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VANISHING-NOISE ASYMPTOTICS FOR DONSKER-VARADHAN RATE

FUNCTIONS ON THE CIRCLE

MILAN KORESSKI

Abstract. We study the vanishing noise limit of the rate function for the Donsker-Varadhan
large deviation principle for one-dimensional diffusion processes on a circle. As is well known,

the rate function can be represented either as the Legendre transform of principal eigenvalue of

the perturbed infinitesimal generator or by a variational formula. We analyze the asymptotic
behavior of the principal eigenvalue as the parameter in front of the noise goes to zero and

compare the Legendre transform of the limit with the expression obtained as the limit of the

variational representation. We prove, in particular, that the resulting expressions do not always
coincide, leading to continuity and discontinuity phenomena in infinite-dimensional functional

spaces. Moreover, we use the previous analysis to pass to the limit in the LDP, using the notion

of Γ-convergence.

1. Introduction

Let (Xε
t )t≥0 be the family of one-dimensional diffusion processes on the unit circle Π defined

as the solution of the stochastic differential equation

dXϵ
t =

√
ϵ σ(Xϵ

t ) dWt + b(Xϵ
t ) dt,

where b and σ are C2(Π) functions on Π, Wt denotes the standard Brownian motion, and ϵ > 0 is
a small noise amplitude. Our goal is to study the behaviur of the associated large-deviation rate
functions in the small-noise limit ϵ→ 0.

1.1. Empirical measure and large deviations. For T > 0, we define the empirical measure of
the diffusion by

µϵ
T =

1

T

∫ T

0

δXϵ
t
dt.

It is a classical result in Donsker-Varadhan [3, Theorem 3, (1.11) and (1.12), pages 5-6] that the
family (µϵ

T )T>0 satisfies a Large Deviation Principle (LDP) on the space of probability measures
on Π, with speed T and rate function

Iϵ(µ) = sup
u>0, u∈C2(Π)

−
∫
Π

Lϵu

u
dµ.

Here Lϵ denotes the infinitesimal generator of Xϵ
t , defined on C2(Π) by

Lϵu(x) = ϵa(x)u′′(x) + b(x)u′(x) with a(x) := σ(x)2/2.

It has been established, see [8, Proposition 3.8, page 45], that this variational expression is
equivalent to a Legendre-Fenchel transform representation:

Iϵ(µ) = sup
c∈C0(Π)

{∫
Π

c dµ− Λϵ(c)
}
,
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where

Λϵ(c) := lim
T→∞

1

T
logEx

[
exp

(∫ T

0

c(Xϵ
s) ds

)]
.

Moreover, it is well known, see [4, (1.2), page 1], that Λϵ(c) coincides with λcϵ, the principal
eigenvalue (the eigenvalue with the maximal real part) of the perturbed operator

Lϵ := Lϵ + c.

1.2. Vanishing-noise problem. Our aim is to characterize the asymptotic behaviour of the rate
function in the regime where the noise parameter ε tends to 0. Formally, for any probability
measure µ ∈ P (Π) we define

I(µ) := lim
ϵ→0

Iϵ(µ) = lim
ϵ→0

sup
u>0, u∈C2(Π)

−
∫
Π

Lϵu

u
dµ, and Λ(c) := lim

ϵ→0
Λϵ(c),

whenever these limits exist, and

J(µ) := sup
c∈C0(Π)

{∫
Π

c dµ− Λ(c)
}
.

Taking 0 as a test function in the above variational expressions, one can prove that both Iϵ and I
are nonnegative, and likewise J(µ) ≥ 0 for all probability measures µ.

The existence of the limit I(µ) for an arbitrary measure µ is not immediate, nor is the relation
between the functions I and J : the functional I is the limit of Legendre transforms, whereas J
is the Legendre transform of the limit. Thus, the central question is whether the limit defining I
exists and whether, in this setting, the Legendre transform commutes with the small-noise limit;
in other words, whether

lim
ϵ→0

Iϵ(µ)
?
= sup

c∈C0(Π)

{∫
Π

c dµ− lim
ϵ→0

Λϵ(c)
}
. (1.1)

Moreover, after addressing this question in different settings, we show that, in some of these cases,
the previously obtained results, combined with the notion of Γ-convergence, allow us to establish
large deviation results in the double limit for the empirical measure µϵ

T .

1.3. Strategy and main results. In a first step, to compare the two functionals I and J , we
carry out a detailed asymptotic analysis of λ c

ϵ , the principal eigenvalue of the operator

Lϵ(uϵ) := ϵa(x)u′′ϵ + b(x)u′ϵ + c(x)uϵ = λcϵuϵ, (1.2)

where we have made explicit the dependence of the principal eigenvalue on the potential c. For the
sake of clarity, this dependence will be omitted in the notation from now on. This study is based
on the same arguments as in [13] and will allow us to obtain an explicit formula for J . In a second
step, we identify the cases in which I can be computed explicitly, and employ these expressions
for comparing it with J . Finally, we show that Iε Γ-converges to J , and establish large deviation
principles in the double limit.

As we shall see, the nature of the asymptotic regime as ϵ→ 0 depends crucially on the qualitative
properties of the drift b. Different behaviors arise depending on whether b is separated from 0,
whether it vanishes, or whether it changes sign. These structural features govern the geometry of
the deterministic flow and, in turn, the spectral asymptotics of the principal eigenvalue in (1.2),
leading to different explicit expressions for the functions I and J . We shall therefore distinguish
three regimes in our analysis:

(H1) the fully degenerate case where b ≡ 0;
(H2) the nondegenerate case where b is separated from 0 on Π;
(H3) the sign-changing case, in which b takes both positive and negative values and admits a

finite number of zeros.

Many results have already been established concerning the asymptotic analysis of the principal
eigenvalue; under assumptions (H1) and (H2), the asymptotic behaviour is now regarded as classi-
cal. Here we present some known results, together with their sources, in a setting of assumptions
comparable to (H3).
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The paper by Peng, Zhang and Zhou [12] provides a detailed analysis of the asymptotic be-
haviour of the principal eigenvalue of a second–order elliptic operator in the regime of small and
large diffusion when the field b is the gradient of a function m. Indeed, Theorem 1.1 and (1.2),
which deal with the case of N-dimensional operators of type (1.1), provide similar results to the
ones we obtain. However, the hypotheses require that det(D2m(x)) ̸= 0. In our setting, their con-
ditions correspond precisely to the case of a finite number of hyperbolic zeros. Similarly, the article
[13] by Piatnitski, Rybalko and Rybalko proves a comparable result under the same hyperbolicity
assumption on the zeros and establish a similar formula (see (2.15) and (2.18)). In [10] and [11],
Kifer obtained several fundamental results on the asymptotic behaviour of the principal eigenvalue
in the small–diffusion regime however, the analysis strongly relies on hyperbolicity assumptions
on the critical points or invariant sets of the drift (see [10, Condition (C) and (2.3) in Theorem
2.1]). In our paper, in the one dimensional setting, a suitable generalization of the techniques
introduced in [13] makes it possible to obtain the asymptotic description even when the drift has
zeros of arbitrary order and flat zeros. This yields a genuine extension of the previously known
results in the case of degenerate critical points.

Our work follows an approach analogous to that of [6]. In this spirit, we establish a large
deviation principle (LDP) for the empirical measure in the vanishing noise limit regime within a
degenerate framework, made possible by the one-dimensional setting in which we work. In [6],
they study the large deviation principle for the invariant measure in the vanishing noise regime at
speed 1/ε. Their approach relies on viscosity solution techniques for Hamilton-Jacobi equations,
in a way that is closely related to the methods used in our first part to determine the principal
eigenvalue. This allows them to identify the rate function as a solution of a stationary Hamilton-
Jacobi equation (2.20) given explicitly by (2.12) in Theorems 2.3 and 2.4.

In [2], more refined convergence results are established in the hyperbolic case for the asymptotic
behavior of Iε via Γ-convergence, culminating in an asymptotic expansion of the rate function
setting and yielding several large deviation principle estimates (see (1.5) or (2.19) and Theorem
2.3). In a manner analogous to this article, we employ the notion of Γ-convergence to obtain a
generalization to the one-dimensional case when the field admits degenerate zeros of the results
stated in Theorem 2.3 (see (2.14)) and Corollary 2.5 (see (2.24)). More precisely, in their case,
coercivity conditions are imposed on the drift in order to control the trajectories; see (A.2) and
(A.3) and Condition A.1 requires the drift b to be the gradient of a C∞ Morse function and set
the work in a hyperbolic framework.

In [1], the authors establish a large deviation principle for some empirical measure associated
with a diffusion process on Rn in the joint regime where the time diverges and the noise intensity
vanishes. More precisely, in their study, they show that the family of probability measures de-
scribing the empirical distribution of trajectories satisfies a large deviation principle with speed T

ε
(see Theorem 2.2), uniformly with respect to the initial condition in compact sets. The associated
rate function is given by the expectation, under the considered measure, of the Freidlin-Wentzell
functional per unit time. We obtain a large deviation principle with speed T for the classical
empirical measure, which only captures occupation times. By contrast, their empirical measure
averages over time-shifted trajectories, thereby leading to a different framework. Finally, in [15],
the entropy production associated with simimar diffusion processes is studied and large deviation
principle estimates for this entropy production are obtained in Theorem 6.5 in the small-noise
asymptotics and in hyperbolic settings (see Assumption (ND)).

Each of these regimes exhibits a distinct small-noise asymptotic behaviour for the operator Lϵ

and therefore requires a separate analysis for the comparison of I and J . In the case (H1), the
Legendre transform does not commute with the limit ϵ→ 0, since I and J differ on a wide range
of probability measures. Indeed we do not have equality on Dirac masses, on some absolutely
continuous measures, and also on some singular continuous ones. However, in the case (H2), one
exhibits a totally different behavior as I = J . Finally under the hypothesis (H3), the limit of
λϵ is determined by the behaviour of b near its zeros, and J is finite only for atomic measures
supported on these points, with a cost depending on their local stability. By contrast, I always
diverges, thus the functions differ on finite values other than only 0 and +∞.
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Hyp. Limit of λϵ Behavior of I(µ) and J(µ)

(H1) maxx∈Π c(x) J(µ) = 0 for all µ ∈ P (Π),

I(µ) =


0 µ = f dx, f > 0, f ∈ C1(Π),

+∞ for some absolutely cont. measures µ

+∞ µ has an isolated atom,

+∞ for some singular cont. measures µ.

(H2)
( ∫

Π
c(s)
b(s)ds

)
/
( ∫

Π
1

b(s)ds
)

J(µ) =

{
0 µ = ω :=

(
1
b/

∫
Π

1
b dx

)
,

+∞ otherwise,

I(µ) =

{
0 µ = ω ds,

+∞ otherwise.

(H3) max
x,b(x)=0

(
−(0 ∨ b′(x)) + c(x)

)
J(µ) =

{∑n
i=1 ai (0 ∨ b′(xi)) suppµ ⊂ {b = 0},

+∞ otherwise,

I(µ) = +∞

Finally, we examine the mixed case in which b changes sign and may admit a finite number
of intervals of vanishing and zeros. These results can be viewed mainly as a generalisation and a
synthesis of the results obtained in the previous table under assumptions (H1) and (H3). In this
setting as well, the functionals I and J differ on a large class of probability measures supported on
the set {x, b(x) = 0}. This includes, for instance, measures with isolated atoms, certain absolutely
continuous measures, and certain measures with a singular continuous part. In addition, we
present partial results concerning the asymptotics of the associated eigenfunction.

2. Case where b is null

2.1. Asymptotic of the principal eigenvalue. In this section, we are interested in the asymp-
totic analysis of the principal eigenpair for the singularly perturbed spectral problem (1.2) with
a ∈ C2(Π), b equal to 0 and c ∈ C0(Π). Our operator becomes

(Lϵ)(uϵ) := ϵa(x)u′′ϵ + c(x)uϵ = λϵuϵ. (2.1)

We state the main result of this section in the form of the following proposition.

Proposition 2.1. Under the assumptions stated above,

lim
ϵ→0

λϵ = max
x∈Π

c(x). (2.2)

Proof. We begin the proof by showing that (λϵ)ϵ is bounded. Indeed, using the maximum and
minimum points of the twice differentiable function uϵ, we establish using (2.1) that for any ϵ > 0,

min
x∈Π

c(x) ≤ λϵ ≤ max
x∈Π

c(x).

If c is constant, there is nothing to prove. Hence, we assume that it is not constant. To prove
the lower bound, it suffices to remark that Lϵ is a self-adjoint operator in L2(Π) endowed with
the inner product

⟨u, v⟩ :=
∫
Π

u(x) v(x)

a(x)
dx.

The characterization of the principal eigenvalue given by the Rayleigh–Ritz formula [5] (Theo-
rem 2 (Variational principle for the principal eigenvalue), page 336, applied to operator (3), page
294) yields

λε = sup
v∈H1(Π), ∥v∥L2(Π)=1

∫ 1

0

(
− ε a(x) |v′(x)|2 + c(x) |v(x)|2

)
dx.
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As c is continuous, for every δ > 0, the set Eδ := {x ∈ Π, c(x) > maxx∈Π c(x)− δ} is a countable
union of disjoint open intervals. Thus we can choose, vδ ∈ H1

Π such that supp(vδ) ⊂ Eδ and
∥vδ∥L2 = 1. Taking that function in the supremum, we obtain

max
x∈Π

c(x)− δ ≤ lim inf
ε→0

λε.

Passing to the limit as δ tends to 0, we obtain the desired result. □

2.2. Explicit calculation of J .

Proposition 2.2. In our condition for any probability measure µ ∈ P (Π) we have

J(µ) = 0.

Proof. Let us fix a measure µ. By Proposition 2.1,

J(µ) = sup
c∈C0(Π)

{∫
Π

c dµ− Λ(c)
}
= sup

c∈C0(Π)

{∫
Π

c dµ−max
x∈Π

c(x)
}
.

Moreover, for any c ∈ C0(Π),∫
Π

c dµ− Λ(c) =

∫
Π

c dµ−max
x∈Π

c(x) ≤ 0.

