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VANISHING-NOISE ASYMPTOTICS FOR DONSKER-VARADHAN RATE
FUNCTIONS ON THE CIRCLE

MILAN KORESSKI

ABSTRACT. We study the vanishing noise limit of the rate function for the Donsker-Varadhan
large deviation principle for one-dimensional diffusion processes on a circle. As is well known,
the rate function can be represented either as the Legendre transform of principal eigenvalue of
the perturbed infinitesimal generator or by a variational formula. We analyze the asymptotic
behavior of the principal eigenvalue as the parameter in front of the noise goes to zero and
compare the Legendre transform of the limit with the expression obtained as the limit of the
variational representation. We prove, in particular, that the resulting expressions do not always
coincide, leading to continuity and discontinuity phenomena in infinite-dimensional functional
spaces. Moreover, we use the previous analysis to pass to the limit in the LDP, using the notion
of I'-convergence.

1. INTRODUCTION

Let (X§)i>0 be the family of one-dimensional diffusion processes on the unit circle II defined
as the solution of the stochastic differential equation

AXE = e o(XE) dW, + b(XF) dt,

where b and o are C?(II) functions on II, W, denotes the standard Brownian motion, and € > 0 is
a small noise amplitude. Our goal is to study the behaviur of the associated large-deviation rate
functions in the small-noise limit € — 0.

1.1. Empirical measure and large deviations. For T' > 0, we define the empirical measure of
the diffusion by

1 (T
== dxe dt.
o T/o i
It is a classical result in Donsker-Varadhan [3, Theorem 3, (1.11) and (1.12), pages 5-6] that the

family (u$)r>o satisfies a Large Deviation Principle (LDP) on the space of probability measures
on II, with speed T and rate function

Lou
L= swp [ S
u>0, u€C2(I) n u
Here L. denotes the infinitesimal generator of Xy, defined on C?(II) by
Lou(r) = ea(x) v (x) + b(x) v/ (x)  with a(z) = o(z)?/2.

It has been established, see [8, Proposition 3.8, page 45], that this variational expression is
equivalent to a Legendre-Fenchel transform representation:

10 = s | [ cdu—no),

ceCO(II)
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where

1 T
Ac(e) :== Th_r}rloo T logE, {exp (/0 e(X9) ds)}
Moreover, it is well known, see [4, (1.2), page 1], that A.(c) coincides with A¢, the principal

eigenvalue (the eigenvalue with the maximal real part) of the perturbed operator
L.:=L.+ec.
1.2. Vanishing-noise problem. Our aim is to characterize the asymptotic behaviour of the rate

function in the regime where the noise parameter € tends to 0. Formally, for any probability
measure p € P(IT) we define

) . Leu g
I(p) = P_I}I[l) I () = E%uw,ilé%%n) —/H " du, and A(c) := ll_r)% Ac(e),

whenever these limits exist, and

J(p) = Cescg}?n) { /H cdp — A(c)}.

Taking 0 as a test function in the above variational expressions, one can prove that both I, and [
are nonnegative, and likewise J(u) > 0 for all probability measures p.

The existence of the limit I(u) for an arbitrary measure p is not immediate, nor is the relation
between the functions I and J: the functional I is the limit of Legendre transforms, whereas J
is the Legendre transform of the limit. Thus, the central question is whether the limit defining I
exists and whether, in this setting, the Legendre transform commutes with the small-noise limit;
in other words, whether

7
lim I, = dp — lim A, . 1.1
ti 10 = sy { [ cdu=tim Ao} (L1)

Moreover, after addressing this question in different settings, we show that, in some of these cases,
the previously obtained results, combined with the notion of I'-convergence, allow us to establish
large deviation results in the double limit for the empirical measure pf.

1.3. Strategy and main results. In a first step, to compare the two functionals I and J, we
carry out a detailed asymptotic analysis of A7, the principal eigenvalue of the operator

Le(ue) := ea(z) u! + b(z) ul + c(x) ue = Xu,, (1.2)

where we have made explicit the dependence of the principal eigenvalue on the potential c¢. For the
sake of clarity, this dependence will be omitted in the notation from now on. This study is based
on the same arguments as in [I3] and will allow us to obtain an explicit formula for J. In a second
step, we identify the cases in which I can be computed explicitly, and employ these expressions
for comparing it with J. Finally, we show that I. I'-converges to J, and establish large deviation
principles in the double limit.

As we shall see, the nature of the asymptotic regime as ¢ — 0 depends crucially on the qualitative
properties of the drift b. Different behaviors arise depending on whether b is separated from 0,
whether it vanishes, or whether it changes sign. These structural features govern the geometry of
the deterministic flow and, in turn, the spectral asymptotics of the principal eigenvalue in ,
leading to different explicit expressions for the functions I and J. We shall therefore distinguish
three regimes in our analysis:

(H1) the fully degenerate case where b = 0;

(H2) the nondegenerate case where b is separated from 0 on II;

(H3) the sign-changing case, in which b takes both positive and negative values and admits a
finite number of zeros.

Many results have already been established concerning the asymptotic analysis of the principal
eigenvalue; under assumptions (H1) and (H2), the asymptotic behaviour is now regarded as classi-
cal. Here we present some known results, together with their sources, in a setting of assumptions
comparable to (H3).
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The paper by Peng, Zhang and Zhou [I2] provides a detailed analysis of the asymptotic be-
haviour of the principal eigenvalue of a second—order elliptic operator in the regime of small and
large diffusion when the field b is the gradient of a function m. Indeed, Theorem 1.1 and (1.2),
which deal with the case of N-dimensional operators of type (1.1), provide similar results to the
ones we obtain. However, the hypotheses require that det(D?m(z)) # 0. In our setting, their con-
ditions correspond precisely to the case of a finite number of hyperbolic zeros. Similarly, the article
[13] by Piatnitski, Rybalko and Rybalko proves a comparable result under the same hyperbolicity
assumption on the zeros and establish a similar formula (see (2.15) and (2.18)). In [10] and [I1],
Kifer obtained several fundamental results on the asymptotic behaviour of the principal eigenvalue
in the small-diffusion regime however, the analysis strongly relies on hyperbolicity assumptions
on the critical points or invariant sets of the drift (see [I0, Condition (C) and (2.3) in Theorem
2.1]). In our paper, in the one dimensional setting, a suitable generalization of the techniques
introduced in [I3] makes it possible to obtain the asymptotic description even when the drift has
zeros of arbitrary order and flat zeros. This yields a genuine extension of the previously known
results in the case of degenerate critical points.

Our work follows an approach analogous to that of [6]. In this spirit, we establish a large
deviation principle (LDP) for the empirical measure in the vanishing noise limit regime within a
degenerate framework, made possible by the one-dimensional setting in which we work. In [6],
they study the large deviation principle for the invariant measure in the vanishing noise regime at
speed 1/e. Their approach relies on viscosity solution techniques for Hamilton-Jacobi equations,
in a way that is closely related to the methods used in our first part to determine the principal
eigenvalue. This allows them to identify the rate function as a solution of a stationary Hamilton-
Jacobi equation (2.20) given explicitly by (2.12) in Theorems 2.3 and 2.4.

In [2], more refined convergence results are established in the hyperbolic case for the asymptotic
behavior of I. via I'-convergence, culminating in an asymptotic expansion of the rate function
setting and yielding several large deviation principle estimates (see (1.5) or (2.19) and Theorem
2.3). In a manner analogous to this article, we employ the notion of I'-convergence to obtain a
generalization to the one-dimensional case when the field admits degenerate zeros of the results
stated in Theorem 2.3 (see (2.14)) and Corollary 2.5 (see (2.24)). More precisely, in their case,
coercivity conditions are imposed on the drift in order to control the trajectories; see (A.2) and
(A.3) and Condition A.1 requires the drift b to be the gradient of a C* Morse function and set
the work in a hyperbolic framework.

In [1], the authors establish a large deviation principle for some empirical measure associated
with a diffusion process on R™ in the joint regime where the time diverges and the noise intensity
vanishes. More precisely, in their study, they show that the family of probability measures de-
scribing the empirical distribution of trajectories satisfies a large deviation principle with speed %
(see Theorem 2.2), uniformly with respect to the initial condition in compact sets. The associated
rate function is given by the expectation, under the considered measure, of the Freidlin-Wentzell
functional per unit time. We obtain a large deviation principle with speed T' for the classical
empirical measure, which only captures occupation times. By contrast, their empirical measure
averages over time-shifted trajectories, thereby leading to a different framework. Finally, in [I5],
the entropy production associated with simimar diffusion processes is studied and large deviation
principle estimates for this entropy production are obtained in Theorem 6.5 in the small-noise
asymptotics and in hyperbolic settings (see Assumption (ND)).

Each of these regimes exhibits a distinct small-noise asymptotic behaviour for the operator L.
and therefore requires a separate analysis for the comparison of I and J. In the case (H1), the
Legendre transform does not commute with the limit € — 0, since I and J differ on a wide range
of probability measures. Indeed we do not have equality on Dirac masses, on some absolutely
continuous measures, and also on some singular continuous ones. However, in the case (H2), one
exhibits a totally different behavior as I = J. Finally under the hypothesis (H3), the limit of
Ae is determined by the behaviour of b near its zeros, and J is finite only for atomic measures
supported on these points, with a cost depending on their local stability. By contrast, I always
diverges, thus the functions differ on finite values other than only 0 and +oo.
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Hyp. Limit of A\, Behavior of I(p) and J(u)
(H1) maxgen () J(p) =0 for all p € P(II),

0 p=fdz, f>0, feC\ID),
400 for some absolutely cont. measures p

400 p has an isolated atom,

400 for some singular cont. measures pu.

