that

dist g £2(0) (S(tn) (Un, wn), A) = Go (4.5)

for any t, > t,’.
From the definition of By, we can infer that there exists a sequence {x,}3°; C B} such that

(un7 wn) = eO(Xn)-
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Since {xn }52; is bounded in X, and A is the global attractor in X, for the semigroup {L;}+>0 gen-
erated by problem (L.1)), then there exist a subsequence {xn; }5°—; of {xn}7Z; and a subsequence
{tn; }oo=1 of {tn}7Z, such that

Ltnj_ean —x €A, in Xy asj— +oo.
By the continuity of e;, we have
S(tn, ) (Un,;,wn,) = el(Ltnrean) —e(x) €A in HxL*Q) as j — +o0,
which contradicts . (]
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