Choosing c ≡ 0 yields ∫
Π

c dµ− Λ(c) = 0,

therefore I(µ) = 0 as the supremum is attained at c ≡ 0. □

2.3. Calculation of I. We are interested in the asymptotic behavior of

Iε(µ) := sup
u>0, u∈C2(Π)

−
∫
Π

εa(x)
u′′(x)

u(x)
dµ(x)

as ε goes to 0. Using the change of variable u = exp(w) where w is a C2(Π) function we obtain

Iϵ(µ) = sup
w∈C2(Π)

−
∫
Π

ϵa(x)(w′′(x) + w′(x)2) dµ(x) = sup
v∈C̃1,0(Π)

ϕµ,ϵ(v), (2.3)

where C̃1,0(Π) = {v ∈ C1(Π),
∫
Π
v(x)dx = 0} and ϕµ,ϵ(v) = −

∫
Π
ϵ a

(
v′ + v2

)
dµ.

Remarking that I(µ) = limϵ→0 ϵI1(µ), the limit I(µ) can only take the values 0 or +∞ and the
following characterization of this limit holds

I(µ) =

{
0 if I1(µ) < +∞,

+∞ if I1(µ) = +∞.

Thus, to analyze the limit I, it suffices to study the behavior of I1.

Proposition 2.3. Let µ ∈ P (Π) be a probability measure possessing an isolated atom. Then

I1(µ) = +∞.

Proof. We first suppose that µ possess an atom at x0 = 0 and we set δ > 0 small enough such
that µ0(B(0, δ)) = µ0(0) and µ0(B(0, 2δ) \B(0, δ)) = 0. For ϵ > 0 we define the periodic function

vϵ(x) =


− sin(x/ϵ) x ∈ B(0, δ)

rϵ(x) x ∈ B(0, 2δ) \B(0, δ)

0 x ∈ Π \B(0, 2δ),

where rϵ is a well-chosen function that makes the function in C̃1,0(Π). Then

I1(δ0) ≥ − a(0)
(
v′ϵ(0) + vϵ(0)

2
)
= a(0)/ϵ −→

ϵ→0
+∞

which completes the proof. □
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Proposition 2.4. Let µ ∈ P (Π) be a probability measure which is absolutely continuous with
respect to the Lebesgue measure, with a positive density f ∈ C1(Π). Then

I1(µ) =
1

4

∫
Π

(
(af)′

)2
af

dx.

Proof. We set

v0 =
(af)′

2af
=

1

2
ln(af)′ ∈ C̃1,0(Π).

Then, computing we obtain

ϕµ,1(v0) =

∫
Π

a v20dµ =
1

4

∫
Π

(
(af)′

)2
af

dx.

Moreover, one can show that the supremum is attained at this point, as for any v ∈ C̃1,0(Π), the
Young Inequality:

−
∫
Π

av′ f dx =

∫
Π

(af)′v dx =

∫
Π

(af)′√
2af

×
√
2af v dx ≤ 1

2

∫
Π

((af)′)2

2af
dx+

1

2

∫
Π

2av2f dx

gives us

−
∫
Π

av′ + av2 dµ ≤ 1

4

∫
Π

((af)′)
2

af
dx,

which completes the proof. □

Remark 2.5. The above result is a particular case of the one obtained in [3, (1.4), page 3].

The next proposition gives a partial result for some continuous singular measures and more
general ones, exploiting the notion of local dimension of a measure.

Definition 2.6. We define the left and right lower and upper local dimensions of a measure
µ ∈ P (Π) at point x0 ∈ Π by

dim−,l
loc (µ, x0) := lim inf

r→0

logµ
(
[x0 − r, x0]

)
log r

, dim+,l
loc (µ, x0) := lim sup

r→0

logµ
(
[x0 − r, x0]

)
log r

,

dim−,r
loc (µ, x0) := lim inf

r→0

logµ
(
[x0, x0 + r]

)
log r

, dim+,r
loc (µ, x0) := lim sup

r→0

logµ
(
[x0, x0 + r]

)
log r

.

If the lower and the upper limits coincide, we say that µ has a left or a right local dimension at
x0, and we denote this common value by diml

loc(µ, x0) and dimr
loc(µ, x0). Moreover, if these two

limits exist and coincide, we say that µ has the local dimension at x0, given by dimloc(µ, x0) =

diml
loc(µ, x0) = dimr

loc(µ, x0). Finally, we also adopt the convention that if in the numerator µ(·)
appearing in any of the above definitions is identically equal to 0 for all sufficiently small r, then
the corresponding local dimension is defined to be −∞.

Lemma 2.7. Let µ ∈ P (Π) be a probability measure that has no atom at the point x0. Then

I1(µ) = sup
v∈C̃1,0

p,x0
(Π)

ϕµ,1(v),

where C̃1,0
p,x0

(Π) denotes the set of functions that are in C0(Π)∩C1(Π\{x0}) and having zero mean
over Π.

Proof. First of all it is clear that C̃1,0(Π) ⊂ C̃1,0
p,x0

(Π), thus

I1(µ) ≤ sup
v∈C̃1,0

p,x0
(Π)

ϕµ,1(v) := Ĩ1(µ).

We now prove the reverse inequality. For any ϵ, let us fix vϵ ∈ C̃1,0
p,x0

(Π) such that Ĩ1(µ) − ϵ <

ϕµ,1(vϵ). Our goal is to show that for any ϵ, there exists a sequence vn of function in C̃1,0(Π) such
that limn→+∞ ϕµ,1(vn) = ϕµ,1(vϵ).



EJDE-2026/71 VANISHING-NOISE ASYMPTOTICS FOR DONSKER-VARADHAN RATE FUNCTIONS 7

Without loss of generality, we suppose that x0 = 0. We set for any fixed ϵ,

ṽδ(x) = vδ(x)−
∫
Π

vδ(s) ds where vδ(x) :=

∫ x

0

(v′ϵ ∗ ωδ)(s) ds,

and (ωδ)δ denotes a family of nonnegative C1 functions with compact support contained in B(0, δ),

normalized to have unit mass. By construction, it is clear that ṽδ ∈ C̃1,0(Π) and that

sup
Π

(
|ṽδ − vε|+ |ṽ′δ − v′ε|

)
≤ sup

Π

(
|vδ − vε|+ |v′ε ∗ ωδ − v′ε|

)
+
∣∣∣ ∫

Π

vδ(s) ds
∣∣∣ −−−→

δ→0
0,

from which the result follows. □

Proposition 2.8. Let µ ∈ P (Π) be a probability measure such that there exist two points x0 and
y0 for which

dim−,l
loc (µ, x0) := α−

l , dim−,r
loc (µ, y0) := β−

r , dim+,r
loc (µ, x0) := α+

r , dim+,l
loc (µ, y0) := β+

l

with

min(α−
l , β

−
r ) < min(β+

l , α
+
r ) and min(α−

l , β
−
r ) < 1.

Then I1(µ) = +∞.

Proof. First of all, without loss of generality, we suppose that x0 = 0. Our goal is to construct
a good sequence of test functions that makes the supremum diverge. To construct such test
functions, let us pose for any negative number A

f(x) =


A(x+ 1

2 ) if x ∈ [− 1
2 , 0],

A( 12 − x) if x ∈ (0, 12 ],

0 otherwise

and ϵ > 0 small enough

vε(x) =


f
(
x
ε

)
if x ∈ [−ε, ε],

−f
(
x−y0

ε

)
if x ∈ [y0 − ε, y0 + ε],

0 otherwise.

It is clear that vε is a periodic function in C̃1,0
p,x0

(Π) as a piecewise continuous function and is of
zero integral as the f and −f compensate each other on [−ϵ, ϵ] and [y0 − ϵ, y0 + ε]. Using Lemma

2.7, vε can be used as an admissible test function in the supremum, even though vε /∈ C̃1,0(Π).
Thus for ϵ small enough we obtain

I1(µ) ≥ −
∫ ε

−ϵ

a(x)
(1
ϵ
f ′
(x
ε

)
+ f

(x
ε

)2)
dµ(x)

−
∫ y0+ϵ

y0−ϵ

a(x)
(−1

ϵ
f ′
(x− y0

ε

)
+ f

(x− y0
ε

)2)
dµ(x)

∼ −
∫ ε

−ϵ

1

ϵ
a(x) f ′

(x
ε

)
dµ(x) +

∫ y0+ϵ

y0−ϵ

1

ϵ
a(x) f ′

(x− y0
ε

)
dµ(x)

=
A

ε

(
−
∫ 0

−ϵ/2

a(x) dµ(x) +

∫ y0

y0−ϵ/2

a(x) dµ(x) +

∫ ϵ/2

0

a(x) dµ(x)−
∫ y0+ϵ/2

y0

a(x) dµ(x)
)

≥ A

ε

(
max a

(
µ
(
[y0 − ϵ/2, y0]

)
+ µ

(
[0, ϵ/2]

))
−min a

(
µ
(
[−ϵ/2, 0]

)
+ µ

(
[y0, y0 + ϵ/2]

)))
∼ A

ε

(
max a

(
C+

1 (ϵ/2)β
+
l + C+

2 (ϵ/2)α
+
r

)
−min a

(
C+

3 (ϵ/2)α
−
l + C+

4 (ϵ/2)β
−
r

))
∼ − A

ε
min a

(
C+

3 (ϵ/2)α
−
l + C+

4 (ϵ/2)β
−
r

)
.

The result follows from the second assumption by taking the limit as ϵto0. □
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Corollary 2.9. Let µ ∈ P (Π) be a probability measure such that there exist two points x0 and y0
for which

dimloc(µ, x0) = α < 1 and α < β = dimloc(µ, y0).

Then I1(µ) = +∞.

Proof. We consider the same test function vε as previously, except that we now replace in its
construction f by

fδ(x) =


A(x+ δ) if x ∈ [−δ, 0],

Aδ − Aδ

1− δ
x if x ∈ (0, 1− δ],

0 otherwise,

with 0 < δ < 1. The same calculation gives us

I1(µ)

≳
A

ε

(
max a

(
C+

1 (εδ)β +
C+

2 δ

1− δ
(ε(1− δ))α

)
−min a

(
C+

3 (ϵδ)α +
C+

4 δ

1− δ
(ε(1− δ))β

))
= −Aϵ

α

ε

(
min aC+

3 δ
α −max a

C+
2 δ(1− δ)α

1− δ

)
+
Aϵβ

ε

(
max aC+

1 δ
β −min a

C+
4 δ(1− δ)β

1− δ

)
∼ −Aϵ

α

ε

(
min aC+

3 δ
α −max a

C+
2 δ(1− δ)α

1− δ

)
:= −Aϵ

α

ε
K(α, δ).

Finally, as min a > 0, one can prove that there exists δ > 0, small enough such that K(α, δ) > 0.
Passing to the limit as ε→ 0, we obtain the desired result. □

Remark 2.10. Let us consider a measure µ = fdx with f ∈ L1(Π) and such that, for ϵ small
enough

f(x) = O(|x|−β) on B(0, ϵ), with 0 < β < 1.

Then

µ
(
B(0, r)

)
∼

∫ r

−r

|x|−β dx =
2 r 1−β

1− β
.

It follows that dimloc(µ, 0) = 1 − β < 1. Moreover taking y0 such that f(y0) > 0 yield us to
µ
(
B(y0, r)

)
∼ 2f(y0) r and thus to dimloc(µ, y0) = 1. Applying the previous corollary, we obtain

that I(µ) diverges. We have thus constructed a probability measure that is absolutely continuous
with respect to the Lebesgue measure, for which I(µ) = +∞.

Corollary 2.11. Let µ ∈ P (Π) be a probability measure and suppose there exists an open interval
I such that µ(I) = 0. Assume furthermore that there is a point x0 for which one of the following
four conditions hold:

(1) −∞ < α−
l < α+

r and α−
l < 1;

(2) −∞ < α−
l = α+

r =: α < 1;

(3) −∞ = α−
l < α+

r ≤ 1;

Then I1(µ) = +∞.

Proof. We take y0 ∈ I, then it is clear that dim−,r
loc (µ, y0) = dim+,l

loc (µ, y0) = −∞. Considering the
same test function as previously, we obtain

I1(µ) ≥ −A
ε

(
min aC+

3 (ϵδ)α
−
l −max a

C+
2 δ

1− δ
(ε(1− δ))α

+
r

)
:= −A

ε
K(α−

l , α
+
r , δ).

If we suppose that −∞ < α−
l < 1 or −∞ < α−

l = α+
r =: α < 1 then, as min a > 0, one can prove

that there exists δ > 0, small enough such that K(α−
l , α

+
r , δ) > 0. Passing to the limit as ε → 0,

we obtain the desired result. If α−
l = −∞ we obtain

I1(µ) ≥
A

ε
max a

C+
2 δ

1− δ
(ε(1− δ))α

+
r .
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Repeating the previous calculation replacing A by −A lead us to

I1(µ) ≥ −A
ε
min a

C+
2 δ

1− δ
(ε(1− δ))α

+
r ,

which diverges, passing to the limit as ε → 0 under the condition α+
r < 1. Finally if α+

r = 1,
passing to the limit as A→ −∞ leads us to the result. □

Remark 2.12. By symmetry, one may interchange the local dimensions on the left and on the
right in the assumptions (i.e. swap α±

l with α±
r ) while keeping the same conclusions.

Remark 2.13. The previous corollary allows us to obtain an explicit result of the asymptotic
of I(µ) where µ is the Cantor measure and more generally for any measure constructed by a
similar iterative process (middle-α Cantor measure). As in the Cantor case, the local dimension is
attained at zero with dimloc(µ, 0) = ln(2)/ ln(3) < 1. Moreover, taking an interval I ⊂ (1/3, 2/3)
we obtain I(µ) = +∞.

3. Case where b is disjoint from 0

3.1. Asymptotic of the principal eigenvalue. This section is devoted to the asymptotic anal-
ysis of the principal eigenvalue of the singularly perturbed spectral problem (1.2) under the hy-
pothesis (H2). However, we shall assume that a, b, c ∈ C0(Π).