(H2) | (fo 52ds)/( fu 55y 4s) J(p) = {O p=w:=(3/ fy7dv),

b(s) 400 otherwise,

I(u):{o u=uwds,

+00 otherwise.

> i1 ai 0V (x;)) suppp C {b =0},
+o0 otherwise,

x,b(xz)=0

(H3) max (—(O VY(x)) + c(x)) J(p) = {

Finally, we examine the mixed case in which b changes sign and may admit a finite number
of intervals of vanishing and zeros. These results can be viewed mainly as a generalisation and a
synthesis of the results obtained in the previous table under assumptions (H1) and (H3). In this
setting as well, the functionals I and J differ on a large class of probability measures supported on
the set {z,b(x) = 0}. This includes, for instance, measures with isolated atoms, certain absolutely
continuous measures, and certain measures with a singular continuous part. In addition, we
present partial results concerning the asymptotics of the associated eigenfunction.

2. CASE WHERE b IS NULL

2.1. Asymptotic of the principal eigenvalue. In this section, we are interested in the asymp-
totic analysis of the principal eigenpair for the singularly perturbed spectral problem (1.2)) with
a € C%(II), b equal to 0 and ¢ € C°(II). Our operator becomes

(Le)(ue) == ea(z)ul + c(x)ue = Actie. (2.1)
We state the main result of this section in the form of the following proposition.

Proposition 2.1. Under the assumptions stated above,

e—0

lim A\, = max c(x). (2.2)

Proof. We begin the proof by showing that (\). is bounded. Indeed, using the maximum and
minimum points of the twice differentiable function ., we establish using ([2.1]) that for any € > 0,

i < < .
min c(x) < A < max c(x)

If ¢ is constant, there is nothing to prove. Hence, we assume that it is not constant. To prove
the lower bound, it suffices to remark that L. is a self-adjoint operator in L2(IT) endowed with

the inner product
(u,v) = / ulw) viz) dx.
n o a(z)
The characterization of the principal eigenvalue given by the Rayleigh-Ritz formula [5] (Theo-
rem 2 (Variational principle for the principal eigenvalue), page 336, applied to operator (3), page
294) yields

Ae = sup /01 ( —ca(x) |V (x)]? + c(x) \v(:c)|2) dz.

veH' (D), [|vll g2y =1
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As c¢ is continuous, for every § > 0, the set Es := {x € II, ¢(z) > max,em c¢(x) — 0} is a countable
union of disjoint open intervals. Thus we can choose, vs € Hy; such that supp(vs) C Es and
|lvs||rz = 1. Taking that function in the supremum, we obtain

max c(x) — 0 < liminf A..
zell e—0

Passing to the limit as § tends to 0, we obtain the desired result. O

2.2. Explicit calculation of J.

Proposition 2.2. In our condition for any probability measure p € P(IT) we have

J(p) =0.

Proof. Let us fix a measure pu. By Proposition [2.1

J = su /cd —Ale)y = su /cd —maxc(z) p.
() CECO?H){ | cdp— a0} CECO%T){ | cd—maxe(e)

Moreover, for any ¢ € CO(II),

/r[cdu—A(c):/ljcdu—maxc(x)§0.

zell
Choosing ¢ = 0 yields
/ cdp— Ae) =0,
I
therefore I(p) = 0 as the supremum is attained at ¢ = 0. O

2.3. Calculation of I. We are interested in the asymptotic behavior of

= su — calx UH(CL‘) x
IE(M) o u>0,u€%2(ﬂ) /1'[ ( ) U(I) du( )

as € goes to 0. Using the change of variable u = exp(w) where w is a C*(II) function we obtain

I.(n) = sup —/ea(x)(w"(a:)+w’(x)2)du(x): sup  Qp.e(v), (2.3)
weC?(II) I veC1:0(II)

where CHO(IT) = {v € C'(I1), [, v(z)dz = 0} and ¢, (v) = — [;ea (v +v?) dp.
Remarking that I(u) = lime_,o €1 (), the limit 7(x) can only take the values 0 or 400 and the
following characterization of this limit holds

0 if 1 < 400,
I(y) = . 1(p) -
+oo if I1(pn) = +o0.

Thus, to analyze the limit I, it suffices to study the behavior of I;.
Proposition 2.3. Let u € P(II) be a probability measure possessing an isolated atom. Then
Ii(p) = +oo.

Proof. We first suppose that p possess an atom at g = 0 and we set 6 > 0 small enough such
that po(B(0,6)) = uo(0) and po(B(0,26) \ B(0,0)) = 0. For € > 0 we define the periodic function

—sin(z/e) x € B(0,9)
ve(x) = < re() x € B(0,26) \ B(0,9)
0 x € II'\ B(0,20),

where 7 is a well-chosen function that makes the function in C*°(IT). Then
11(80) > —a(0) (v (0) 4+ ve(0)?)= a(0) /e — @

which completes the proof. O
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Proposition 2.4. Let u € P(II) be a probability measure which is absolutely continuous with
respect to the Lebesgue measure, with a positive density f € C1(IT). Then

N2
Ii(p) = i/H«aj})dx-
Proof. We set

(;j} - %ln(af)’ e C1O(1m).

Vo =
Then, computing we obtain

N2
¢m1(7}0>=/navgdu: 111/1-1((2]8])")(137'

Moreover, one can show that the supremum is attained at this point, as for any v € CN’LO(H)7 the
Young Inequality:

—/ch’fdx:/n(af)’vdx:/ (af) ><V2afvdac<;/dex—i—;/HQaUQfdx

IV 2af 2(1f
gives us
1 )2
[t rorgst [ @y,
I 4Ju  af
which completes the proof. O

Remark 2.5. The above result is a particular case of the one obtained in [3, (1.4), page 3].

The next proposition gives a partial result for some continuous singular measures and more
general ones, exploiting the notion of local dimension of a measure.

Definition 2.6. We define the left and right lower and upper local dimensions of a measure
w € P(II) at point xy € II by

log i1 ([zog — 7, 20) . : log pu([zo — 7, o]
( ) , dlmﬁl (4, xo) := lim sup ( )

log 7 r—0 log r

. .o To, o+ T . - . lo To, o+ 7
dim,_ )" (i, zo) := lim inf g #4([o, 2o ]), dim;b" (4, 20) = lim sup g ([0, 2o ])
oc r—0 log r oc r—0 log

A e
dim, ), (i, o) := llgp_gglf ,

If the lower and the upper limits coincide, we say that u has a left or a right local dimension at
o, and we denote this common value by dim},(x, o) and dim],(u, o). Moreover, if these two
limits exist and coincide, we say that p has the local dimension at g, given by dimje(u, zo) =
dim},_(p, zo) = dim{. (11, 20). Finally, we also adopt the convention that if in the numerator f(-)
appearing in any of the above definitions is identically equal to 0 for all sufficiently small 7, then
the corresponding local dimension is defined to be —oo.

Lemma 2.7. Let p € P(II) be a probability measure that has no atom at the point xo. Then

Li(p) = sup  ¢ui(v),
veCpa, (I1)

where CL0 (IT) denotes the set of functions that are in CO(IT)NCY(IT\ {x0}) and having zero mean

P;Zo
over II.

Proof. First of all it is clear that CHO(TT) ¢ C1:0 (II), thus

p,Zo

L)< s gua(v) = L),
veCp0, (IT)
We now prove the reverse inequality. For any e, let us fix v, € Cg;g ,II) such that Li(p) —e€<
¢,1(ve). Our goal is to show that for any e, there exists a sequence v,, of function in C*-0(IT) such
that hmn—H—oo ¢/L,1(Un,) = d’u,l(ve)-
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Without loss of generality, we suppose that o = 0. We set for any fixed e,

Os(x) = vs(x) — /Hv(;(s) ds where vs(x) := /OI(UQ *xws)(s) ds,

and (ws)s denotes a family of nonnegative C'! functions with compact support contained in B(0, d),
normalized to have unit mass. By construction, it is clear that @5 € C*°(II) and that

sup(|f15 —ve| + |05 — v;|> < sup(|v5 —ve| + vl ws — v;|> + ‘ / v5(s) ds‘ — 0,

I I I 5—0

from which the result follows. O
Proposition 2.8. Let u € P(II) be a probability measure such that there exist two points xo and

yo for which

sl - fa T B : , - : ) -
dlmloc (ua Jﬁo) =ap, dlmlgcr(,uv yO) i ﬁr ) dlmlt:(ua Jfo) = O‘qJ-ra dlml—gc (,ua yO) = 6[+

with
min(q;,B;) <min(B,", ;") and min(a;, B;) < 1.
Then I (n) = +oo.
Proof. First of all, without loss of generality, we suppose that xg = 0. Our goal is to construct
a good sequence of test functions that makes the supremum diverge. To construct such test
functions, let us pose for any negative number A
Alz+ 1) ifzel-1,0],
fla)={ Az —=2) ifze (03],

0 otherwise
and € > 0 small enough
f(%) if z € [—¢,¢€],
UE(J?): _f (T—%) ifz e [y0_57y0+€]7
0 otherwise.

It is clear that v, is a periodic function in C; 0 ,II) as a piecewise continuous function and is of
zero integral as the f and —f compensate each other on [—e¢, €] and [yo — €, yo + €]. Using Lemma
v can be used as an admissible test function in the supremum, even though v. ¢ C*O(II).