Proposition 3.1. Under the assumptions stated above,

lim
ϵ→0

λϵ =
(∫ 1

0

c(s)

b(s)
ds
)/(∫ 1

0

1

b(s)
ds
)
.

To prove this proposition, we use the following Min-Max type formula [5, Courant minimax
principle, page 347] to get a lower and an upper bounds of the principal eigenvalue. The proof of
the next lemma and its right part also provides a simple proof of the Protter-Weinberger theorem
[14] on Π in our case.

Lemma 3.2. Let us pose

L(u) := a(x)u′′ + b(x)u′ + c(x)u = λu

where a, b, c denote real-valued continuous functions defined on Π, and λ denotes the principal
eigenvalue. Then

sup
v>0

inf
x∈Π

Lv(x)

v(x)
= λ = inf

v>0
sup
x∈Π

Lv(x)

v(x)
, (3.1)

where the infimum and the supremum are taken on the twice differentiable positive real functions
defined on Π.

Proof. Let us fix v, a twice differentiable positive real function defined on Π. By the Krein-Rutman
theorem [9], there exists a positive eigenfunction ϕ such that L(ϕ) = λϕ, and therefore we can

consider the positive ratio ω := v/ϕ. Setting m := infx∈Π
Lv(x)
v(x) , we have 0 ≤ Lv−mv. Moreover,

injecting v = ωϕ in the previous inequality, we derive

Lv −mv = a(x)(ω′′ϕ+ 2ω′ϕ′ + ωϕ′′) + b(x)(ω′ϕ+ ωϕ′) + c(x)(ωϕ)−m(ωϕ)

= ϕ(L̃ω + λω −mω),

where L̃ω = a(x)ω′′ + (2a(x)ϕ′/ϕ+ b(x))ω′.
Thus, using the positivity of ϕ we obtain

0 ≤ L̃ω + λω −mω.

Taking the previous inequality at the point x0, a maximum point of the twice differentiable function
ω, and using ω′(x0) = 0 we obtain

0 ≤ a(x0)ω
′′(x0) + λω(x0)−mω(x0) ≤ λω(x0)−mω(x0),

and m ≤ λ follows. Passing to the supremum, as the previous inequality is independent of our

choice of v, we obtain one inequality. By proceeding in the same way, setting M := supx∈Π
Lv(x)
v(x)
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and then taking the infimum over all admissible v > 0, we obtain the other inequality. Thus we
have established that

sup
v>0

inf
x∈Π

Lv(x)

v(x)
≤ λ ≤ inf

v>0
sup
x∈Π

Lv(x)

v(x)
.

The reverse inequalities are trivial. Indeed, for v0 an eigenfunction associated with the principal
eigenvalue λ, we have

inf
v>0

sup
x∈Π

Lv(x)

v(x)
≤ sup

x∈Π

Lv0(x)

v0(x)
= λ = inf

x∈Π

Lv0(x)

v0(x)
≤ sup

v>0
inf
x∈Π

Lv(x)

v(x)
,

which gives us the result. □

Proof of Proposition 3.1. We choose a test function v0 = exp(W0) where W0 is a solution of

W ′
0 = (λ0 − c(x))/b(x) with λ0 :=

(∫ 1

0

c(s)

b(s)
ds
)/(∫ 1

0

1

b(s)
ds
)
.

To get the result, we inject v0 as a test function in (3.1) applied to our operator Lϵ. The calculation
gives us

Lϵv0(x)

v0(x)
= ϵ a(x)((W ′

0)
2 +W ′′

0 ) + bW ′
0 + c = ϵ a(x)((W ′

0)
2 +W ′′

0 ) + λ0.

Finally, applying Lemma 3.2, we obtain

λ0 + ϵ inf
x∈Π

a(x)((W ′
0)

2 +W ′′
0 ) ≤ λϵ ≤ λ0 + ϵ sup

x∈Π
a(x)((W ′

0)
2 +W ′′

0 ).

Passing to the limit as ϵ tends to 0 gives us the result. □

3.2. Explicit calculation of J . Under hypothesis (H2), using Proposition 3.1, we can rewrite
Λ(c) in the form

Λ(c) := lim
ϵ→0

λϵ = λ0 =

∫ 1

0

c(s)ω(s) ds where ω(s) =
1

b(s)

/∫ 1

0

1

b(u)
du. (3.2)

We aim to establish the following result.

Proposition 3.3. Under the assumptions stated above,

J(µ) =

{
0 if µ = ω ds,

+∞ otherwise.

Proof. Using (3.2), we obtain

J(µ) = sup
c∈C0(Π)

∫ 1

0

c(s)(dµ(s)− ω(s)ds
)
.

This supremum is finite if and only if the signed measure µ − ω ds is zero. Otherwise, we can
make it arbitrarily large. Indeed, if µ ̸= ω ds, by Riesz–Markov theorem, there exists a continuous

function ϕ on Π such that
∫ 1

0
ϕ(s)(dµ(s)− ω(s)ds

)
̸= 0. Considering Mϕ or −Mϕ and letting M

go to +∞, we obtain the desired result. □

3.3. Explicit calculation of I. We are now interested in the asymptotic behavior of Iϵ(µ). Using
the change of variable u = exp(w) where w is a C2(Π) function (2.3) becomes

Iϵ(µ) = sup
w∈C2(Π)

−
∫
Π

ϵ a(x)(w′′(x) + w′(x)2) + b(x)w′(x) dµ(x) = sup
v∈C̃1,0(Π)

ϕµ,ϵ(v), (3.3)

where C̃1,0(Π) = {v ∈ C1(Π),
∫
Π
v(x)dx = 0} and ϕµ,ϵ(v) = −

∫
Π
ϵa

(
v′ + v2

)
+ bv dµ. We state

the main result of this section in the following proposition.

Proposition 3.4. Under the assumptions stated above,

I(µ) =

{
0 if µ = ω ds,

+∞ otherwise.
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Proof. First of all let us remark that for any v ∈ C̃1,0(Π),

ϕω ds,ϵ(v) = −ϵC
∫ 1

0

a(x)

b(x)

(
v′(x) + v(x)2

)
dx with C =

(∫ 1

0

1

b(u)
du

)−1

.

We will show that for any ϵ > 0, the supremum in (3.3) with µ = ω ds is attained at

v0 =
ã′

2ã
=

1

2
ln(ã)′ where ã = a/b.

Indeed, calculating we obtain

ϕω ds,ϵ(v0) = −C
∫ 1

0

(
ϵ ã(x)

(
v′0(x) + v0(x)

2
))
dx =

ϵC

4

∫ 1

0

(ã′)2

ã
dx with C =

(∫ 1

0

1

b(u)
du

)−1

.

Moreover, one can show that the supremum is attained at this point, as for any v ∈ C̃1,0(Π), the
Young Inequality:

−
∫ 1

0

ãv′ dx =

∫ 1

0

ã′v dx =

∫ 1

0

ã′√
2ã

×
√
2ã v dx ≤ 1

2

∫ 1

0

(ã′)2

2ã
dx+

1

2

∫ 1

0

2ãv2 dx

gives us

−
∫ 1

0

ãv′ + ãv2 dx ≤ 1

4

∫ 1

0

(ã′)2

ã
dx.

Passing to the limit as ϵ goes to 0 in ϕω,ϵ(v0), we obtain that I(µ) = 0 if µ = ω ds. We finish
the proof showing that if µ is a measure different from ω ds then I(µ) := limϵ→0 Iϵ(µ) = +∞. Let
us define the test function

vϵ =
1
4
√
ϵ
u with

∫ 1

0

u dx = 0.

Then calculations give us

ϕµ,ϵ(vϵ) = −
∫ 1

0

(
ϵ a

(
v′ϵ + v2ϵ

)
+ bvϵ

)
dµ

= −
∫ 1

0

ϵ3/4a(x)u′(x) +
√
ϵ a(x)u(x)2 +

1
4
√
ϵ
b(x)u(x) dµ(x)

= − 1
4
√
ϵ

∫ 1

0

b(x)u(x) dµ(x) +O(
√
ϵ).

We complete the proof by choosing u such that
∫ 1

0
b(x)u(x) dµ(x) is negative and then passing

to the limit as ϵ goes to 0. To show that such a choice of u is possible, it suffices to rule out

that
∫ 1

0
b(x)u(x) dµ(x) = 0 for every zero-mean functions u. Suppose that it holds, then b µ is

proportional to dx. Since the case where b µ is proportional to dx has been excluded by assumption,
the result follows passing to the limit as ϵ goes to 0. □

4. Case where b has finitely many zeros

4.1. Asymptotic of the principal eigenvalue. In this section, we are interested in the asymp-
totic analysis of the principal eigenpair for the singularly perturbed spectral problem (1.2) under
the hypothesis (H3). We shall assume that a ∈ C2(Π), b ∈ C1(Π), c ∈ C0(Π) and that b changes
sign at least once on Π and vanishes at a finite number of points {x1, . . . , xn} ⊂ Π. Each zero xi
of b is either of finite order mi or flat:

• Zero of finite order mi ≥ 1. We say that xi is a zero of finite order mi if b ∈ Cmi in a
neighborhood of xi and

b(xi) = b′(xi) = · · · = b(mi−1)(xi) = 0, b(mi)(xi) ̸= 0.

• Flat zero at xi. We say that xi is a flat zero if b ∈ C∞ in a neighborhood of xi and

b(k)(xi) = 0 for all k ∈ N.

We now state the main result of this section.
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Theorem 4.1. Under the assumptions stated above,

lim
ϵ→0

λϵ = max
x,b(x)=0

(−(0 ∨ b′(x)) + c(x)) . (4.1)

In subsection 4.1.1 we establish an asymptotic characterization of the principal eigenfunction;
the main result appears in Proposition 4.5. Subsection 4.1.2 provides a detailed description and
representation of the resulting asymptotics, culminating in Proposition 4.8. Through subsections
4.1.3 and 4.1.4, we complete the proof of Theorem 4.1 by treating respectively the case of zeros
of finite order and that of flat zeros. In subsection 4.1.5, we establish an exact formula for the
asymptotics of the principal eigenfunction under more restrictive assumptions.

4.1.1. Asymptotic characterization of the eigenfunctions.

Definition 4.2 ([7, Definition 7.2.3, page 215]). Let H : R×Π → R be a continuous function. A
continuous function W : Π → R is called a viscosity solution of the Hamilton–Jacobi equation

H(W ′(x), x) = 0 on Π,

if the following conditions are satisfied:

• For every test function ϕ ∈ C∞(Π) such that W − ϕ has a local maximum at a point
ζ ∈ Π, we have

H(ϕ′(ζ), ζ) ≤ 0.

• For every test function ϕ ∈ C∞(Π) such thatW −ϕ has a local minimum at a point ζ ∈ Π,
we have

H(ϕ′(ζ), ζ) ≥ 0.

Remark 4.3. Suppose that W ∈ C1(Π) is a classical solution of H(W ′(x), x) = 0 on Π, then
it is also a viscosity solution of the equation. Indeed, let ϕ ∈ C∞(Π) be such that W − ϕ has
a local maximum or a minimum at ζ, then W ′(ζ) = ϕ′(ζ). It follows that the conditions in
the previous definition hold, and so the notion of viscosity solution is weaker than the notion of
classical solution.

We now proceed with a reduction of problem (1.2). By the Krein-Rutman theorem [9], for
every ϵ > 0, the eigenfunction uϵ can be chosen to be positive. Therefore, we can set

uϵ(x) = exp
(
− Wϵ(x)

ϵ

)
,

where Wϵ is a twice continuously differentiable function on Π. Injecting this expression into (1.2)
and setting

H(p, x) := a(x)p2 − b(x)p,

we obtain that the principal eigenvalue λϵ satisfies

−a(x)W ′′
ϵ (x) +

1

ϵ
H
(
W ′

ϵ(x), x
)
+ c(x) = λϵ. (4.2)

Remark 4.4. For any constant C, ifWϵ satisfies (4.2), thenWϵ+C also satisfies (4.2). Therefore,
without loss of generality, in the following, we restrict our analysis to the family of eigenfunctions
normalized by the condition ∫ 1

0

Wϵ(x) dx = 0.

The next step is given by the following proposition. The argument is essentially the one of [13,
Lemmas 3 and 4, pages 257-258], adapted in the case of Π.

Proposition 4.5. Under the assumptions stated above, the following two statements hold.

(1) For any sequence ϵ→ 0, there exists a subsequence such that λϵ converges to a limit λ and
such that the corresponding eigenfunctions Wϵ converge uniformly on Π to a limit function
W .

(2) In addition W is a viscosity solution of H(W ′(x), x) = 0 on Π.
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Proof of Proposition 4.5(1). We first show that (λϵ)ϵ is bounded. Indeed, using the maximum
and minimum points of the twice differentiable function Wϵ, we establish using (4.2) that for any
ϵ > 0,

min
x∈Π

c(x) ≤ λϵ ≤ max
x∈Π

c(x). (4.3)

Now let us prove that, up to extracting a subsequence, (Wϵ)ϵ converges uniformly on Π to a
limit W . Using the Ascoli Arzela theorem, it’s enough to show that the family (Wϵ)ϵ is uniformly
bounded in W1,∞(Π). As Π is compact, it suffices to establish that ∥W ′

ϵ∥∞ is uniformly bounded
for ϵ ≤ 1.

Fix ϵ ∈ (0, 1] and letWϵ satisfy (4.2), normalized by
∫ 1

0
Wϵdx = 0. IfWϵ is null, there is nothing

to prove. Hence, in what follows, we assume that Wϵ is not identically zero.
AsWϵ is twice differentiable, there exists ζ ∈ Π, a maximum point of (W ′

ϵ)
2, such thatW ′

ϵ(ζ) ̸= 0
(if not W ′

ϵ(ζ) = 0 and the function W ′
ϵ is constant equal to 0, which contradicts our hypothesis).

Differentiating we obtain W ′′
ϵ (ζ) = 0. Finally multiplying (4.2) by ϵ and taking the equality at

point ζ, we obtain

a(ζ)(W ′
ϵ)

2(ζ) = ϵ[λϵ − c(ζ)] + b(ζ)W ′
ϵ(ζ) ≤ [max c(x)−min c(x)] + CW ′

ϵ(ζ). (4.4)

The uniform boundlessness of (W ′
ϵ)

2(ζ) follows directly from the previous inequality. We conclude

the proof of 1. Noting that ∥W ′
ϵ∥∞ =

√
(W ′

ϵ)
2(ζ). □

Before starting the proof of 2. we set the following lemma.

Lemma 4.6. Let (ψn)n be a sequence of continuous functions converging uniformly to ψ on Π.
Suppose that x ∈ Π is a strict local maximum (respectively, strict local minimum) point of ψ,
then there exists a sequence (xn)n converging to x such that for n large enough, xn will be a local
maximum (respectively, local minimum) point of ψn.

Proof. First of all, note that the result for a strict local minimum point follows directly from the
result of the strict local maximum point, just by changing the sign of (ψn)n and ψ. Therefore, we
will establish the result in the case of the strict local maximum point.

Without loss of generality, we assume that 0 is a strict local maximum point of ψ. Then,
there exists r > 0 small enough such that ψ restricted to B(0, r) attains its unique maximum at
0. Moreover, since (ψn)n converges uniformly to ψ, for n sufficiently large there exists a point
xn ∈ B(0, r/2) at which ψn attains a local maximum. Extracting a subsequence, we assume that
(xn)n converges to a point x0 ∈ B(0, r). Then by hypothesis

|ψn(xn)− ψ(x0)| ≤ |ψn(xn)− ψ(xn)|+ |ψ(xn)− ψ(x0)| → 0.

Passing to the limit in ψn(xn) ≥ ψn(0) we obtain ψ(x0) ≥ ψ(0). Finally, since r has been chosen
sufficiently small so that 0 is the unique global maximizer of ψ on B(0, r), the result follows. □

Proof of Proposition 4.5(2). Let ϕ ∈ C∞(Π) such that W − ϕ has a local maximum at ζ. First,
suppose that it is a strict local maximum. It follows from Lemma 4.6 that for any ϵ > 0 there
exists ζϵ a maximum point of Wϵ − ϕ such that (ζϵ)ϵ converges to ζ. Using W ′

ϵ(ζϵ) = ϕ′(ζϵ) and
the inequality W ′′

ϵ (ζϵ) ≤ ϕ′′(ζϵ) we obtain

−ϵa(ζϵ)ϕ′′(ζϵ) +H(ϕ′(ζϵ), ζϵ) + ϵc(ζϵ) ≤ −ϵa(ζϵ)W ′′
ϵ (ζϵ) +H(W ′

ϵ(ζϵ), ζϵ) + ϵc(ζϵ) = ϵλϵ.

Passing to the limit as ϵ goes to 0 in the last inequality and considering the subsequence extracted
in 1. we obtain H(ϕ′(ζ), ζ) ≤ 0.

Now suppose that the local maximum point ζ is no longer strict. Then, there exists (ϕn)n ∈
C∞(Π) such that W − ϕn has a strict local maximum at ζ and such that (ϕ′n(ζ))n converges to
ϕ′(ζ). Repeating the above argument we obtain H(ϕ′n(ζ), ζ) ≤ 0 and then H(ϕ′(ζ), ζ) ≤ 0 passing
to the limit using the continuity of H. If W − ϕ has a local minimum at ζ, the same calculation
yields the opposite inequality, which concludes the proof. □
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4.1.2. Representation formula. We have established thatW is a viscosity solution ofH(W ′(x), x) =
0 on Π, so we can refine its description through the following definition, propositions and lemmas.

Definition 4.7. For x, z ∈ Π, we define the Mañ’e potential associated with the Hamiltonian H
by

dH(z, x) = inf
t>0, η∈Sx

z (t)

∫ t

0

L(−η′(s), η(s))ds

with

L(v, z) = sup
p∈R

{vp−H(p, z)} = sup
p∈R

{(v + b(z))p− a(z)p2} =
(v + b(z))

2

4 a(z)
,

Sx
z (t) =

{
η ∈ C1

p([0, t]), η(0) = z; η(t) = x
}
,

(4.5)

where C1
p([0, t]) denotes the class of piecewise C1 curves on [0, t].

Proposition 4.8. Under the assumptions stated above, W admits the following representation:

W (z) = min
x, b(x)=0

(dH(z, x) +W (x)) (4.6)

Proof. Using [7, Proposition 5.3.8, page 197; and Theorem 8.6.1, page 255] since b ∈ C1(Π) and H
is convex and superlinear in the second variable, the following general representation of W holds:

W (z) = inf
x∈AH

{dH(z, x) +W (x)} (4.7)

where AH is called the Aubry set and is defined by

AH :=
{
x : for all h > 0 inf

T≥h, η∈Sx
x(T )

∫ T

0

L(−η′(s), η(s)) ds = 0
}
. (4.8)

Moreover, in the case where b has finitely many zeros and changes sign on Π, one can show that
AH consists exactly of the zeros of b, which will end the proof of the proposition.

We begin by showing that every zero of b belongs to the Aubry set. Indeed, let x be such that
b(x) = 0. Consider the trajectory γ satisfying γ′ = b(γ) with initial condition γ(0) = x. Since x
is a zero of the field b, the solution is stationary, γ(t) ≡ x; hence γ ∈ Sx

x(h) for any h > 0 and

inf
η∈Sx

x(T ), T≥h

∫ T

0

L(−η′(s), η(s)) ds =
∫ h

0

L
(
−γ′(s), γ(s)

)
ds = 0.

To complete the proof, we need to show that for any point x with b(x) ̸= 0, x does not belong to
the Aubry set. We proceed by contradiction, assuming that for every h > 0,

inf
η∈Sx

x(T ), T≥h

∫ T

0

L(−η′(s), η(s)) ds = 0.

Therefore there exist curves γn : [0, Tn] → Π with Tn → +∞ such that

lim
n→∞

∫ Tn

0

(
− γ′n + b(γn)

)2
4a(γn)

ds = 0. (4.9)

For any T > 0, since Π is compact and b is bounded, (4.9) implies that the restrictions γn|[0,T ]

are bounded in W 1,2([0, T ]). Hence, up to a subsequence,

γn
uniformly−−−−−−→ γ in C0([0, T ]) and γ′n ⇀ γ′ in L2([0, T ]).

Moreover, passing to the limit in (4.9) on [0, T ] yields γ′ = b(γ) a.e. on [0, T ]. Indeed, expanding
(4.9) and using the preceding convergences, we obtain

0 = lim
n→∞

∫ T

0

(γ′n)
2

4 a(γn)
− γ′nb(γn)

2 a(γn)
+
b(γn)

2

4 a(γn)
ds

≥
∫ T

0

(γ′)2

4 a(γ)
− γ′b(γ)

2 a(γ)
+
b(γ)2

4 a(γ)
ds

=

∫ T

0

(−γ′ + b(γ))
2

4 a(γ)
ds ≥ 0.



EJDE-2026/71 VANISHING-NOISE ASYMPTOTICS FOR DONSKER-VARADHAN RATE FUNCTIONS 15

Moreover, since γ′ ∈ L2([0, T ]), the limit curve γ is absolutely continuous and satisfies

γ(t) = γ(0) +

∫ t

0

γ′(s) ds = x+

∫ t

0

b(γ(s)) ds for all t ∈ [0, T ].

Thus γ is the solution of γ′ = b(γ) on [0, T ] with initial condition γ(0) = x.
It follows from the dynamics of the system and the uniform convergence of (γn)n to γ that

there exist a zero y of b and a sufficiently small ε > 0 such that one can find a time T ε > 0 and a
rank Nε for which γn(T

ε) ∈ B(y, ε) for all n ≥ Nε.
Since γn(Tn) = x, each curve γn must connect a point in B(y, ε) to x. As there are only two

possible directions, there exist α < β, independent of n, such that, up to the extraction of a
subsequence, for every n > N one can find times t1n < t2n such that for all t ∈ [t1n, t

2
n], γn(t) ∈ [α, β]

with α = γn(t
1
n) and β = γn(t

2
n) and sign(γ′n(t)) sign(b(γ(t))) = −1. Moreover, one can suppose

that 0 ≤ δ1 < |b(x)| ≤ δ2 for all x ∈ [α, β].
To prove this, we first define

tεn := sup{t ∈ [0, Tn] : γn(t) ∈ B(y, ε)}
and note that either γn(t

ε
n) = y − ε or γn(t

ε
n) = y + ε. Without loss of generality, we assume that

all trajectories fall into the latter case and that y + ε < x. Moreover, we may assume that the
trajectories γn are strictly increasing on [tεn, Tn]. Indeed, if this is not the case, it suffices to observe
that one can define a sequence γ∗n of minimizing trajectories by setting mn(t) := max0≤s≤t γn(s)
and removing the intervals on which mn is constant, reparametrizing time accordingly. Finally,
from the dynamics of the system, there exists an interval [α, β] such that b is negative on [α, β].
Defining t1n := γ−1

n (α) and t2n := γ−1
n (β) yields the result.

Suppose that, up to a subsequence τn := t2n − t1n converges to 0, we obtain a contradiction as

β − α =

∫ t2n

t1n

γ′n(s)− b(γn(s)) + b(γn(s))ds ≤
(∫ t2n

t1n

(γ′n(s)− b(γn(s)))
2ds

)1/2√
τn + δ2 τn → 0.

Assuming instead that the sequence (τn)n converges to some τ > 0, or that it diverges, also yields
a contradiction. Indeed, passing to the limit in∫ t2n

t1n

(−γ′n(s) + b(γn(s)))
2

4a(γn(s))
ds ≥

∫ t2n

t1n

b(γn(s))
2

4a(γn(s))
ds ≥ δ1τn

4max a

yields 0 ≥ (δ1τ)/(4max a) > 0 from which a contradiction follows. □

Remark 4.9. Since a piecewise differentiable curve from x to z can be written as the concatenation
of piecewise differentiable curves from x to y and from y to z, dH(·, ·) verifies the triangular
inequality.

Remark 4.10. It follows from this positivity of L and from the fact that b changes sign on Π
that dH(x, y) + dH(y, x) > 0 holds if and only if x is different from y.

Indeed suppose that dH(x, y) = dH(y, x) = 0. Then, there exist sequences tn > 0, sn > 0 and
piecewise C1 curves ηx,yn ∈ Sy

x(tn) and ηy,xn ∈ Sx
y (sn) forming minimizing sequences for dH(x, y)

and dH(y, x), i.e.

lim
n→∞

∫ tn

0

L
(
−η′x,yn (s), ηx,yn (s)

)
ds = 0 and lim

n→∞

∫ sn

0

L
(
−η′y,xn (s), ηy,xn (s)

)
ds = 0.

We define the piecewise C1 curves γn : [0, tn + sn] → Π by concatenating ηx,yn and ηy,xn . It is
clear that γn ∈ Sx

x(tn + sn) and dH(x, x) = 0 as

0 ≤ dH(x, x) ≤ lim
n→∞

∫ tn+sn

0

L
(
−γ′n, γn

)
= dH(x, y) + dH(y, x) = 0.

Moreover, by taking the k-fold concatenation of γn we obtain curves ηn,k ∈ Sx
x(k (tn + sn)) such

that

lim
n→∞

∫ k (tn+sn)

0

L
(
−η′n,k(s), ηn,k(s)

)
ds = k dH(x, x) = 0.
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Since for any h > 0, we can take k large enough such that h < k (tn + sn) we obtain that x ∈ AH .
This also implies that y ∈ AH and more generally, any point that is visited infinitely many times
by the sequence of curves γn also belongs to AH . As on Π, there are only two possible directions
between two distinct points. It follows from the preceding construction that AH contains at least
one nontrivial interval, which provides us a contradiction, since under our assumptions AH consists
of finitely many points.

The following lemma refines the representation by removing the minimum in (4.6). The proof
follows the strategy in [13, Step 1, pages 258-259].

Lemma 4.11. There exists x0 such that b(x0) = 0 and U a neighborhood of x0 such that W (x) =
dH(x, x0) +W (x0) for all x ∈ U .

Proof. We define the relation ⪯ on {x1, . . . , xn}, the set of the zeros of b, by

x ⪯ y ⇐⇒ W (y) = dH(y, x) +W (x).

The previous remarks allow us to prove that the relation ⪯ defines a partial order. The reflexivity
is quickly checked as dH(x, x) = 0. The transitivity follows from Remark 4.9, as dH(·, ·) verifies
the triangle inequality. Finally, the antisymetry is true due to Remark 4.10. As x ⪯ y and y ⪯ x
implies dH(x, y) + dH(y, x) = 0.

As there exists at least one minimal element associated with that partial order relation, we pick
up one, and we note it x0. By definition, for any y such that b(y) = 0, either x0 ⪯ y, or x0 and y
are not comparable. Finally, we remark that we have constructed our candidate.

Indeed, suppose that there exists no neighborhood of x0 such that W (x) = dH(x, x0) +W (x0)
in that neighborhood. Then, there exist a sequence (xn)n converging to x0 and a sequence of
elements Xn ∈ {x, b(x) = 0} \ {x0}, such that for each n, W (xn) = dH(xn, Xn) + W (Xn).
However, up to extracting a subsequence using the fact that the set {x, b(x) = 0} \ {x0} is finite,
we can construct a sequence (xn)n converging to x0 and an element X different from x0 such that
for each n, W (xn) = dH(xn, X) +W (X). Passing to the limit, using the continuity of dH , we
obtainW (x0) = dH(x0, X)+W (X). As we have constructed X ̸= x0 such that X ⪯ x0, we obtain
a contradiction. □

Remark 4.12. A zero x0 of b for which the previous lemma applies will be referred to as a
significant component. Moreover, whenever such a point is considered in what follows, we will,
without loss of generality, up to adding a constant to W and a translation if necessary, always
assume that W (x0) = 0 and x0 = 0.