Thus for € small enough we obtain

Ii(p) = —/E a(iv)(%f g 2) du(z

: /j°“a<w>< e

”)HJ;“)\:L o

Yo

(- [ ato) dute + / o(s) du(a) + /Oe/Qa(x)du(af)— [ aw iue)
(

Y

maxa(p(fyo — ¢/2,y0]) + ([0, ¢/2]) ) — mina(pu([~¢/2,0]) + e([yo, yo +€/2]) ) )
(maxa<0+(e/2)ﬁl +Cf (¢/2)r ) - mina(C;(E/Q)a’_ +Cf (6/2)ﬁ:)>
o ? mina(Cf (¢/2)°7 +Cf (¢/2)° ).

The result follows from the second assumption by taking the limit as eto0. O
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Corollary 2.9. Let € P(II) be a probability measure such that there exist two points xo and yo
for which

dimjee(p,20) =a <1 and o < = dimjee(i, yo)-
Then I (n) = +oo.

Proof. We consider the same test function v, as previously, except that we now replace in its
construction f by

Az +0) if x € [-4,0],
A
fs(x) = A(S_l_é(;x if x € (0,1 =],
0 otherwise,

with 0 < § < 1. The same calculation gives us

Li(p)
A Cyo Clé
> —+ B ~2 Y _ al . —+ «@ 4 _ B
= (maxa(Cl (0)° + 25 (1 = 9)) ) mlna(C'3 (0)* + 725 (e(1 - 9)) ))
Ay tco CFo(1—6) AéP + B . Cfé(1—-9)8
= —T<m1na03 0% — maxali_é> + ?<maxa01 o — mlnali_d)
A CFO0- )T A
E (mlnaC’3 0% —maxa s ) = —— K(q,9).
Finally, as mina > 0, one can prove that there exists § > 0, small enough such that K(a,d) > 0.
Passing to the limit as € — 0, we obtain the desired result. O

Remark 2.10. Let us consider a measure u = fdx with f € L!(II) and such that, for ¢ small
enough

f(x) = 0(z|™) on B(0,¢), with 0 < 8 < 1.
Then

T 1-5
w(B(0,r)) N/_ lz| =P da = 2;75 .

It follows that dimjec(i,0) =1 — 5 < 1. Moreover taking yo such that f(yo) > 0 yield us to
/L(B(yo, r)) ~ 2f(yo) r and thus to dimc(p, yo) = 1. Applying the previous corollary, we obtain
that I(u) diverges. We have thus constructed a probability measure that is absolutely continuous
with respect to the Lebesgue measure, for which I(p) = +oo.

Corollary 2.11. Let p € P(IT) be a probability measure and suppose there exists an open interval
I such that p(I) = 0. Assume furthermore that there is a point xo for which one of the following
four conditions hold:

(1) —o <o <af and o] <1;

(2) —o <o =af =a<l;

(3) —o=0q; <af <1;
Then I (n) = +oo.

Proof. We take yo € I, then it is clear that dim ) (p, yo) = dimfg;f(u, yo) = —oo. Considering the
same test function as previously, we obtain
A - CFé
Ii(p) > f—(minaC’;(eé)o‘l —maxay z 5 (e(1 - (5))0‘:r
E p—
If we suppose that —co < o <1 or —oo < a; = o =: @ < 1 then, as mina > 0, one can prove
that there exists 6 > 0, small enough such that K(a; ,;,d) > 0. Passing to the limit as ¢ — 0,
we obtain the desired result. If ;7 = —oo we obtain

) = féK(al_,a;r,é).

+
Ii(p) > ?maxalci(;(s(l —5))er




EJDE-2026/71 VANISHING-NOISE ASYMPTOTICS FOR DONSKER-VARADHAN RATE FUNCTIONS 9

Repeating the previous calculation replacing A by —A lead us to
+
"

%28 -,

A
Ii(p) > —;minal

which diverges, passing to the limit as ¢ — 0 under the condition a;f < 1. Finally if a;f = 1,
passing to the limit as A — —oo leads us to the result. O

Remark 2.12. By symmetry, one may interchange the local dimensions on the left and on the
right in the assumptions (i.e. swap ozli with a:F) while keeping the same conclusions.

Remark 2.13. The previous corollary allows us to obtain an explicit result of the asymptotic
of I(u) where p is the Cantor measure and more generally for any measure constructed by a
similar iterative process (middle-oc Cantor measure). As in the Cantor case, the local dimension is
attained at zero with dimjee(p,0) = In(2)/In(3) < 1. Moreover, taking an interval I C (1/3,2/3)
we obtain I(u) = +oo.

3. CASE WHERE b IS DISJOINT FROM 0

3.1. Asymptotic of the principal eigenvalue. This section is devoted to the asymptotic anal-
ysis of the principal eigenvalue of the singularly perturbed spectral problem (|1.2)) under the hy-
pothesis (H2). However, we shall assume that a,b,c € CO(II).

Proposition 3.1. Under the assumptions stated above,

lim A = (/O zggds)/(/() %ds).

To prove this proposition, we use the following Min-Max type formula [5, Courant minimax
principle, page 347] to get a lower and an upper bounds of the principal eigenvalue. The proof of
the next lemma and its right part also provides a simple proof of the Protter-Weinberger theorem
[14] on II in our case.

Lemma 3.2. Let us pose
L(u) := a(z)u” + b(z)u’ + c(x)u = Au

where a, b, ¢ denote real-valued continuous functions defined on II, and \ denotes the principal

eigenvalue. Then
Lu(z Lu(z
sup inf (2) = )\ = inf supi()7
v>0 €Il U(x) v>0 4 eq1 ’U(l‘)
where the infimum and the supremum are taken on the twice differentiable positive real functions
defined on 1I.

Proof. Let us fix v, a twice differentiable positive real function defined on II. By the Krein-Rutman
theorem [9], there exists a positive eigenfunction ¢ such that L(¢) = A¢, and therefore we can

consider the positive ratio w := v/¢. Setting m := inf,en LJE—S;), we have 0 < Lv — mw. Moreover,

(3.1)

injecting v = w¢ in the previous inequality, we derive
Lv —mv = a(x) (W' ¢ + 2w'¢ +wd”) + b(z)(w'¢d + we') + c(x)(wp) — m(we)

= ¢(Ew + Aw — mw),

where Lw = a(z)w” + (2a(x)¢ /¢ + b(x))w'.
Thus, using the positivity of ¢ we obtain
0< Lw + Aw — mw.

Taking the previous inequality at the point zg, a maximum point of the twice differentiable function
w, and using w’(z¢) = 0 we obtain

0 < a(zo)w” (z0) + Aw(zo) — mw(zo) < Aw(zo) — mw(zo),

and m < X follows. Passing to the supremum, as the previous inequality is independent of our
Lv(z)
v(x)

choice of v, we obtain one inequality. By proceeding in the same way, setting M := sup,cp
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and then taking the infimum over all admissible v > 0, we obtain the other inequality. Thus we

have established that I I
v v(x
sup inf ()</\<1nfbu ()
v>0z€Il v(z v>0 mEH v(x)
The reverse inequalities are trivial. Indeed, for vy an eigenfunction associated with the principal
eigenvalue A\, we have

L L L L
inf sup v(@) < vo(2) = A= inf vo(2) < sup inf U(x),
v>0gerr V() zetl Vo() €Tl vg(z) v>0 el v(z)
which gives us the result. O

Proof of Proposition[3.1, We choose a test function vy = exp(Wp) where Wy is a solution of

W, = (Ao — c(x))/b(z) with A :(/Olzgi;ds)/(/oll)(lgds)'

To get the result, we inject vy as a test function in (3.1]) applied to our operator L.. The calculation
gives us

= ea(x)(Wg)? + W) + bWg + ¢ = ea(x)(Wg)? + W) + Xo.

Finally, applying Lemma we obtain

Ao+ € 1I€1fH a(x)(W)? + W) < A < Xo + € sup a(x)(W))* + W{).
T rzell

Passing to the limit as € tends to 0 gives us the result. O

3.2. Explicit calculation of J. Under hypothesis (H2), using Proposition 3.1} we can rewrite
A(c) in the form

1
Ae) = 2% Ae =N = /0 c(s)w(s)ds where w( // (3.2)

We aim to establish the following result.

Proposition 3.3. Under the assumptions stated above,

J(M):{O if p =wds,

+o00  otherwise.

Proof. Using (13.2)), we obtain
1
I = s [ els)dn(s) - wls)ds).
ceCO(II) JOo
This supremum is finite if and only if the signed measure p — wds is zero. Otherwise, we can
make it arbitrarily large. Indeed if u # wds, by Riesz—Markov theorem, there exists a continuous
function ¢ on II such that fo 5)(dp(s) — w(s)ds) # 0. Considering M¢ or —M ¢ and letting M
go to 400, we obtain the desured result. O

3.3. Explicit calculation of I. We are now interested in the asymptotic behavior of I.(x1). Using
the change of variable u = exp(w) where w is a C?(II) function (2.3)) becomes

Ie(p) = sup */Hea(x)(wl’(ﬂf)er'(x)z)+b($)w/($)du($): sup  Puc(v),  (3.3)

weC2(IN) veCLO(IT)

where CVO(II) = {v € CY(II fn z)dz = 0} and ¢, (v) = — [;ea (v 4+ v?) 4+ bvdu. We state
the main result of this section in the followmg proposition.

Proposition 3.4. Under the assumptions stated above,

Hm={0 = ods

+o00  otherwise.
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Proof. First of all let us remark that for any v € C1O(II),

Gwds,e(V) = —eC’/O1 Zg;(v'(a:) +v(z)?)dz  with C = (/01 @ du)_l.