Before beginning the proof of the main theorem, we set the following lemma, which will be
useful in its proof. By abuse of notation, we write η ∈ B(0, δ) if, for all t for which η is defined,
we have η(t) ∈ B(0, δ).

Lemma 4.13. Let x0 be a zero of b. Then, for any sufficiently small δ > 0, and for any point x ∈
B(x0, δ), the piecewise C1 curves minimizing dH(x, x0) remain entirely within the ball B(x0, δ).
In other words

dH(x, x0) = inf
t> 0, η ∈Sx0

x (t)
η∈B(x0,δ)

∫ t

0

L(−η′(s), η(s)) ds.

Proof. Without loss of generality, we assume that x0 = 0. If b is positive in a small left neigh-
borhood of 0 or negative in a small right neighborhood, then, by considering the trajectories that
follow the vector field b, we obtain the existence of a sufficiently small δ > 0 such that, for any
x ∈ B(x0, δ), the piecewise C1 curves minimizing dH(x, x0) remain entirely within B(x0, δ), and
satisfy dH(x, x0) = 0.

We now suppose that b is positive in a small right neighborhood of 0, which corresponds to
the case where the field is repulsive from this side. Let us set y0 > 0 small enough such that
dH(y0, 0) = c > 0. Such a point should exist otherwise; if there exists y0 small enough such that
dH(y, 0) = 0, then as dH(0, y) = 0 a contradiction follows. By continuity of dH , for any δ ∈ (0, y0)
small enough, all x ∈ (0, δ] verifies dH(x, 0) < c (it suffices to consider the curves following the field
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−b and staying in (0, δ]). Thus, for any x ∈ (0, δ], the trajectory minimizing dH(x, 0) can never
leave the interval (0, y0], otherwise it will lead us to the contradiction dH(x, 0) ≥ dH(y0, 0) = c.

We have proved that for any point x ∈ (0, δ], the sequence of curves minimizing dH(x, 0) never
goes over the point y0. Finally, it is clear that, in the limit, any curves of the minimizing sequence
starting in (0, δ], stay in (0, δ], as they all reach 0 by the right, and adding another path that
makes them go out of (0, δ] should only increase its work over a longer trajectory. □

4.1.3. Case of zeros of finite order. The following subsection generalizes the arguments in [7,
Section 5 pages 261-263] to the case of zeros of finite order, and yields us the limit arguing as in
[7, Step II and Step III, pages 259-261].

Proposition 4.14. Let x0 be a significant component which is a zero of finite order m ≥ 1. Define
σ(x0) := 0 ∨ b′(x0) and Λ(x0) := −σ(x0) + c(x0). Then, for every sufficiently small δ > 0, there
exist a neighborhood Uδ of x0 and functions W±

δ ∈ C2(Uδ) such that

W±
δ (x0) = 0, W−

δ (x) < W (x)−W (x0) < W+
δ (x) for all x ∈ Uδ \ {x0}. (4.10)

Moreover, for any sequence (xε)ε>0 converging to x0 as ε→ 0, we have

lim inf
δ→0

lim inf
ϵ→0

(
− a(xϵ)W

+ ′′
δ (xϵ) +

1

ϵ
H
(
W+ ′

δ (xϵ), xϵ
)
+ c(xϵ)

)
≥ Λ(x0),

lim sup
δ→0

lim sup
ϵ→0

(
− a(xϵ)W

− ′′
δ (xϵ) +

1

ϵ
H
(
W− ′

δ (xϵ), xϵ
)
+ c(xϵ)

)
≤ Λ(x0).

Proof. To prove this proposition, it is sufficient to establish (4.10) and that for any x in a small
neighborhood of x0, we have

H(W− ′
δ (x), x) ≤ 0 ≤ H(W+ ′

δ (x), x), (4.11)

lim sup
δ→0

a(x0)W
− ′′
δ (x0) = lim inf

δ→0
a(x0)W

+ ′′
δ (x0) = −σ(x0). (4.12)

Let x0 be a significant component and a zero of b of order m ≥ 1. We recall that we take x0 = 0
and W (x0) = 0. We first construct W−

δ . We split the construction into two cases depending on
the parity of m. First, we suppose that m is odd and pose the ansatz

W−
δ (x) := (Γ− δD)xm+1 with δ > 0.

To obtain (4.11), we first inject our ansatz in H. Developing the coefficient near 0, we obtain

H
(
W−

δ

′
(x), x

)
= a(x) ((m+ 1)(Γ− δD)xm)

2 − b(x)(m+ 1)(Γ− δD)xm

= (a(0) +O(x)) (m+ 1)2(Γ− δD)2x2m −
(
b(m)(0)xm +O(xm+1)

)
(m+ 1)(Γ− δD)xm

= x2m
[
(m+ 1)2a(0)(Γ− δD)2 − (m+ 1)b(m)(0)(Γ− δD)

]
+O(x2m+1).

Expanding in powers of δ and factoring out the leading term, we obtain

(m+ 1)2a(0)(Γ− δD)2 − (m+ 1)b(m)(0)(Γ− δD)

= (m+ 1)2a(0)(Γ2 − 2ΓδD + δ2D2)− (m+ 1)b(m)(0)(Γ− δD)

=
(
(m+ 1)2a(0)Γ2 − (m+ 1)b(m)(0)Γ

)
− δ

(
2(m+ 1)2a(0)ΓD − (m+ 1)b(m)(0)D

)
+O(δ2).

Choosing Γ and D such that

(m+ 1)2a(0)Γ2 − (m+ 1)b(m)(0)Γ = 0,

2(m+ 1)2a(0)ΓD − (m+ 1)b(m)(0)D = α > 0,
(4.13)

ensures that for δ > 0 small enough, the first inequality in (4.11) holds. Moreover solving the
system for α = 1, we obtain either

Γ = 0, D = − 1

(m+ 1)b(m)(0)
,
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] or

Γ =
b(m)(0)

(m+ 1)a(0)
, D =

1

(m+ 1)b(m)(0)
.

For our constructed function set Γ := max(0 , b(m)(0)/(m+1)a(0)), and let D be the corresponding
choice such that (4.13) is satisfied with α = 1. It follows from our choice that

lim sup
δ→0

a(x0)W
− ′′
δ (x0) = σ(x0).

We now show that W−
δ (x) < W (x) holds in a punctured neighborhood of 0. Let choose δ > 0

small enough and consider a piecewise C1 curve η ∈ S0
x(t) such that the trajectory never get out of

the ball B(0, δ). Using the Fundamental Theorem of Calculus and the Fenchel-Young inequality,
we obtain

W−
δ (x) = −

∫ t

0

W− ′
δ (η(s)) η′(s) ds =

∫ t

0

W− ′
δ (η(s)) · (−η′(s)) ds

≤
∫ t

0

L(−η′(s), η(s)) ds+
∫ t

0

H(W− ′
δ (η(s)), η(s)) ds.

Passing to the infimum, we obtain

W−
δ (x) ≤ inf

t>0, η∈S0
x(t)∩B(0,δ)

(∫ t

0

L(−η′(s), η(s))ds+
∫ t

0

H(W− ′
δ (η(s)), η(s))ds

)
.

Using that H(W− ′
δ (x), x) ≤ −δx2m holds for small enough x and Lemma 4.13, we obtain

W−
δ (x) ≤ inf

t>0, η∈S0
x(t)∩B(0,δ)

(∫ t

0

L(−η′(s), η(s))ds
)
= dH(x, 0) =W (x).

At first sight, it is not clear that one obtains the desired strict inequality. However replacing
δ by δ/2, the same calculation leads us to W−

δ/2(x) ≤ W (x). As k + 1 is even, W−
δ (x) < W−

δ/2(x)

holds on a punctured neighborhood of 0. Combining the two previous inequalities, we obtain the
desired result.

When m is even, we cannot conclude this way. Without loss of generality, we assume that
b(m)(0) > 0. In this case, for any x ≤ 0

W (x) = dH(x, x0) = inf
t>0, η∈S

x0
x (t), η∈B(x0,δ)

∫ t

0

L(−η′(s), η(s)) ds = 0

choosing the minimizing curves that follow the field b. It follows that W−
δ (x) < 0 = W (x) for

x ≤ 0. To complete the inequality on x > 0 it suffices to remark that W−
δ (x) < W−

δ/2(x) holds for

any positive x.
We now construct W+

δ . We begin with the case when m = 1. We set

W+
δ (x) := (Γ + δD)x2 with δ > 0.

We take Γ := max(0 , b′(0)/2a(0)) and let D be the corresponding choice such that equation (4.13)
is satisfied with α = 1. With this choice, we obtain the second parts of (4.11) and (4.12) as

H
(
W+ ′

δ (x), x
)
= δx2 + 4δ2 a(0)D2x2 +O(|x|3),

lim sup
δ→0

a(x0)W
− ′′
δ (x0) = σ(x0).

We complete the proof by showing that W (x) < W+
δ (x) holds in a punctured neighborhood of

0. Using Proposition 4.8 and Lemma 4.11, we know that for every t > 0, and piecewise C1 curves
η ∈ S0

x(t)

W (x) ≤
∫ t

0

L(−η′(s), η(s))ds.

We consider a testing curve that is the solution of the equation

η′ = Kη where K = −(4a(0)Γ− b′(0)).
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We remark that K is always negative as

−(4a(0)Γ− b′(0)) =

{
−b′(0), if 0 ≤ b′(0)

2a(0) ,

b′(0), else.

Then η(t) → 0 and η(t)′ → 0 as t → +∞. Moreover, the decays are exponentially fast. So there
exists a constant C, independent of t, such that |η(t)| < C|x| and |η′(t)| < C|x|. It follows that

W (x) ≤
∫ ∞

0

L(−η′(s), η(s))ds

=
1

4

∫ ∞

0

a(η(s))(−η′(s) + b(η(s)))2ds

=
1

4

∫ ∞

0

a(0)(−η′(s) + b′(0)η(s)))2 +O(|η(s)|3)ds

=

∫ ∞

0

4 a(0)Γ2η(s)2 +O(|η(s)|3)ds.

Moreover noting that

−2Γηη′ = 2Γ(4a(0)Γ− b′(0))η2 = 2(4a(0)Γ2 − b′(0)Γ)η2 = 4a(0)Γ2η2

we obtain

W (x) ≤
∫ ∞

0

−2Γη(s)η(s)′ +O(|η(s)|3) ds = Γx2 +O(|x|3) < Γ+
δ (x).

As the last inequality is strict except at 0, we obtain the desired result.
We complete the proof with the construction of W+

δ when m > 1. We pose the ansatz

W+
δ (x) := δx2 with δ > 0.

As 0 has order m ≥ 2, we first verify that the second inequality in (4.11) holds as

H(2δx, x) = 4δ2a(x)x2 − 2δb(x)x = 4δ2a(x)x2 +O(xm+1).

To prove the second inequality of (4.10), let us consider the solution of the equation

−η′(s) + b(m)(0)

m!
η(s)m = αδη(s) with α > 0. (4.14)

If b(m)(0) < 0, the equation admits a unique global solution η(s) and it is well known that
η(t) → 0 and η(t)′ → 0 as t → +∞ with exponentially fast decays. When b(m)(0) > 0, one can
choose a solution with the same behavior provided that the initial condition is small enough. So
there exists a constant C, independent of t, such that |η(t)| < C|x| and |η′(t)| < C|x|. It follows
that

W (x) ≤
∫ ∞

0

L(−η′(s), η(s))ds

=
1

4

∫ ∞

0

a(η(s))(−η′(s) + b(η(s)))2 ds

=
1

4

∫ ∞

0

a(0)
(
− η′(s) +

b(k)(0)

m!
η(s)m

)2

+O(|η(s)|m+1) ds

=
1

4

∫ ∞

0

a(0)α2δ2η(s)2 +O(|η(s)|m+1) ds.

Moreover multiplying (4.14) by α δη we obtain

−αδη(s)η′(s) + αδ
b(m)(0)

m!
η(s)m+1 = α2δ2η(s)2,

thus

W (x) ≤ a(0)

8

∫ ∞

0

−2αδη(s)η′(s) +O(|η(s)|m+1) ds =
a(0)

8
αδx2 +O(|x|m+1).



20 M. KORESSKI EJDE-2026/71

Taking α = 4/a(0) we obtain

W (x) ≤ 1

2
δx2 +O(|x|m+1) ≤ δx2 =W+

δ (x).

As the last inequality is strict except at 0, we obtain the desired result. □

We now explain how Proposition 4.14 leads us to the result. It allows us to get the following
characterization in terms of significant components of the asymptotic of our principal eigenvalue,
as well as the upper bound of Theorem 4.1.

Proposition 4.15. Let x0 be a significant component that is a zero of finite order m ≥ 1, then

lim
ϵ→0

λϵ = Λ(x0) = −(0 ∨ b′(x0)) + c(x0).

Proof. Thanks to Proposition 4.14,W−W−
δ > W (x0) on Uδ\{x0} andW (x0)−W−

δ (x0) =W (x0).

Hence, x0 is a local minimum point of W −W−
δ . Moreover, from 2. of Proposition 4.5, it follows

that (Wϵ −W−
δ )ϵ converges uniformly to W −W−

δ . Using Lemma 4.6, we obtain a sequence (xϵ)ϵ
converging to x0 such that for ϵ small enough, xϵ will be a minimum point of Wϵ −W−

δ . Finally

using W ′
ϵ(xϵ) =W− ′

δ (xϵ) and the inequality W ′′
ϵ (xϵ) ≤W− ′′

δ (xϵ), we derive

λϵ = −a(xϵ)W ′′
ϵ (xϵ) +

1

ϵ
H(W ′

ϵ(xϵ), xϵ) + c(xϵ)

≤ −a(xϵ)W− ′′
δ (xϵ) +

1

ϵ
H(W ′

δ(xϵ), xϵ) + c(xϵ).

Passing to the limit using Proposition 4.14, we obtain

lim sup
ϵ→0

λϵ ≤ Λ(x0).

Considering the previous development with W+
δ instead of W−

δ and working with the maximum
point instead of the minimum, we derive

Λ(x0) ≤ lim inf
ϵ→0

λϵ.

Combining the two previous inequalities yields the desired result. □

Remark 4.16. As noted above, this proposition yields the upper bound in the main asymptotics,
since it implies that

lim sup
ϵ→0

λϵ ≤ Λ(x0) ≤ max
x, b(x)=0

(−(0 ∨ b′(x)) + c(x)) .

Remark 4.17. The same argument and constructions extend to the situation in the non hyper-
bolic case where the left and right k-th derivatives differ at {b = 0} for any k ≥ 2. Indeed, since
the k-th derivatives vanish in the limit as δ → 0, the resulting behaviour is unchanged, and we
obtain the same result.

We now conclude this subsection by completing the proof of Theorem 4.1, establishing its lower
bound in the case of zeros of finite order.

Proof of Theorem 4.1. Let us set the modified operator:

L̃ϵ(vϵ) := Lϵ(vϵ)−
1

ϵ
k vϵ = ϵ a(x)v′′ϵ + b(x)v′ϵ + (c(x)− 1

ϵ
k(x)) vϵ = µϵvϵ,

where y0 is a fixed zero of b and k is chosen as a non negative function k ∈ C2(Π) such that k
vanishes only in a small neighborhood U of y0. Using Protter–Weinberger variational theorem [14]
on Π we obtain

µϵ = inf
u>0

sup
x∈Π

(
∼
Lϵu)(x)

u(x)
≤ inf

u>0
sup
x∈Π

(Lϵu)(x)

u(x)
= λϵ.

Our goal is now to apply the reduction we did in subsection 4.1.1 to the new operator
∼
Lϵ to show

that we can characterize, as a viscosity solution, the limit of Wϵ(x) := −ϵ ln(vϵ(x)). The proof
is then completed by showing that y0 is a significant component and by reapplying Proposition
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4.14 to derive the asymptotics of the eigenvalues µε. As before, setting vϵ(x) = e−Wϵ(x)/ϵ and
substituting it in our modified operator, we obtain that the principal eigenvalue µϵ verifies

−ϵa(x)W ′′
ϵ +H(W ′

ϵ(x), x) + ϵc(x)− k(x) = ϵµϵ.

We pass to the limit via a subsequence, using the fact that (4.3) and (4.4) respectively become in
our new case

ϵmin c(x)−max k(x) ≤ ϵµϵ ≤ ϵmax c(x)

and

a(ζ)(W ′
ϵ)

2(ζ) = ϵ[µϵ − c(ζ)− k(ζ)

ϵ
] + b(ζ)W ′

ϵ(ζ) ≤ [max c(x)−min c(x)] + C + CW ′
ϵ(ζ).

The first equation allows us to extract a subsequence of ϵµϵ converging to Λ. The second allows
us to get the uniform convergence of Wϵ to a limit W on Π, and to establish that W should be a
viscosity solution of the equation

H(W ′(x), x)− k(x) = Λ on Π. (4.15)

To complete the proof, we now apply the viscosity solution theory to obtain a better charac-
terization and an explicit form of the viscosity solution W . It is well known [7, Definition 4.2.6,
page 124] that equation (4.15) always admits a viscosity solution for a specific constant

Λ = − lim
T→∞

inf
η∈C1

p([0,T ])

1

T

∫ T

0

[H − k]
∗
(−η′(t), η(t)) dt

= − lim
T→∞

inf
η∈C1

p([0,T ])

1

T

∫ T

0

L(−η′(t), η(t)) + k(η(t)) dt.

Thanks to the reduction performed in Subsection 4.1, we already know that

− lim
T→∞

inf
η

1

T

∫ T

0

L(−η′(t), η(t)) dt = 0.

Moreover, using that k is non-negative and null on a neighborhood of y0, we obtain that Λ = 0.
It follows from [7], Definition 4.7, and Proposition 4.8 that W verifies

W (z) = inf
x∈AH

(dH(z, x) +W (x))

where the new Aubry set is

AH :=
{
x, for all h > 0 inf

T≥h, γ∈Sx
x(T )

∫ T

0

L(−γ′(s), γ(s)) + k(γ(s)) ds = 0
}
,

and the new Mañé potential is

dH(z, x) = inf
t>0, η∈Sx

z (t)

∫ t

0

L(−η′(s), η(s)) + k(η(s)) ds.

Finally, suppose that AH = {y0}, then y0 is the only significant component. As k = 0 on a small
neighborhood of y0, we can apply Propositions 4.14 and 4.15, to deduce that

lim
ϵ→0

µϵ = −(0 ∨ b′(y0)) + c(y0) and therefore Λ(y0) ≤ lim inf
ϵ→0

λϵ.

Moreover, as y0 was an arbitrary zero of b, the previous inequality holds for any zeros of b. Taking
the maximum in the previous inequality yields the desired result.

Thus, to complete the proof, it only remains to show that AH = {y0}. First of all, it is clear
that y0 ∈ AH . Moreover, arguing as in the proof of Proposition 4.8, it is clear that no point at
which the vector field does not vanish can belong to the Aubry set. To conclude, we prove that
any zero distinct from y0 does not belong to the Aubry set. Let z0 be such a zero. We argue by
contradiction, supposing that there exists a sequence of increasing times (Tn)n and minimizing
curves γn : [0, Tn] → Π such that γn(0) = γn(Tn) = z0 and

lim
n→+∞

∫ Tn

0

L(−γ′n(s), γn(s)) + k(γn(s)) ds = 0.
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Moreover, there exists ϵ > 0 sufficiently small such that 0 < δ1 ≤ k ≤ δ2 holds on B(z0, ϵ). Let
us set En := {t, γn(t) ∈ B(z0, ϵ)}. Then, we can suppose that, up to a sub-sequence, |En| tends
to 0, T > 0, or diverges to +∞. Suppose that we are in the first case. Arguing as in the proof of
Proposition 4.8, we obtain a contradiction, as

ϵ ≤
∫
En

γ′n(s)− b(γn(s)) + b(γn(s))ds ≤
(∫

En

(γ′n(s)− b(γn(s)))
2ds

)1/2√
|En|+ δ2 |En| → 0.

Now, suppose that up to a subsequence, |En| tends to T > 0 or diverges to +∞. Then, there exist
N such that for any n > N , |En| > T/2. A contradiction follows as

lim
n→+∞

∫ Tn

0

L(−γ′n(s), γn(s)) + k(γn(s)) ds ≥ lim inf
n→∞

∫
En

L(−γ′n(s), γn(s)) ds+
δ1T

2
> 0,

which completes the proof. □

4.1.4. Case of flat zeros. In this subsection, we complete the proof of Theorem 4.1 in the case
where a significant component is a flat zero.

Proposition 4.18. Let x0 be a significant component that is a flat zero, then

lim
ϵ→0

λϵ = c(x0).

Proof. We assume that x0 = 0 andW (0) = 0. We begin with the case when x0 is an attractive zero,
which means that b(x) > 0 for negative x and b(x) < 0 for positive ones. Then the representation
formula for viscosity solution gives us, in a small neighborhood of 0

W (x) = dH(x, 0) = 0.

Considering the test function W+
δ (x) = δx2 with δ > 0, we easily deduce, using that b(x) =

O(xn) holds for any power n in a neighborhood of 0, that our choice of W+
δ verifies the assertions

in Proposition 4.14. Thus

c(0) ≤ lim
ϵ→0

λϵ.

To show that the upper bound also holds, let us consider two points α < 0 < β in the neighborhood
of 0 such that W (x) = 0 for any x ∈ [α, β] and such that b(β) < 0 < b(α). Let us define test
function W−

δ by

W−
δ (x) =


0 if x ∈ [α, β],

−δ(x− α)4 if x < α,

−δ(x− β)4 if x > β.

It is clear that we can always choose α and β small enough such that

W−
δ =W = 0 on [α, β] and W−

δ (x) < W (x) on [α− δ, α) ∪ (β, β + δ].

Moreover, for all x ∈ [α, β], one has H(W− ′
δ (x), x) = 0 and for δ sufficiently small and for

x ∈ [α− δ, α) and x ∈ (β, β + δ], respectively, we have

H(W− ′
δ (x), x) = 4δ(x− α)3b(x) +O(δ2) ≤ 0,

H(W− ′
δ (x), x) = 4δ(x− β)3b(x) +O(δ2) ≤ 0.

Thus, following the same method as in the proof of Proposition 4.15, we obtain

lim
ϵ→0

λϵ ≤ max
x∈[α,β]

c(x).

By continuity of the maximum of a continuous function, letting α and β tend to 0, we obtain the
desired upper bound.

We now continue with the case where 0 is neither an attractor nor a repeller, but attracts
trajectories from the left and pushes back from the right. Of course, by symmetry, it is sufficient to
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prove the result in the case where b(x) is positive for any non-zero x. In this case, the representation
formula for viscosity solution gives us

W (x) = dH(x, 0)

{
= 0 if x ≤ 0

> 0 if x > 0.

To obtain the desired result, as before, for a small negative α and a positive δ, we choose test
functions that are locally

W−
δ (x)

{
= 0 if x ≥ α

−δ(x− α)4 if x < α
and W+

δ (x) = δx2.

Thus, using the same method as in the proof of Proposition 4.15, it follows that

c(0) ≤ lim
ϵ→0

λϵ ≤ sup
x∈[α,0]

c(x).

Passing to the limit as α goes to 0 leads us to the result.
To complete the proof, it suffices to deal with the case where 0 is a repulsive zero. In this case,

the representation formula for viscosity solution gives us

W (x) = dH(x, 0)

{
= 0 if x = 0

> 0 if x ̸= 0.

It suffices to choose as a test function W−
δ (x) = 0 in a small neighborhood of 0, or to remark that

Wϵ converges uniformly to W , which has a strict minimum at 0, to deduce the upper-bound. To
obtain the lower one, let us pose W+

δ (x) = δx2 with δ a small positive parameter. We notice that

H(W+ ′
δ (x), x) = 4δ2a(x)x2 − 2δb(x)x = 4δ2a(x)x2 +O(x3) ≥ 0,

lim sup
δ→0

a(0)W+ ′′
δ (0) = 0.

It suffices to show that W (x) < W+
δ (x) locally holds on a punctured ball of 0 to deduce the

lower bound. To prove it, we argue as in the proof of Proposition 4.14, considering a curve η
that is a solution of −η′(s) + b(η(s)) = αδ η(s) with initial condition x. The flatness of b at 0
implies that the dynamics near 0 are dominated by the term δαη. This flatness implies that any
solution starting close enough to 0 decays exponentially to 0, and so does its derivative. Taking
α = 8/a(0) and arguing in the same way that in the proof of Proposition 4.14, we obtain the
desired inequality. □

4.1.5. Asymptotic of the principal eigenfunction. Having established the convergence of the prin-
cipal eigenvalue, we now turn to the associated eigenfunction giving an analog result as the one in
[13] (Theorem 2, page 6). Building on the preceding analysis, we obtain the following convergence
result.

Corollary 4.19. Suppose that the maximum in (4.1) is attained at only one point x0, then the
scaled logarithmic transform of the principal eigenfunction Wϵ converges uniformly up to adding
a constant to W (x) = dH(x, x0).

Proof. We assume that x0 = 0 and W (0) = 0. It follows from our hypothesis that there exists
exactly one significant component that is exactly 0. Moreover, we have already shown that Wϵ

converges uniformly to W in Proposition 4.5, and that up to adding a constant W (x) = dH(x, x0)
in a neighborhood of x0 due to Lemma 4.11. It follows from Lemma 4.11 and the fact that, in
a finite partially ordered set, a unique minimal element is the least element that for every other
zero y, we have 0 ⪯ y. In other words, for all zeros y, one has W (y) = dH(y, 0). Finally, using in
(4.6) the triangle inequality, we obtain for all x ∈ Π

W (x) = min
y, b(y)=0

(dH(x, y) +W (y)) = min
y, b(y)=0

(dH(x, y) + dH(y, 0)) = dH(x, 0),

which completes the proof. □
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4.2. Explicit calculation of J . Under hypothesis (H3), using Theorem 4.1, we can rewrite J(µ)
as

J(µ) = sup
c∈C0(Π)

{∫ 1

0

c dµ− max
x, b(x)=0

(−(0 ∨ b′(x)) + c(x))
}
.

Let {x1, . . . , xn} denote the zeros of b. We first consider measures supported on this set, that is

µ =

n∑
i=1

aiδxi
with

n∑
i=1

ai = 1.

Proposition 4.20. In the condition described previously

J
( n∑

i=1

aiδxi

)
=

n∑
i=1

ai(0 ∨ b′(xi)).

Proof. Let us pose

Ci := {c ∈ C0(Π),Λ(c) = −(0 ∨ b′(xi)) + c(xi)} and Bi := (0 ∨ b′(xi)).

Computing we obtain

J(

n∑
i=1

aiδxi
) = sup

c∈C0(Π)

{ n∑
i=1

ai c(xi)− max
j ∈ [1,n]

(−Bj + c(xj))
}

= max
j∈[1,n]

(
sup
c∈Cj

{ n∑
i=1

ai c(xi) +Bj − c(xj)
})
.

Suppose that the previous maximum is obtained at j = k. Then

J(

n∑
i=1

aiδxi
) = sup

c∈Ck

{ n∑
i=1,i̸=k

ai c(xi) + (ak − 1)c(xk) +Bk

}
= sup

c∈Ck

{ n∑
i=1,i̸=k

ai( −Bi + c(xi)) + aiBi + (ak − 1)c(xk) +Bk

}
≤ sup

c∈Ck

{ n∑
i=1,i̸=k

ai( −Bk + c(xk)) + aiBi + (ak − 1)c(xk) +Bk

}
=

n∑
i=1

aiBi.

Moreover selecting

c0 ∈ C̃0(Π) :=
{
c ∈ C0(Π), c(xi) = 1 +Bi for all i

}
,

we obtain ( n∑
i=1

ai c0(xi)
)
− max

j∈[1,n]
(−Bj + c0(xj)) =

( n∑
i=1

ai(1 +Bi)
)
−1 =

n∑
i=1

aiBi,

from which the result follows. □

To obtain a complete characterization of J , it remains to treat measures whose support is not
contained in the zero set of b.