We will show that for any € > 0, the supremum in (3.3) with 4 = wds is attained at

1
V=5 =5 In(a)’  where a = a/b.

Indeed, calculating we obtain
1 1 /=12 1 _
. , 5 eC (@) . / 1 1
= - = — — hC= — .
D ds,e(Vo) C/o (ea(z)(vy(x) + vo(x)?)) da 1 /0 - dr with C ( b du)

Moreover, one can show that the supremum is attained at this point, as for any v € C~’1’O(H)7 the
Young Inequality:

1 1 1~ 1 ~n\2 1
1 1
7/ Fw’dx:/ &/vdx:/ a~ X 2&vdm§f/ @derf/ 2av* dx
0 0 0 Vaa 2 /)y 2a 2 Jo

1 1 /~n\2
1
—/ dv’—l—(w2dx§f/ @dm.
0 4 )0 a

Passing to the limit as € goes to 0 in ¢, (vo), we obtain that I(u) = 0 if p = wds. We finish
the proof showing that if p is a measure different from w ds then I(p) := lime_, I (1) = +00. Let
us define the test function

gives us

1 1
’UGZ%U With/O udxr = 0.

Then calculations give us
1
bue(v) = — / (c.a (o] +02) +bv.) du
0

. / Sla(zy (z) + Ve alz)u(z)? + \i[ b()u(z) du(z)

_ _\4% /0 b(x)u(e) du(z) + O(Ve).

We complete the proof by choosing u such that fol b(x)u(z) du(z) is negative and then passing
to the limit as € goes to 0. To show that such a choice of u is possible, it suffices to rule out

that fol b(x) u(z) du(x) = 0 for every zero-mean functions u. Suppose that it holds, then by is
proportional to dz. Since the case where b 1 is proportional to dx has been excluded by assumption,
the result follows passing to the limit as € goes to O. U

4. CASE WHERE b HAS FINITELY MANY ZEROS

4.1. Asymptotic of the principal eigenvalue. In this section, we are interested in the asymp-
totic analysis of the principal eigenpair for the singularly perturbed spectral problem under
the hypothesis (H3). We shall assume that a € C?*(II), b € C1(II), ¢ € C°(II) and that b changes
sign at least once on IT and vanishes at a finite number of points {z1,...,z,} C II. Each zero z;
of b is either of finite order m; or flat:

e Zero of finite order m; > 1. We say that z; is a zero of finite order m; if b € C™ in a
neighborhood of z; and

b(z;) =0 (z;) = = b(mﬁl)(xi) =0, b(mi)(xi) £ 0.
e Flat zero at x;. We say that xz; is a flat zero if b € C* in a neighborhood of z; and
b ¥ (z;) =0 for all k € N.

We now state the main result of this section.
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Theorem 4.1. Under the assumptions stated above,

lim A\ = max (—(0VV(2))+c(z)). (4.1)

e—0 z,b(x)=0

In subsection we establish an asymptotic characterization of the principal eigenfunction;
the main result appears in Proposition Subsection provides a detailed description and
representation of the resulting asymptotics, culminating in Proposition Through subsections
and we complete the proof of Theorem by treating respectively the case of zeros
of finite order and that of flat zeros. In subsection [f.I.5] we establish an exact formula for the
asymptotics of the principal eigenfunction under more restrictive assumptions.

4.1.1. Asymptotic characterization of the eigenfunctions.

Definition 4.2 ([7, Definition 7.2.3, page 215]). Let H : R x IT — R be a continuous function. A
continuous function W : II — R is called a wiscosity solution of the Hamilton—Jacobi equation

HW'(z),z) =0 onII,
if the following conditions are satisfied:
e For every test function ¢ € C°°(II) such that W — ¢ has a local maximum at a point
¢ € II, we have
H(¢'(¢),¢) <0.

e For every test function ¢ € C'*°(II) such that W — ¢ has a local minimum at a point ¢ € II,
we have

H(¢'(¢),¢) = 0.

Remark 4.3. Suppose that W € CY(II) is a classical solution of H(W'(x),z) = 0 on II, then
it is also a viscosity solution of the equation. Indeed, let ¢ € C°°(II) be such that W — ¢ has
a local maximum or a minimum at ¢, then W'({) = ¢'(¢). It follows that the conditions in
the previous definition hold, and so the notion of viscosity solution is weaker than the notion of
classical solution.

We now proceed with a reduction of problem (1.2). By the Krein-Rutman theorem [9], for
every € > 0, the eigenfunction u. can be chosen to be positive. Therefore, we can set

i) = (- 142

where W, is a twice continuously differentiable function on II. Injecting this expression into (|1.2)
and setting

H(pa .T) = a(‘r)p2 - b(ﬂf)p,
we obtain that the principal eigenvalue \. satisfies

()W (z) + %H(Wé(m),x) +e(@) = M. (4.2)

Remark 4.4. For any constant C, if W, satisfies (4.2)), then W, +C also satisfies (4.2). Therefore,
without loss of generality, in the following, we restrict our analysis to the family of eigenfunctions
normalized by the condition

/01 We(z)dx = 0.

The next step is given by the following proposition. The argument is essentially the one of [13]
Lemmas 3 and 4, pages 257-258], adapted in the case of II.

Proposition 4.5. Under the assumptions stated above, the following two statements hold.

(1) For any sequence € — 0, there exists a subsequence such that A\, converges to a limit A and
such that the corresponding eigenfunctions W, converge uniformly on 11 to a limit function
w.

(2) In addition W is a viscosity solution of H(W'(x),xz) =0 on II.
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Proof of Proposition ( 1). We first show that (A.)e is bounded. Indeed, using the maximum
and minimum points of the twice differentiable function W, we establish using that for any
e >0,

min ¢(z) < Ac < maxe(). (4.3)

Now let us prove that, up to extracting a subsequence, (W,),. converges uniformly on II to a
limit W. Using the Ascoli Arzela theorem, it’s enough to show that the family (W), is uniformly
bounded in W7 o (II). As II is compact, it suffices to establish that ||IW/|| is uniformly bounded
for e < 1.

Fix € € (0, 1] and let W, satisfy , normalized by fol Wedz = 0. If W is null, there is nothing
to prove. Hence, in what follows, we assume that W, is not identically zero.

As W, is twice differentiable, there exists ¢ € II, a maximum point of (W/)?, such that W/(¢) # 0
(if not W/(¢) = 0 and the function W/ is constant equal to 0, which contradicts our hypothesis).
Differentiating we obtain W/ (¢) = 0. Finally multiplying by € and taking the equality at
point ¢, we obtain

a(C)(W))*(C) = e[Ae — ()] + b(OW(C) < [maxc(x) — mine(z)] + CW/(C). (4.4)

The uniform boundlessness of (W/)?(¢) follows directly from the previous inequality. We conclude

the proof of 1. Noting that ||W/||cc = v/ (W?)2((). O

Before starting the proof of 2. we set the following lemma.

Lemma 4.6. Let (1,), be a sequence of continuous functions converging uniformly to ¢ on IL.
Suppose that x € 1 is a strict local mazimum (respectively, strict local minimum) point of v,
then there exists a sequence (xy)y, converging to x such that for n large enough, x, will be a local
mazimum (respectively, local minimum) point of V,,.

Proof. First of all, note that the result for a strict local minimum point follows directly from the
result of the strict local maximum point, just by changing the sign of (¢,,), and ©. Therefore, we
will establish the result in the case of the strict local maximum point.

Without loss of generality, we assume that 0O is a strict local maximum point of . Then,
there exists 7 > 0 small enough such that 1 restricted to B(0,r) attains its unique maximum at
0. Moreover, since (¢,), converges uniformly to 1, for n sufficiently large there exists a point
xn, € B(0,7/2) at which v, attains a local maximum. Extracting a subsequence, we assume that
(2n)n converges to a point xg € B(0,7). Then by hypothesis

[thn(2n) = ¥ (20)| < [¥n(2n) = P(@n)| + [(2n) — ¢ (z0)| = 0.

Passing to the limit in ¢, (x,) > 1, (0) we obtain ¢ (x¢) > ¢(0). Finally, since r has been chosen
sufficiently small so that 0 is the unique global maximizer of ¢ on B(0,r), the result follows. O

Proof of Proposition (2) Let ¢ € C°°(II) such that W — ¢ has a local maximum at . First,
suppose that it is a strict local maximum. It follows from Lemma that for any € > 0 there
exists (. a maximum point of W, — ¢ such that (). converges to ¢. Using W/(¢.) = ¢'({.) and
the inequality W/ ({.) < ¢”(¢.) we obtain

—ea(Ce)d" (Ce) + H (' (Ce), Ce) + ec(Ce) < —ealC)W (Ce) + H(W/(Ce), Ce) + ec(Ce) = €.

Passing to the limit as € goes to 0 in the last inequality and considering the subsequence extracted
in 1. we obtain H(¢'(¢),¢) <0.

Now suppose that the local maximum point ¢ is no longer strict. Then, there exists (¢y,), €
C*°(II) such that W — ¢,, has a strict local maximum at ¢ and such that (¢/,(¢)), converges to
¢'(¢). Repeating the above argument we obtain H(¢!,(¢),¢) < 0 and then H(¢'(¢),{) < 0 passing
to the limit using the continuity of H. If W — ¢ has a local minimum at (, the same calculation
yields the opposite inequality, which concludes the proof. O
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4.1.2. Representation formula. We have established that W is a viscosity solution of H(W'(z),z) =
0 on II, so we can refine its description through the following definition, propositions and lemmas.

Definition 4.7. For z, z € II, we define the Man’e potential associated with the Hamiltonian H
by

t
— ; o
dnlea) = it [ L (s)s)s
with 2
(v+0(2))
L = H(p,2)} = +b L S R GV
(v,2) = slelp{vp (p,2)} = ;telp{(v (2))p = a(z)p”} Ta(2) (4.5)
S2(t) = {n € C,((0,]),n(0) = 2 n(t) =z},
where C}([0,t]) denotes the class of piecewise C'* curves on [0, t].

Proposition 4.8. Under the assumptions stated above, W admits the following representation:
W(z) = ir(ligl O(dH(z,x) + Wi(x)) (4.6)

)

Proof. Using [7, Proposition 5.3.8, page 197; and Theorem 8.6.1, page 255] since b € C*(I1) and H
is convex and superlinear in the second variable, the following general representation of W holds:

W(z) = 1Er11;f {du(z,z)+W(x)} (4.7)
z€Ay
where Ap is called the Aubry set and is defined by
T
N : . —
Ap = {x s for all h > 0T2h71nn€fS£(T)/ L(—n'(s),n(s)) ds 0}. (4.8)

Moreover, in the case where b has finitely many zeros and changes sign on II, one can show that
Ap consists exactly of the zeros of b, which will end the proof of the proposition.

We begin by showing that every zero of b belongs to the Aubry set. Indeed, let « be such that
b(z) = 0. Consider the trajectory v satisfying 7' = b(y) with initial condition ¥(0) = z. Since z
is a zero of the field b, the solution is stationary, v(t) = z; hence v € SZ(h) for any h > 0 and

: T / g /
it rer@men s = [ L) =0

To complete the proof, we need to show that for any point x with b(z) # 0,  does not belong to
the Aubry set. We proceed by contradiction, assuming that for every h > 0,

T
inf Li—n' ds — 0.
7765;%%),T2h/0 (=n'(s),n(s))ds

Therefore there exist curves v, : [0,T,] — II with T,, — 400 such that

T, / 2
n _ + b
lim (= +b0m)” ds = 0. (4.9)
n—=o0 Jo 4“(771)
For any T' > 0, since II is compact and b is bounded, (4.9) implies that the restrictions v, 0,7y
are bounded in W12(]0, T]). Hence, up to a subsequence,

uniformly

o =7 nC[0,T]) and ~, =~ in L*([0,T]).
Moreover, passing to the limit in (4.9)) on [0, 7] yields v/ = b() a.e. on [0,T]. Indeed, expanding
(4.9) and using the preceding convergences, we obtain
T /2 ) 2
R L A T2 GO N Gy
n—oo Jo  4a(y,) 2a( n) 4da(v,)
T "2 / 2
~v'b
> / () () + )"
o 4a(y)  2a(y) " 4a(y)

_ (= +b())?
‘/o Tay) 20

S
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Moreover, since 7' € L2([0,T]), the limit curve + is absolutely continuous and satisfies

() = v(0) +/O v (s)ds = x +/O b(y(s))ds for all t € [0,T].

Thus ~ is the solution of v = b(y) on [0, T] with initial condition v(0) = z.

It follows from the dynamics of the system and the uniform convergence of (y,), to v that
there exist a zero y of b and a sufficiently small € > 0 such that one can find a time 7° > 0 and a
rank N, for which v, (T°) € B(y,¢) for all n > Ng.

Since v, (Ty,) = x, each curve 7, must connect a point in B(y,e) to x. As there are only two
possible directions, there exist a@ < f, independent of n, such that, up to the extraction of a
subsequence, for every n > N one can find times ¢}, < t2 such that for all ¢ € [t} 2], v, (¢) € [a, ]
with o = v, (t}) and 8 = 7, (t2) and sign(v,,(¢)) sign(b(y(t))) = —1. Moreover, one can suppose
that 0 < 01 < |b(z)| < d3 for all z € [a, F].

To prove this, we first define

2 :=sup{t € [0,T,,] : 7.(t) € B(y,e)}

and note that either v, (t5) =y — € or 1,(t5) = y +e. Without loss of generality, we assume that
all trajectories fall into the latter case and that y + ¢ < x. Moreover, we may assume that the
trajectories v, are strictly increasing on [t5, T3,]. Indeed, if this is not the case, it suffices to observe
that one can define a sequence 7;; of minimizing trajectories by setting m,, (t) := maxo<s<¢ n($)
and removing the intervals on which m,, is constant, reparametrizing time accordingly. Finally,
from the dynamics of the system, there exists an interval [a, 3] such that b is negative on [a, 5].
Defining t! := 7, 1(a) and t2 := v, 1(B) yields the result.
Suppose that, up to a subsequence 7,, := ti — t,ll converges to 0, we obtain a contradiction as

8= [ 306 = bm(o) + 6o < ( [0~ ban(s))Pas) "V B 0.

t

1
Assuming instead that the sequence (7,,), converges to some 7 > 0, or that it diverges, also yields
a contradiction. Indeed, passing to the limit in

2 2
/t" (=9 (5) + by ())* ;o /tn b ()? i
tL da(vn(s)) - da(vn(s))  ~ 4maxa
yields 0 > (6;7)/(4maxa) > 0 from which a contradiction follows. O

t

1
n

Remark 4.9. Since a piecewise differentiable curve from x to z can be written as the concatenation
of piecewise differentiable curves from z to y and from y to z, du(:,-) verifies the triangular
inequality.

Remark 4.10. It follows from this positivity of L and from the fact that b changes sign on II
that dp(z,y) + dg(y, ) > 0 holds if and only if z is different from y.

Indeed suppose that dg(z,y) = dp(y,x2) = 0. Then, there exist sequences t,, > 0, s, > 0 and
piecewise C! curves ni¥ € SY(t,) and n%* € S (sy,) forming minimizing sequences for dp (x,y)
and dg (y, ), i.e.

tn Sn

Jim | L(=n"(s),m;¥(s))ds =0 and  lim ) L(=m?*(s),my"(s)) ds = 0.
We define the piecewise C! curves v, : [0,t, + s,] — II by concatenating n*¥ and n%<. It is
clear that v, € SZ(t, + s,) and dy(z,z) =0 as

tntsn

n—o0 0

Moreover, by taking the k-fold concatenation of -y, we obtain curves 1, € SZ(k (t, + s,)) such
that
k (tn+tsn)
lim L(=1 x(5), M,k (s)) ds = kdg (z, ) = 0.

n— oo 0
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Since for any h > 0, we can take k large enough such that h < k (¢, + s,,) we obtain that x € Ay.
This also implies that y € Ay and more generally, any point that is visited infinitely many times
by the sequence of curves +, also belongs to Ay. As on II, there are only two possible directions
between two distinct points. It follows from the preceding construction that Ay contains at least
one nontrivial interval, which provides us a contradiction, since under our assumptions A g consists
of finitely many points.

The following lemma refines the representation by removing the minimum in (4.6)). The proof
follows the strategy in [13} Step 1, pages 258-259].

Lemma 4.11. There exists xg such that b(zg) = 0 and U a neighborhood of xo such that W (x) =
dp(z,z0) + W(xo) for allz € U.

Proof. We define the relation < on {z1,...,z,}, the set of the zeros of b, by
v =2y = W(y) =du(y,z) + W(z).

The previous remarks allow us to prove that the relation < defines a partial order. The reflexivity
is quickly checked as dp(z,2) = 0. The transitivity follows from Remark as dy (-, ) verifies
the triangle inequality. Finally, the antisymetry is true due to Remark Asrz<yandy <=z
implies dg (z,y) + du(y,x) = 0.

As there exists at least one minimal element associated with that partial order relation, we pick
up one, and we note it xg. By definition, for any y such that b(y) = 0, either g <y, or o and y
are not comparable. Finally, we remark that we have constructed our candidate.

Indeed, suppose that there exists no neighborhood of zy such that W (z) = dy(x, z) + W(xo)
in that neighborhood. Then, there exist a sequence (z,), converging to xo and a sequence of
elements X,, € {z,b(z) = 0} \ {x0}, such that for each n, W(z,) = dy(z,, X,) + W(X,).
However, up to extracting a subsequence using the fact that the set {x,b(z) = 0} \ {zo} is finite,
we can construct a sequence (&), converging to zo and an element X different from xy such that
for each n, W(z,) = dg(x,,X) + W(X). Passing to the limit, using the continuity of dp, we
obtain W(xg) = dg(x9, X)+W(X). As we have constructed X # x¢ such that X < xg, we obtain
a contradiction. O

Remark 4.12. A zero xg of b for which the previous lemma applies will be referred to as a
significant component. Moreover, whenever such a point is considered in what follows, we will,
without loss of generality, up to adding a constant to W and a translation if necessary, always
assume that W(xzg) = 0 and g = 0.

Before beginning the proof of the main theorem, we set the following lemma, which will be
useful in its proof. By abuse of notation, we write n € B(0,9) if, for all ¢ for which 7 is defined,
we have 7(t) € B(0,9).

Lemma 4.13. Let z¢ be a zero of b. Then, for any sufficiently small § > 0, and for any point x €
B(x0,0), the piecewise C1 curves minimizing dg(x,z0) remain entirely within the ball B(xo,?).
In other words

t
dy (z, = inf L(—7'(s), ds.
pwan) =t ) ds
n€B(xo,0)
Proof. Without loss of generality, we assume that zo = 0. If b is positive in a small left neigh-

borhood of 0 or negative in a small right neighborhood, then, by considering the trajectories that
follow the vector field b, we obtain the existence of a sufficiently small 6 > 0 such that, for any
x € B(x,9), the piecewise C! curves minimizing dy (x, zo) remain entirely within B(zo,d), and
satisfy dg(x,xo) = 0.