Proposition 4.21. Let µ ∈ P (Π) be a probability measure such that suppµ ⊈ {x1, . . . , xn}, then
J(µ) = +∞.

Proof. We decompose the measure µ as follows

µ =

n∑
i=1

aiδxi + αµ0, ai ≥ 0, α > 0,

n∑
i=1

ai + α = 1,
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where µ0 designs a non-zero measure such that µ0({x1, . . . , xn}) = 0. Moreover, we notice that

J(µ) = sup
c∈C0(Π)

{∫
c dµ− Λ(c)

}
≥ sup

c∈C̃0(Π)

{∫
c dµ− Λ(c)

}
=

n∑
i=1

aiBi + α sup
c∈C̃0(Π)

{∫
c dµ0 − Λ(c)

}
=

n∑
i=1

aiBi − α+ α sup
c∈C̃0(Π)

∫
c dµ0 = +∞.

Indeed, for any non-zero measure µ0 such that µ0({x1, . . . , xn}) = 0,

sup
c∈C̃0(Π)

∫
c dµ0 = +∞.

To prove this, let us choose a compact set K such that K ∩{x1, . . . , xn} = ∅ with µ0(K) > 0. Let
us pose a function h ∈ C0(Π) such that h(xi) = 1+Bi for all i and a positive function φ ∈ C0(Π)
with φ(xi) = 0 for all i such that φ ≡ 1 on K. For any M > 0, we set cM := h+Mφ. It is clear

that cM ∈ C̃0(Π). As∫
cM dµ0 ≥

∫
h dµ0 +Mµ0(K) +∞quadas M → ∞,

the result follows. □

4.3. Explicit calculation of I.

Proposition 4.22. Let µ ∈ P (Π) be a probability measure then

I(µ) := lim
ϵ→0

Iϵ(µ) = +∞.

Proof. First of all, let us recall that equation (3.3) remains unchanged, thus

Iϵ(µ) = sup
w∈C2(Π)

−
∫
Π

ϵa(x)(w′′(x) + w′(x)2) + b(x)w′(x) dµ(x) = sup
v∈C̃1,0(Π)

ϕµ,ϵ(v),

where C̃1,0(Π) = {v ∈ C1(Π) with
∫
Π
v(x)dx = 0} and ϕµ,ϵ(v) = −

∫
Π
ϵ a

(
v′ + v2

)
+ bv dµ.

We first show the result in the case of a measure that is supported in the set of zeros of b. We
argue in the same way as in Proposition 2.3 to obtain the desired result as µ is a measure with
at least one isolated atom x0 = 0. We set δ > 0 small enough such that µ0(B(0, δ)) = µ0(0) and
µ0(B(0, 2δ) \B(0, δ)) = 0 and define for any ϵ > 0 the periodic function vϵ by

vϵ =


− 1

ϵ sin(x/ϵ) x ∈ B(0, δ)

rϵ(x) x ∈ B(0, 2δ) \B(0, δ)

0 x ∈ Π \B(0, 2δ),

where rϵ is a well-chosen function that makes the function in C̃1,0(Π). Then it follows that

Iϵ(δ0) ≥ −ϵ a(0)
(
v′ϵ(0) + vϵ(0)

2
)
−b(0) vϵ(0) = a(0)/ϵ −→

ϵ→0
+∞.

We now reduce the analysis to measures whose support is not contained in the zero set of b.
As before, we decompose µ as follows

µ =

n∑
i=1

aiδxi + αµ0, ai ≥ 0, α > 0,

n∑
i=1

ai + α = 1,
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where µ0 is a probability measure such that µ0({x1, . . . , xn}) = 0. As in the second part of
Proposition 3.4, our goal is to make Iϵ(µ) diverge by substituting into (3.3) the appropriate test
function vϵ given by

vϵ =
1
4
√
ϵ
u with

∫ 1

0

u dx = 0.

The same calculations as before yield

ϕµ,ϵ(vϵ) = − α
4
√
ϵ

∫ 1

0

b(x)u(x) dµ0(x) +O(
√
ϵ).

We complete the proof by choosing u such that
∫ 1

0
b(x)u(x) dµ0(x) is positive and passing to

the limit as ϵ goes to 0. To show that such a choice of u is possible, it suffices to rule out that∫ 1

0
b(x)u(x) dµ0(x) = 0 for every zero-mean functions u. Suppose that it holds, then b dµ0 is

proportional to dx, which follows that its support is exactly Π. Thus, assuming that b dµ0 = c dx
for some constant c ̸= 0, we obtain

c =

∫
{ b>0 }

b dµ0

/
|{b > 0}| > 0 and c =

∫
{ b<0 }

b dµ0

/
|{b < 0}| < 0,

from which the contradiction follows. □

5. Mixed case

5.1. Asymptotic of the principal eigenfunction. In Sections 2 and 4, we have treated this
problem, respectively, in the case where b is zero, and in the case where b changes sign on Π and
has finitely many zeros. In this section, we consider a more general mixed situation: we assume
that b changes sign on Π, has a finite number of isolated zeros, and a finite number of intervals on
which it vanishes. We aim to prove the following theorem.

Theorem 5.1. Under the assumptions stated above, the principal eigenvalue λϵ in (1.2) converges:

lim
ϵ→0

λϵ = max
x, b(x)=0

(−(0 ∨ b′(x)) + c(x)) . (5.1)

Proof. This result is based on the arguments developed throughout the preceding section. We
first observe that the results of Proposition 4.5 remain valid in this new context, thus for any
sequence ϵ→ 0, there exists a subsequence such that λϵ converges to a limit λ and such that the
corresponding transformed eigenfunction Wϵ converges uniformly on Π to W , a viscosity solution
of H(W ′(x), x) = 0 on Π. We now aim to represent W as in Proposition 4.8. Since relations (4.5),
(4.6), (4.7), and (4.8) remain valid, characterizing W amounts to determining the Aubry set in
this new context. As before, it is obvious that {x, b(x) = 0} ⊂ AH . To prove the reverse inclusion,
we argue as in the proof of Proposition 4.8. Using the fact that b changes sign on Π, the proof
proceeds exactly as before and yields to AH ⊂ {x, b(x) = 0}. We now extend the arguments after
Remark 4.10 to this more general case, for which we need the following lemma.

Lemma 5.2. Under the assumptions stated above, the following two statements hold.

(1) dH(x, y) = dH(y, x) = 0 if and only if x and y belong to the same maximal connected
component of the set where b vanishes.

(2) W is constant on each interval where b vanishes.

Proof. We have already proved this result for isolated zeros in Remark 4.10. We begin the proof of
1 , showing that if x and y belong to the same interval where b vanishes, then dH(x, y) = dH(y, x) =
0. Let us set x, y ∈ I, an interval where b is null. We define the sequence γn : [0, Tn] → R with
Tn → ∞ by the linear constant speed path staying inside the interval I,

γn(t) = x+
y − x

Tn
t.

The implication follows as∫ t

0

L(−γ′(s), γ(s))ds ≤ C

∫ Tn

0

|γ′n(t)|2 dt = C

∫ Tn

0

∣∣∣∣y − x

Tn

∣∣∣∣2 dt = C
|y − x|2

Tn
−−−−→
n→∞

0.
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Finally, to prove the reversed implication we suppose that dH(x, y) = dH(y, x) = 0 and that x
and y belongs to two different maximal connected components. By the same argument as the one
following Remark 4.10, we find an interval I on which b ̸= 0 and such that I ⊂ AH , which yields
a contradiction and completes the proof of 1 .

To prove item 2, suppose that there exists an interval I ⊂ {x, b(x) = 0}, and take x, y ∈ I. Since
x and y belong to the same connected component, it follows from 1 . that dH(x, y) = dH(y, x) =
0. Finally, using the representation formula W (z) = minx, b(x)=0

(
dH(z, x) +W (x)

)
, we obtain

W (x) ≤W (y) and W (y) ≤W (x), from which the equality follows. □

Let us define I := {xi}ni=1 ∪ (Ij)
m
j=1, where {xi}ni=1 denotes the finite set of isolated zeros of

b, and (Ij)
m
j=1 denotes the finite family of maximal intervals on which b vanishes. Since W is

constant on each I ⊂ I, we define W (I) :=W (x) for any x ∈ I and extend the Mañé distance to
sets I, J ⊂ Π by setting

dH(I, J) = inf
t>0, η∈SJ

I (t)

∫ t

0

L
(
−η′(s), η(s)

)
ds,

where SJ
I (t) = {η ∈ C1

p([0, t]) : η(0) ∈ I, η(t) ∈ J}. We define a relation ⪯ on I by setting

I ⪯ J if and only if W (J) = dH(J, I) +W (I).

Item 1 of Lemma 5.2 guarantees that the relation ⪯ remains an order relation in this more
general setting, preserving transitivity. Moreover, since |I| is finite, we can still extract a minimal
component, which is either an isolated zero or an interval on which b vanishes. If the minimal
component is of the first type, we obtain the result arguing as in the previous section. Without
loss of generality, we now suppose that the minimal component is the interval [α, β], on which W
vanishes. We first establish the lower bound.

Let a ∈ (α, β) and pose W+
δ (x) = δ(x − a)2 with δ a small positive parameter. It is clear

that W (x) < W+
δ (x) on a punctured neighborhood of a and with equality at a. Moreover, as

H(W+ ′
δ (x), x) ≥ 0 on this neighborhood, using W+ ′′

δ (x) = 2δ we obtain c(a) ≤ limϵ→0 λϵ. As the
preceding inequality holds for any a ∈ (α, β), using the continuity of c we obtain

max
x∈[α,β]

c(x) ≤ lim
ϵ→0

λϵ.

We complete the proof by explaining how to obtain the upper bound. The proof is similar to
the previous ones and relies on the construction of W−

δ (x) given in Propositions 4.14 and 4.18. To

obtain the result, we choose W−
δ (x) to be equal to zero on the minimal component and strictly

smaller than W0 in a neighborhood of this component, while satisfying H
(
W− ′

δ (x), x
)
≤ 0.

When the left- or right-hand n-th derivative of b is non-zero for n ≥ 2, the function W−
δ (x)

is constructed for x < α or x > β through the constructions of Proposition 4.14. In the case
where all left- or right-hand derivatives are zero, the function W−

δ (x) is constructed for x < α or
x > β through the constructions described in Proposition 4.18. Moreover, since b is C1(Π), the
constructed functions are of class C2(Π). Using such test functions, arguing as in Proposition 4.15
we obtain that there exists (xϵ)ϵ a sequence of minimum point of Wϵ −W−

δ converging to a point
x0 ∈ [α, β] such that

lim
ϵ→0

λϵ ≤ c(x0).

Roughly bounding it from above by the maximum leads us to the desired upper bound. □

Remark 5.3. The result of Corollary 4.19 remains valid in this new case. Indeed, if the maximum
in (5.1) is attained only at a zero of b, I = x0 or on an interval where b vanishes, I = [α, β],
Wϵ converges uniformly up to adding a constant to W (x) = dH(x, I). Moreover, if b vanishes
everywhere on Π, then the previous result provides an alternative proof of (2.2) and even yields
more. Indeed, in this case, Wϵ converges uniformly, up to an additive constant, to W (x) = 0.
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5.2. Explicit calculation of J . We now establish an explicit calculation of J in the general
mixed case.

Theorem 5.4. Let us denote by {xi}i∈[1,n] finite number of zeros of b and by {Ij}j∈[1,m] the
finite number of maximal intervals where b is null. Then, for any probability measure µ ∈ P (Π)
supported in these two sets with the following decomposition

µ =

n∑
i=1

aiδxi
+

m∑
j=1

biµj with

n∑
i=1

ai +

m∑
j=1

bj = 1 and supp(µj) ⊂ Ij

we have

J(µ) =

n∑
i=1

ai(0 ∧ b′(xi)).

Moreover, for any probability measure µ ∈ P (Π) such that suppµ ⊈ {x, b(x) = 0}, J(µ) = +∞.

Proof. We begin proving the first equality. Using the convexity of J

J(µ) ≤
n∑

i=1

ai J(δxi
) +

m∑
j=1

bj J(µj) =

n∑
i=1

ai (0 ∧ b′(xi)).

Taking a test function c0 such that −(0∧ b′(xi)) + c0(xi) = 1 for any isolated zeros xi and null on
each interval Ij , we attain that supremum.

To show the second equality, we pose

µ =

n∑
i=1

aiδxi
+

m∑
j=1

biµj + αµ0 where α > 0 and µ0

(
∪n
i=1{xi}

⋃
∪m
j=1Ij

)
= 0

and define C̃0
1 (Π) :=

{
c ∈ C0(Π),−(0 ∧ b′(xi)) + c0(xi) = 1 for all i,maxx∈Ij c(x) = 1 for all j

}
.

Then

J(µ) = sup
c∈C0(Π)

(∫
c dµ− Λ(c)

)
≥

n∑
i=1

aiBi + α sup
c∈C̃0

1 (Π)

(∫
c dµ0 − Λ(c)

)
=

n∑
i=1

aiBi − α+ α sup
c∈C̃0

1 (Π)

∫
c dµ0 = +∞,

as c could be chosen arbitrary large on supp(µ0) . □

5.3. Calculation of I. We finish this article dealing with the asymptotic behavior of Iϵ(µ) under
our mixed conditions. We recall that, in our case, we are interested in calculating the quantity

Iϵ(µ) = sup
v∈C̃1

0 (Π)

ϕµ,ϵ(v)

with

C̃1,0(Π) = {v ∈ C1(Π) :

∫ 1

0

v(x)dx = 0} and ϕµ,ϵ(v) = −
∫
Π

(
ϵa

(
v′ + v2

)
+ bv

)
dµ.

We assume that the zero set of b contains at least one interval I ⊈ Π. Building on the preceding
analysis, we characterize the limit of Iε(µ) and summarize the result as follows. Arguing in the
same way as in the second part of the proof of Proposition 4.22, if µ ∈ P (Π) is a probability
measure such that supp(µ) ̸⊂ {x, b(x) = 0}, then

lim
ε→0

Iε(µ) = I(µ) = +∞.
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Hence, we may restrict our study to the case where supp(µ) ⊂ {x, b(x) = 0}. If the intersection
of supp(µ) with the set of isolated zeros of b is nonempty, the first part of the proof of Proposition
4.22 yields

lim
ε→0

Iε(µ) = I(µ) = +∞.

Thus, the last case to consider is that of measures whose support is contained in the intervals
where b vanishes. In this case, Propositions 2.4 and 2.8 together with Corollaries 2.9 and 2.11
provide us sufficient conditions for divergence and show that equality (1.1) is not guaranteed,
neither for Dirac masses, nor for certain absolutely continuous or singular measures.

6. Γ-convergence and asymptotic large deviation principles

Definition 6.1. Let (µn)n∈N be a sequence of measures on the circle Π. We say that (µn)n∈N
converges weakly to µ ∈ P (Π), and we write µn ⇀ µ as n→ ∞, if

lim
n→∞

∫
Π

f dµn =

∫
Π

f dµ for all f ∈ C0(Π).

Definition 6.2. Let (In)n∈N be a sequence of functionals In : P (X) → (−∞,+∞], and let
I : P (X) → (−∞,+∞]. We say that (In)n Γ-converges to I with respect to the weak topology on

P (Π), and we note In
Γ−→ I, if the following two conditions hold for every µ ∈ P (Π):

(i) (Γ-liminf inequality) For every sequence (µn) such that µn ⇀ µ weakly in P (Π), it holds
that

I(µ) ≤ lim inf
n→∞

In(µn).

(ii) (Γ-limsup inequality) There exists a sequence (µn) such that µn ⇀ µ weakly in P (Π) and

I(µ) ≥ lim sup
n→∞

In(µn).

Proposition 6.3. Assume that (In)n Γ-converges to I with respect to the weak topology on P (Π).
Then, for any open set O ⊂ P (Π),

lim sup
n→∞

inf
µ∈O

In(µ) ≤ inf
µ∈O

I(µ).

Moreover, for any closed set F ⊂ P (Π),

lim inf
n→∞

inf
µ∈F

In(µ) ≥ inf
µ∈F

I(µ).

Proof. Let O ⊂ P (Π) be open. If infµ∈O I(µ) = +∞, there is nothing to prove, thus we assume
that this quantity is finite. Let us fix η > 0. By definition of the infimum, there exists µη ∈ O
such that

I(µη) ≤ inf
µ∈O

I(µ) + η.

Since In
Γ−→ I with respect to the weak topology, there exists a sequence (µη

n)n for which the
Γ-limsup inequality is verified. Taking the lim sup as n→ ∞, we obtain

lim sup
n→∞

inf
µ∈O

In(µ) ≤ lim sup
n→∞

In(µ
η
n) ≤ I(µη) ≤ inf

µ∈O
I(µ) + η.

Letting η > 0 go to zero, we obtain the first desired inequality. We now aim to prove the second
one. Let F ⊂ P (Π) be closed. If l := lim infn→∞ infµ∈F In(µ) = +∞, there is nothing to prove,
then assume that this quantity is finite. Passing to a subsequence if necessary, we may find
nk → ∞ such that

inf
µ∈F

Ink
(µ) → ℓ.

For each k, we choose µk ∈ F such that

Ink
(µk) ≤ inf

µ∈F
Ink

(µ) +
1

k
.



30 M. KORESSKI EJDE-2026/71

Since P (Π) is compact for the weak topology, up to extraction we may assume that µk ⇀ µ0 ∈ F
in P (Π). Finally, by the Γ-liminf inequality,

inf
µ∈F

I(µ) ≤ I(µ0) ≤ lim inf
k→∞

Ink
(µk) ≤ lim inf

k→∞

(
inf
ν∈F

Ink
(ν) +

1

k

)
= ℓ,

and we obtain the result. □

Proposition 6.4. Under assumption (H2), the functionals (Iε) Γ-converge to J as ε→ 0, that is

Iε
Γ−→ J as ε→ 0.

Proof. We first prove (i) (the Γ-liminf inequality). Let (µε) be a sequence such that µε ⇀ µ weakly
in P (Π). Then, for every c ∈ C0(Π),

lim inf
ε→0

Iε(µε) ≥ lim inf
ε→0

∫
Π

c dµε − Λε(c) =

∫
Π

c dµ− lim
ε→0

Λε(c).

Taking the supremum over c in the right-hand side of the inequality, we conclude that

lim inf
ε→0

Iε(µε) ≥ sup
c∈C0(Π)

{∫
Π

c dµ− Λ(c)
}
= J(µ).

We now prove (ii) (the Γ-limsup inequality). Observe that if µ ̸= ω ds, then J(µ) = +∞. Hence,
in this case, the inequality (ii) is trivially satisfied. It remains to consider the case µ = ω ds. In
this case, the result follows from the pointwise convergence established previously and from the
equality between the functionals I and J . Indeed, by choosing the constant sequence µε = ω ds,
we obtain

lim sup
ε→0

Iε(µε) = lim sup
ε→0

Iε(ω ds) = I(ω ds) = J(ω ds),

which completes the proof. □

Corollary 6.5. Under assumption (H2), for every open set O ⊂ P (Π) and closed set F ⊂ P (Π)

lim inf
ε→0

lim inf
T→∞

1

T
lnP(µε

T ∈ O) ≥ − inf
µ∈O

J(µ),

lim sup
ε→0

lim sup
T→∞

1

T
lnP(µε

T ∈ F ) ≤ − inf
µ∈F

J(µ).

Proof. We only prove the first inequality, since the second one follows by an analogous argument.
We recall that, for every ε > 0, the family (µε

T )T≥0 satisfies a large deviation principle on P (Π)
with speed T and rate function Iε. Then, by the large deviation lower bound, for every open set
O ⊂ X, one has

lim inf
T→∞

1

T
lnP(µε

T ∈ O) ≥ − inf
µ∈O

Iε(µ).

Passing to the limit as ϵ tends to zero and using Proposition 6.3 and 6.4 we obtain

lim inf
ϵ→0

lim inf
T→∞

1

T
lnP(µε

T ∈ O) ≥ − lim sup
ϵ→0

inf
µ∈O

Iε(µ) ≥ − inf
µ∈O

J(µ),

from which the desired result follows □

Proposition 6.6. Under assumption (H3), the functionals (Iε) Γ-converge to J as ε→ 0, that is

Iε
Γ−→ J as ε→ 0.

Proof. By arguing as in the first part of the proof of Proposition 6.4, we obtain the Γ-liminf
inequality. Furthermore, the argument used in the second part of that proof allows us to restrict
the analysis to measures whose support is contained in the zero set of b. However, since I and J do
not coincide on this class of measures, one can no longer rely on a constant sequence to verify the
Γ-limsup inequality. Moreover, suppose that, for each zero xi of b, we have constructed a sequence
of measures (µi

ε)ε such that µi
ε ⇀ δxi

and lim supε→0 Iε(µ
i
ε) ≤ J(δxi

), then, for any measure of the
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form µ =
∑N

i=1 αiδxi
, one can show that the sequence of general term µε :=

∑N
i=1 αiµ

i
ε satisfies

the Γ-limsup inequality. Indeed, one has µε ⇀ µ, and, by convexity of Iε,

lim sup
ε→0

Iε(µε) ≤
N∑
i=1

αi lim sup
ε→0

Iε(µ
i
ε) ≤

N∑
i=1

αiJ(δxi
) = J(µ).

Thus, we have reduced the problem to the construction of a sequence of measures (µε)ε satisfying
the Γ-limsup inequality for a Dirac mass at a point where b vanishes. Without loss of generality,
we fix an index i, assume that xi = 0, and that 0 is either a zero of order m or a flat zero of b. In
the hyperbolic case, we pose ψ ∈ C2(Π) be such that

ψ(x) =
x2

a(0)
for |x| ≤ δ, ψ(x) > 0 for x ̸= 0,

and define

µε(dx) = ρε(x) dx with ρε(x) =
1

Zε
exp

(
− θ ψ(x)

2ε

)
,

where θ > 0 is fixed and Zε is the normalization constant. Prior to analyzing the asymptotic
behavior of Iε(µε), we collect asymptotic estimates for the normalization constant Zε and the first
moments of a random variable distributed according to µε(dx), which will be used below. On the
region |x| > δ, since ψ is strictly positive, there exists c > 0 such that∫

|x|>δ

exp
(
− θψ(x)

2ε

)
dx = O

(
e−c/ε

)
,

and where |x| ≤ δ, using ψ(x) = x2/a(0), the change of variable x =
√
ε y, yields∫

|x|≤δ

exp
(
− θx2

2a(0)ε

)
dx =

√
ε

∫
|y|≤δ/

√
ε

exp
(
− θy2

2a(0)

)
dy

∼
√
ε

∫
R
exp

(
− θy2

2a(0)

)
dy

=
√
ε

√
2πa(0)

θ
.

Therefore, ∫
Π

exp
(
− θ ψ(x)

2ε

)
dx ∼

√
ε

√
2πa(0)

θ
and Zε ∼

1√
ϵ

√
θ

2πa(0)
. (6.1)

Similarly, the moments associated with a random variable distributed according to µε(dx) =

ρε(x) dx are asymptotically those of a centered normal distribution with variance a(0)
θ ε. In par-

ticular, for every p ≥ 1, the moments satisfy∫
Π

xp ρε(x) dx ≤
∫
Π

|x|p ρε(x) dx = O
(
εp/2

)
. (6.2)

To simplify the analysis of Iε(µε), we first establish the following lemma.

Lemma 6.7. Let µ = f dx, where f is a positive C2(Π) function. Then

Iε(µ) ≤ sup
v∈C1(Π)

{
−
∫
Π

(
ε a(x)

(
v′(x) + v(x)2

)
+ b(x)v(x)

)
dµ(x)

}
=

1

4ε

∫
Π

(
ε(af)′ − bf

)2
af

dx.

Proof. The first inequality follows from the reduced formula

Iε(µ) = sup
u>0, u∈C2(Π)

{
−
∫
Π

Lεu

u
dµ

}
= sup

v∈C̃1
0 (Π)

Big{−
∫
Π

(
ε a(v′ + v2) + bv

)
dµ

}
,

together with the inclusion C̃1
0 (Π) ⊂ C1(Π). Moreover, taking µ = fdx, we obtain

sup
v∈C1(Π)

{
−
∫
Π

(
ε a(v′ + v2) + bv

)
dµ

}
= sup

v∈C1(Π)

{∫
Π

(
ε(af)′ − bf

)
v dx− ε

∫
Π

af v2 dx
}
.
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To obtain the second equality, we set

v0(x) :=
ε(af)′(x)− b(x)f(x)

2εa(x)f(x)
∈ C1(Π),

and verify that ∫
Π

(
ε(af)′ − bf

)
v0 dx− ε

∫
Π

af v20 dx =
1

4ε

∫
Π

(ε(af)′ − bf)2

af
dx.

Moreover, the Young’s inequality leads us to

(ε (af)′ − bf)v =
(ε(af)′ − bf)√

2ϵaf

√
2ϵafv ≤ (ε (af)′ − bf)2

4ϵaf
+ ϵafv2.

Taking the supremum over v ∈ C1(Π), we obtain the upper bound. Since equality holds for v = v0,
the result follows. □

Applying the previous lemma with µ = µε, which satisfies its assumptions, we obtain

Iε(µε)

≤ 1

4ε

∫
Π

(
ε(aρε)

′ − bρε
)2

aρε
dx

=
1

4ε

∫
Π

1

a

(
εa′ − θ

2
aψ′ − b

)2
ρε dx

=
1

4ε

∫
Π

1

a

(
εa′ +

(
−b′(0)− θ

)
x+O(x2)

)2
ρε dx

=
1

4ε

∫
Π

1

a

(
ε2(a′)2 + 2ε a′(−b′(0)− θ)x+ (−b′(0)− θ)2x2 +O(εx2) +O(x3) +O(x4)

)
ρε dx.

Using (6.1) and (6.2), we obtain the following estimates:

1

4ε

∫
Π

(−b′(0)− θ)2x2

a
ρε dx ∼ (−b′(0)− θ)2

4εa(0)

∫
Π

x2ρε(x) dx ∼ (−b′(0)− θ)2

4θ
,

1

4ε

∫
Π

ε2(a′)2

a
ρε dx = O(ε);

1

4ε

∫
Π

2εa′(−b′(0)− θ)x

a
ρε dx = O(

√
ε);

1

4ε

∫
Π

O(εx2)

a
ρε dx = O(ϵ),

1

4ε

∫
Π

O(x3)

a
ρε dx = O(

√
ϵ),

1

4ε

∫
Π

O(x4)

a
ρε dx = O(ϵ),

which yield

lim sup
ε→0

Iε(µε) ≤
(−b′(0)− θ)2

4θ
.

If b′(0) > 0, taking θ = b′(0) gives lim supε→0 Iε(µε) ≤ b′(0). Likewise, if b′(0) < 0, taking
θ = −b′(0) gives lim supε→0 Iε(µε) ≤ 0. Hence,

lim sup
ε→0

Iε(µε) ≤ max
(
0, b′(0)

)
= J(δ0).

In the degenerate case, it suffices to consider the same sequence of measures. The previous
computations remain unchanged and yield

lim sup
ε→0

Iε(µε) ≤
θ

4
.

Finally, letting θ tend to 0 gives the desired result. □

Using the same argument as in the proof of Corollary 6.5, we deduce the following corollary.

Corollary 6.8. Under assumption (H3), for every open set O ⊂ P (Π) and closed set F ⊂ P (Π)

lim inf
ε→0

lim inf
T→∞

1

T
lnP(µε

T ∈ O) ≥ − inf
µ∈O

J(µ),

lim sup
ε→0

lim sup
T→∞

1

T
lnP(µε

T ∈ F ) ≤ − inf
µ∈F

J(µ).
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