We now suppose that b is positive in a small right neighborhood of 0, which corresponds to
the case where the field is repulsive from this side. Let us set yo > 0 small enough such that
drr(Yo,0) = ¢ > 0. Such a point should exist otherwise; if there exists yo small enough such that
dpg(y,0) =0, then as dg (0,y) = 0 a contradiction follows. By continuity of dg, for any ¢ € (0,yo)
small enough, all z € (0, d] verifies dg(z,0) < ¢ (it suffices to consider the curves following the field
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—b and staying in (0,6]). Thus, for any x € (0, 4], the trajectory minimizing dg(x,0) can never
leave the interval (0, yo], otherwise it will lead us to the contradiction dg(z,0) > dg(yo,0) = c.
We have proved that for any point € (0, §], the sequence of curves minimizing dg (z,0) never
goes over the point yg. Finally, it is clear that, in the limit, any curves of the minimizing sequence
starting in (0, 4], stay in (0,¢], as they all reach 0 by the right, and adding another path that
makes them go out of (0, ] should only increase its work over a longer trajectory. O

4.1.3. Case of zeros of finite order. The following subsection generalizes the arguments in [7]
Section 5 pages 261-263] to the case of zeros of finite order, and yields us the limit arguing as in
[7, Step IT and Step III, pages 259-261].

Proposition 4.14. Let xqy be a significant component which is a zero of finite order m > 1. Define
o(zg) :=0 V V(x0) and A(xo) := —o(x0) + c(x0). Then, for every sufficiently small 6 > 0, there
exist a neighborhood Us of xo and functions W5~ € C?(Us) such that

Wi (zg) =0, Wy (2) < W(x) — W(xo) < Wy (z) for all z € Us \ {20} (4.10)
Moreover, for any sequence (z:)e>o converging to xo as € — 0, we have

1
lim inf lim inf ( —a(z)W5 " (ze) + ZH(W;/(xe),xe) + c(xe)) > A(zo),

6—0 e—0

lim sup lim sup ( —a(z )Wy "(z) + %H(W{/(a:e),xe) + c($€)> < A(mg).

§—0 e—0

Proof. To prove this proposition, it is sufficient to establish (4.10) and that for any z in a small
neighborhood of zg, we have

H(W; '(x),2) <0< HW; ' (z), ), (4.11)
hI;lj(l)lp a(xo)Wy "(z9) = hgﬂ_}é’lf a(zo)W5 " (z0) = —o (o). (4.12)

Let xg be a significant component and a zero of b of order m > 1. We recall that we take xo =0
and W (xg) = 0. We first construct W, . We split the construction into two cases depending on
the parity of m. First, we suppose that m is odd and pose the ansatz

Wy (x) := (I = 0D)z™"  with ¢ > 0.
To obtain 7 we first inject our ansatz in H. Developing the coefficient near 0, we obtain
H(W{I(x), m)
= a(z) ((m + 1)(T — 6D)z™)* — b(z)(m + 1)(T — 6D)a™
= (a(0) + O(z)) (m + 1)*(T" — 6D)*2*™ — (b<m) (0)z™ + O(xm“)) (m +1)(T — 6D)z™
= z?m [(m +1)2a(0)(T — 6D)? — (m + 1)b™ (0)(I — 50)] + O™+,
Expanding in powers of § and factoring out the leading term, we obtain
(m +1)%a(0)(T" = 6D)* — (m + 1)b"™ (0)(T" — D)
= (m +1)2a(0)(T? — 206D + 62D?) — (m + 1)b"™(0)(T" — 6D)
= (m+1%a(O)T? = (m+ DB O)T) = 8 (2(m +1)%a(0)T'D — (m + 1™ (0)D) + O(?).
Choosing I" and D such that
(m+1)%a(0)T? — (m + 1)b"™(0)T = 0,
2(m 4 1)2a(0)T'D — (m + 1)b"™(0)D = o > 0,

ensures that for 6 > 0 small enough, the first inequality in (4.11) holds. Moreover solving the
system for o = 1, we obtain either

(4.13)

1

r=0, D=——————
’ (m + Db (0)°
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] or
B b(?n) (0) B 1

~ (m+1)a(0)’ ~ (m+1)bm)(0)

For our constructed function set T := max(0, 5™ (0)/(m+1)a(0)), and let D be the corresponding
choice such that (4.13)) is satisfied with o« = 1. It follows from our choice that

lim sup a(zo)Wy " (z0) = o(z0).
6—0

We now show that Wy (x) < W(x) holds in a punctured neighborhood of 0. Let choose § > 0
small enough and consider a piecewise C'! curve n € S9(t) such that the trajectory never get out of
the ball B(0,¢). Using the Fundamental Theorem of Calculus and the Fenchel-Young inequality,
we obtain

Wﬁm:—/wqwm»wﬁszvw«mmwﬂﬂm@

0
t t
< [ Leq Gl ds+ [ OV () n()ds,
0 0
Passing to the infimum, we obtain

Wi < ([ e [ HOG @) a)as).

T t>0,17€89(t)NB(0,6)

Using that H(W; '(z),z) < —dz*™ holds for small enough z and Lemma we obtain

Wi (x) < inf (/(:L(—n'(s)m(s))ds) = dy(z,0) = W(z).

< n
t>0,n€52(t)NB(0,6)
At first sight, it is not clear that one obtains the desired strict inequality. However replacing
d by 0/2, the same calculation leads us to W(S_/Q(x) < W(z). As k+1is even, Wy (z) < Wé_/Q(l‘)
holds on a punctured neighborhood of 0. Combining the two previous inequalities, we obtain the
desired result.

When m is even, we cannot conclude this way. Without loss of generality, we assume that
b(™)(0) > 0. In this case, for any z < 0

t
W) = du(z,z0) = _inf | e ds=o
t>0,n7€S5:°(t),n€B(x0,0) Jo

choosing the minimizing curves that follow the field b. It follows that Wy (z) < 0 = W (x) for
x < 0. To complete the inequality on x > 0 it suffices to remark that Wy (z) < W572(x) holds for
any positive x.

We now construct W5+ . We begin with the case when m = 1. We set

W (x) := ([ +0D)x* with § > 0.
We take I' := max(0, b'(0)/2a(0)) and let D be the corresponding choice such that equation (4.13
is satisfied with « = 1. With this choice, we obtain the second parts of (4.11)) and (4.12)) as
H(W; ' (2),z) = §2* 4 46° a(0) D*z” + O(|z|*),

lim sup a(zo)Wy " (z0) = o(z0).
6—0

We complete the proof by showing that W(z) < W(;r(:r) holds in a punctured neighborhood of
0. Using Proposition [4.8| and Lemma we know that for every ¢ > 0, and piecewise C'! curves
n € Sy(t)
t
W) < [ Li-n/(s)n(s)ds
0
We consider a testing curve that is the solution of the equation

n' = Kn where K = —(4a(0)[" — '(0)).
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We remark that K is always negative as

: b’ (0)
=v'(0), if0< 52(0)
b'(0),  else.

—(4a(0)T — ¥(0)) = {

Then n(t) — 0 and n(t)’ — 0 as t — +oo. Moreover, the decays are exponentially fast. So there
exists a constant C, independent of ¢, such that |n(¢)| < C|z| and |/(t)] < C|z|. It follows that

W(z) < / T L (s),n(s))ds
1

= [ ) o) + o)

1

1 | a0 )+ V@) + Oln(s) s

= [ dao)rate)? + Ot
Moreover noting that
—2I'nn’ = 2T (4a(0)T — '(0))n* = 2(4a(0)T? — &' (0)T)n? = 4a(0)T?n?
we obtain .
Wie)< [ —2Dn(s)als) + Olln(o)*) ds = Ta® + O(faf*) < T ().
As the last inequality is (;trict except at 0, we obtain the desired result.
We complete the proof with the construction of W;‘ when m > 1. We pose the ansatz
Wi (z) :== 62*  with § > 0.
As 0 has order m > 2, we first verify that the second inequality in holds as
H(26x,x) = 46%a(x)x? — 20b(z)x = 46%a(x)z? + O(x™ ).
To prove the second inequality of , let us consider the solution of the equation

(m)
’ m!(o)n(S)m = adn(s) with a > 0. (4.14)

/

—n'(s) +

If (™) (0) < 0, the equation admits a unique global solution 7(s) and it is well known that
n(t) — 0 and n(t) — 0 as t — +o0o with exponentially fast decays. When 5™ (0) > 0, one can
choose a solution with the same behavior provided that the initial condition is small enough. So
there exists a constant C, independent of ¢, such that |n(t)| < C|z| and |n'(t)| < C|z|. It follows
that

W) < | " L ().n(s))ds

= [ ) + e s
o (k)
=1 [ e (=t ") o) ds
1

=1 | aoasns? 4 ol ds.

Moreover multiplying (4.14) by aén we obtain

(m)
—ain(s)n' () + 06" D51 = a2,

thus
Wia) < 2 [ 200 () + O™ ds = “Pada? + 0(al™ ).
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Taking oo = 4/a(0) we obtain
1
W(z) < 55:32 + O(lz|™*) < 62% = Wi (2).
As the last inequality is strict except at 0, we obtain the desired result. O

We now explain how Proposition leads us to the result. It allows us to get the following
characterization in terms of significant components of the asymptotic of our principal eigenvalue,
as well as the upper bound of Theorem

Proposition 4.15. Let xg be a significant component that is a zero of finite order m > 1, then

lg}(l) )\e = A(QCQ) = *(0 \ b/(.’Eo)) + C(l’o).

Proof. Thanks to Proposition W—-Wys > W(xg) on Us\{zo} and W (zo)—Wy (x0) = W (zo).
Hence, z( is a local minimum point of W — Wy~. Moreover, from 2. of Proposition it follows
that (W, — Wy ). converges uniformly to W — Wy . Using Lemma we obtain a sequence (),
converging to xo such that for € small enough, x. will be a minimum point of W, — Wy . Finally
using W/(z.) = Wy '(z.) and the inequality W/ (z.) < Wy "(z.), we derive

A = —ala )W (o) + ~HW (), ) + ()

IN

1
—a(we) Wy () + EH(Wé(xe)a ze) + c(@e).
Passing to the limit using Proposition we obtain
limsup Ae < A(zp).

e—0
Considering the previous development with VV(;r instead of W and working with the maximum
point instead of the minimum, we derive

A(zo) < liminf A.
e—0
Combining the two previous inequalities yields the desired result. O

Remark 4.16. As noted above, this proposition yields the upper bound in the main asymptotics,
since it implies that
limsup Ae < A(zo) < max (—(0V V' (z))+ c(x)).
e—0 z,b(x)=0

Remark 4.17. The same argument and constructions extend to the situation in the non hyper-
bolic case where the left and right k-th derivatives differ at {b = 0} for any k£ > 2. Indeed, since
the k-th derivatives vanish in the limit as § — 0, the resulting behaviour is unchanged, and we
obtain the same result.

We now conclude this subsection by completing the proof of Theorem establishing its lower
bound in the case of zeros of finite order.

Proof of Theorem[{.1 Let us set the modified operator:
~ 1 1
Le(ve) := Le(ve) — —kve = ea(z)v! + b(x)v) + (e(x) — —k(2)) ve = peve,
€ €

where 1 is a fixed zero of b and k is chosen as a non negative function k € C?(II) such that k
vanishes only in a small neighborhood U of yy. Using Protter—Weinberger variational theorem [14]
on II we obtain

L L
e = inf sup L@ g L@
u>0,¢cr1 u(z) u>0,¢er1  u(x)

Our goal is now to apply the reduction we did in subsection to the new operator L. to show
that we can characterize, as a viscosity solution, the limit of W(z) := —eln(vc(z)). The proof
is then completed by showing that yg is a significant component and by reapplying Proposition
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—We(z)/e

to derive the asymptotics of the eigenvalues p.. As before, setting v.(z) = e and

substituting it in our modified operator, we obtain that the principal eigenvalue p. verifies
—ea(x)W! + HW!(x),z) + ec(z) — k(x) = €pte.
We pass to the limit via a subsequence, using the fact that (4.3)) and (4.4]) respectively become in
our new case
eminc(z) — max k(z) < ey < emaxc(x)
and

k(C)]

a(CQ)(W)*(C) = e[ue — ¢(¢) — +b(QOW(Q) < [maxe(x) — mine(x)] + C+ CWL(QE).

The first equation allows us to extract a subsequence of eu. converging to A. The second allows
us to get the uniform convergence of W, to a limit W on II, and to establish that W should be a
viscosity solution of the equation

H(W'(x),z) —k(z) =A onIL (4.15)

To complete the proof, we now apply the viscosity solution theory to obtain a better charac-
terization and an explicit form of the viscosity solution W. It is well known [7, Definition 4.2.6,
page 124] that equation (4.15)) always admits a viscosity solution for a specific constant

A=— lim inf /H K" (—n'(t),n(t)) dt

T—o00 neC([0,T]) T

Chm i ‘/Lew><»+u<»w

T—o00 neC([0,T)) T

Thanks to the reduction performed in Subsection [{.1] we already know that

S , B
— lim 1nf—/0 L(—n'(t),n(t))dt = 0.

T—oo n

Moreover, using that k is non-negative and null on a neighborhood of yg, we obtain that A = 0.
It follows from [7], Definition and Proposition [4.8] that W verifies

W) = inf (du(z0) + W)

where the new Aubry set is

T
— - A _
Ay = {x, for all h > OTzhy}ymEng;(T)/O L(—'(s),7(s)) + k(v(s)) ds 0}7

and the new Mané potential is

di(zz)= inf LALP#@W@D+HMQM&

t>0,n€EST(t

Finally, suppose that Ay = {yo}, then yq is the only significant component. As k = 0 on a small
neighborhood of g, we can apply Propositions and to deduce that

lim p1c = —(0V V' (yo)) +c(yo) and therefore A(yp) < lim inf Ac.
€— €e—

Moreover, as yo was an arbitrary zero of b, the previous inequality holds for any zeros of b. Taking
the maximum in the previous inequality yields the desired result.

Thus, to complete the proof, it only remains to show that Ay = {yo}. First of all, it is clear
that yg € Ag. Moreover, arguing as in the proof of Proposition it is clear that no point at
which the vector field does not vanish can belong to the Aubry set. To conclude, we prove that
any zero distinct from yy does not belong to the Aubry set. Let zy be such a zero. We argue by
contradiction, supposing that there exists a sequence of increasing times (7,), and minimizing
curves vy, : [0,T,] — II such that ~,,(0) = v,(T3) = 2o and

Th
im [ L~ (5). () + k(7a(s)) ds = 0.

n—-+o0o 0
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Moreover, there exists € > 0 sufficiently small such that 0 < §; < k < d2 holds on B(zg,¢€). Let
us set B, := {¢,7,(t) € B(z0,€)}. Then, we can suppose that, up to a sub-sequence, |E,| tends
to 0, T > 0, or diverges to +00. Suppose that we are in the first case. Arguing as in the proof of
Proposition we obtain a contradiction, as

e [ ) =) +bn(Nds < ([ 06 = bn(s)as) VBT + 82l 0

n n

Now, suppose that up to a subsequence, |E, | tends to T' > 0 or diverges to +00. Then, there exist
N such that for any n > N, |E,| > T'/2. A contradiction follows as

T,
" T
lim L(=7,.(3), 7 (5)) + k(7n(s)) ds > lim inf/ L(=73,(8), (s)) ds + == > 0,
n—-+4oo 0 n—00 E, 2
which completes the proof. O

4.1.4. Case of flat zeros. In this subsection, we complete the proof of Theorem in the case
where a significant component is a flat zero.

Proposition 4.18. Let xy be a significant component that is a flat zero, then

21_13(1) Ae = c(zp).

Proof. We assume that zo = 0 and W(0) = 0. We begin with the case when z; is an attractive zero,
which means that b(x) > 0 for negative z and b(z) < 0 for positive ones. Then the representation
formula for viscosity solution gives us, in a small neighborhood of 0

W(z) = dg(x,0) = 0.

Considering the test function W, (z) = éz% with § > 0, we easily deduce, using that b(z) =
O(z"™) holds for any power n in a neighborhood of 0, that our choice of W;“ verifies the assertions
in Proposition Thus

c(0) < lim A..
e—0
To show that the upper bound also holds, let us consider two points a < 0 < 3 in the neighborhood

of 0 such that W(x) = 0 for any x € [a, ] and such that b(5) < 0 < b(a). Let us define test
function Wy by

0 if x € o, p],
Wy (z) =14 -0z —a)t ifzr<a,
—d(z — B)* ifx>B.
It is clear that we can always choose o and 3 small enough such that

Wy =W =0on[o,] and W (z) < W(z) on [a—d,a) U (S, 5+ ]

Moreover, for all z € [, ], one has H(W; '(z),z) = 0 and for § sufficiently small and for
z € la—d,a) and x € (8, + 9], respectively, we have

H(W; ' (x),2) = 46(z — a)*b(z) + O(6%) <0,
H(W; ' (x),x) = 46(z — B)*b(x) + O(5%) < 0.
Thus, following the same method as in the proof of Proposition [4.15] we obtain

lim A, < max c¢(x).
e—0 z€la,B)
By continuity of the maximum of a continuous function, letting o and S tend to 0, we obtain the
desired upper bound.
We now continue with the case where 0 is neither an attractor nor a repeller, but attracts
trajectories from the left and pushes back from the right. Of course, by symmetry, it is sufficient to
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prove the result in the case where b(x) is positive for any non-zero z. In this case, the representation
formula for viscosity solution gives us

=0 ifz<0
>0 ifz>0.

W(z) =dg(x,0) {

To obtain the desired result, as before, for a small negative a and a positive §, we choose test
functions that are locally

=0 ifz>a«
W - d Wi(z)=dz%
0 (:C){—(S(oc—oz)‘l fr<a 5 (@) =ow

Thus, using the same method as in the proof of Proposition it follows that

c(0) < lim A < sup c(x).
=0 z€[a,0]
Passing to the limit as « goes to 0 leads us to the result.
To complete the proof, it suffices to deal with the case where 0 is a repulsive zero. In this case,
the representation formula for viscosity solution gives us

=0 ifz=0

W(=) = du(@,0) {> 0 ifa£0.

It suffices to choose as a test function Wy (x) = 0 in a small neighborhood of 0, or to remark that
We converges uniformly to W, which has a strict minimum at 0, to deduce the upper-bound. To
obtain the lower one, let us pose W; () = 622 with § a small positive parameter. We notice that

H(W; (), 2) = 46%a(z)2® — 26b(z)z = 46%a(z)a® + O(2®) > 0,
lim sup a(0)W;"(0) = 0.
§—0

It suffices to show that W (z) < W; (z) locally holds on a punctured ball of 0 to deduce the
lower bound. To prove it, we argue as in the proof of Proposition [4.14] considering a curve n
that is a solution of —n/(s) 4+ b(n(s)) = adn(s) with initial condition xz. The flatness of b at 0
implies that the dynamics near 0 are dominated by the term dan. This flatness implies that any
solution starting close enough to 0 decays exponentially to 0, and so does its derivative. Taking
a = 8/a(0) and arguing in the same way that in the proof of Proposition we obtain the
desired inequality. O

4.1.5. Asymptotic of the principal eigenfunction. Having established the convergence of the prin-
cipal eigenvalue, we now turn to the associated eigenfunction giving an analog result as the one in
[13] (Theorem 2, page 6). Building on the preceding analysis, we obtain the following convergence
result.

Corollary 4.19. Suppose that the maximum in (4.1)) is attained at only one point o, then the
scaled logarithmic transform of the principal eigenfunction W, converges uniformly up to adding
a constant to W (z) = dg(x, x0).

Proof. We assume that g = 0 and W(0) = 0. It follows from our hypothesis that there exists
exactly one significant component that is exactly 0. Moreover, we have already shown that W,
converges uniformly to W in Proposition and that up to adding a constant W (x) = dg(z, zo)
in a neighborhood of zy due to Lemma It follows from Lemma and the fact that, in
a finite partially ordered set, a unique minimal element is the least element that for every other
zero y, we have 0 < y. In other words, for all zeros y, one has W(y) = dg(y,0). Finally, using in
the triangle inequality, we obtain for all x € II

W(z) = yyl{{l;?:o(dfr(x, y)+W(y)) = yyg(lyi)nzo(dﬂ(m, y) +du(y,0)) = du(z,0),

which completes the proof. O
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4.2. Explicit calculation of J. Under hypothesis (H3), using Theorem we can rewrite J(u)
as

J(p) = sup {/Olcd,u— max (—(Ovb'(x))—i—c(x))}.

ceCO(I) z, b(x)=0

Let {x1,...,2,} denote the zeros of b. We first consider measures supported on this set, that is

uw= ialﬁzi with i:ai =1.
i=1 i=1

Proposition 4.20. In the condition described previously

(Zaz w) ZQZ(O\/b(xl)).

=1

Proof. Let us pose
Ci:={ce CO°),Alc) = —(0V V() +c(z;)} and B := (0V b ().

Computing we obtain

J(iaiém): sup {Zaz x;) — max (— Bj—&-c(xj))}

ceCo(1) jen]
- s g {3 .-t}

Suppose that the previous maximum is obtained at j = k. Then

I aide) = sup { D7 ase(ws) + (an — Ve(wn) + By }

ceCl,

= s { 3 =B+ elw)) + B+ (ax = e(en) + B}

< sl 3 =By clon) + asBy + (@ — De(w) + B}

i aiB
=1

Moreover selecting

co € COII ) :={ce C'l),c(z;) = 1+ B; for all i},
we obtain
i i) ) — B; + ( (1 + B;) )—12 iBi,
(S catea)~ g (B o) = (o X
from which the result follows. O

To obtain a complete characterization of J, it remains to treat measures whose support is not
contained in the zero set of b.

Proposition 4.21. Let € P(II) be a probability measure such that supp pu € {x1,...,x,}, then
J(p) = +oc.

Proof. We decompose the measure p as follows

n n
,u:Zai(Sm—l—a,uo, a/iZOa O[>O, Zai+a:1a

i=1
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where po designs a non-zero measure such that pyo({z1,...,2z,}) = 0. Moreover, we notice that
I = suwp { [edn=100)}
c€CO(IT)
> sup {/cdu—/\(c)}
ceCO(II)
= Z%‘Bi +a sup {/cduo - A(c)}
i—1 ceCo(T)

= Z%‘Bi —a+a sup /cduo = +o00.
i=1 ceCo(1n)

Indeed, for any non-zero measure pg such that po({z1,...,2,}) =0,
sup /cduo = 400.
ceCO(II)

To prove this, let us choose a compact set K such that K N{x1,...,2,} = @ with puo(K) > 0. Let
us pose a function h € C°(II) such that h(x;) = 1+ B; for all i and a positive function ¢ € CY(II)
with ¢(x;) = 0 for all ¢ such that ¢ =1 on K. For any M > 0, we set ¢y := h+ M. It is clear
that ¢y, € CO(II). As

/CM dpg > /hduo + Mug(K) 4 coquadas M — oo,
the result follows. O

4.3. Explicit calculation of I.
Proposition 4.22. Let u € P(IT) be a probability measure then
I(p) := lim I(p) = +o0.

Proof. First of all, let us recall that equation (3.3)) remains unchanged, thus

Ie(p) = sup ‘*J/ ea(z)(w" (z) +w'(2)?) + b(a)w' () dp(z) = sup  Gp(v),
weC?(II) I1 veC1.0(IT)
where C1O(IT) = {v € CY(IT) with [, v(z)dz = 0} and ¢, (v) = — [j;ea (V' +v?) + bvdp.

We first show the result in the case of a measure that is supported in the set of zeros of b. We
argue in the same way as in Proposition to obtain the desired result as p is a measure with
at least one isolated atom xy = 0. We set 6 > 0 small enough such that po(B(0,9)) = po(0) and
1o (B(0,25) \ B(0,6)) = 0 and define for any € > 0 the periodic function v, by

—% sin(z/e) x € B(0,9)

Ve = ¢ 7e() z € B(0,26) \ B(0,9)
0 x €11\ B(0,20),

where 7 is a well-chosen function that makes the function in C*(IT). Then it follows that
I(60) > —€ a(0)(v.(0) + ve(0)*)—b(0) ve(0) = a(0) /e — oo
e—

We now reduce the analysis to measures whose support is not contained in the zero set of b.
As before, we decompose i as follows

n n
M:Zaiami—’—au(h ai207 Oé>0, Zai+a:17
i=1 =1
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where po is a probability measure such that po({z1,...,2,}) = 0. As in the second part of
Proposition our goal is to make I.(u) diverge by substituting into (3.3]) the appropriate test
function v, given by
1 1
Ve = \‘T@u with /0 udx = 0.

The same calculations as before yield
1
o
buelv) = = 2 [ Wayulz) dunla) + O(v0).
Ve Jo

We complete the proof by choosing u such that fol b(x)u(x) duo(x) is positive and passing to
the limit as € goes to 0. To show that such a choice of u is possible, it suffices to rule out that
fol b(x) u(x) duo(z) = 0 for every zero-mean functions w. Suppose that it holds, then bdpyg is
proportional to dz, which follows that its support is exactly II. Thus, assuming that bdug = cdx
for some constant ¢ # 0, we obtain

c:/ bdpo/|{b >0} >0 and c=/
{b>0}

bduo /|{b < 0}] <0,
{b<0}

from which the contradiction follows. O

5. MIXED CASE

5.1. Asymptotic of the principal eigenfunction. In Sections 2] and [, we have treated this
problem, respectively, in the case where b is zero, and in the case where b changes sign on II and
has finitely many zeros. In this section, we consider a more general mixed situation: we assume
that b changes sign on II, has a finite number of isolated zeros, and a finite number of intervals on
which it vanishes. We aim to prove the following theorem.

Theorem 5.1. Under the assumptions stated above, the principal eigenvalue A¢ in (1.2)) converges:
lim A\ = max (—=(0VYV () +c(x)). (5.1)
=0

e—0 z,b(x)=

Proof. This result is based on the arguments developed throughout the preceding section. We
first observe that the results of Proposition 4.5 remain valid in this new context, thus for any
sequence € — 0, there exists a subsequence such that A, converges to a limit A and such that the
corresponding transformed eigenfunction W, converges uniformly on IT to W, a viscosity solution
of H(W'(z),z) = 0 on II. We now aim to represent W as in Proposition [£.8] Since relations (£.F)),
, , and remain valid, characterizing W amounts to determining the Aubry set in
this new context. As before, it is obvious that {z, b(x) = 0} C Ag. To prove the reverse inclusion,
we argue as in the proof of Proposition Using the fact that b changes sign on II, the proof
proceeds exactly as before and yields to Ay C {z, b(x) = 0}. We now extend the arguments after
Remark to this more general case, for which we need the following lemma.

Lemma 5.2. Under the assumptions stated above, the following two statements hold.

(1) dy(z,y) = du(y,z) = 0 if and only if x and y belong to the same maximal connected
component of the set where b vanishes.
(2) W is constant on each interval where b vanishes.

Proof. We have already proved this result for isolated zeros in Remark [£.10] We begin the proof of
1, showing that if « and y belong to the same interval where b vanishes, then dy (x,y) = dy(y,x) =
0. Let us set z,y € I, an interval where b is null. We define the sequence =, : [0,7,] — R with
T,, — oo by the linear constant speed path staying inside the interval I,

y—

n

() =2x + t.

The implication follows as

tL(—W’(S)m(S))dS <C " ()| dt = C "
0 0 0

2 ly — x|?
d=c¥ 2,

T, n—00

y—r
Ty
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Finally, to prove the reversed implication we suppose that dgy(z,y) = dg(y,z) = 0 and that =
and y belongs to two different maximal connected components. By the same argument as the one
following Remark we find an interval I on which b # 0 and such that I C Ap, which yields
a contradiction and completes the proof of 1.

To prove item 2, suppose that there exists an interval I C {z,b(x) = 0}, and take z,y € I. Since
x and y belong to the same connected component, it follows from 1. that dgy(z,y) = du(y,x) =
0. Finally, using the representation formula W(z) = ming ()= (dH(z,x) + W(x)), we obtain
W(z) < W(y) and W(y) < W(x), from which the equality follows. O

Let us define Z := {x;};_; U (I;)jL;, where {z;}]_; denotes the finite set of isolated zeros of
b, and ([;)7L; denotes the finite family of maximal intervals on which b vanishes. Since W is
constant on each I C Z, we define W(I) := W(z) for any = € I and extend the Mané distance to
sets I,J C II by setting

t
du(t.0)= it [ L (6)n(s) d,
t>0,neS{ (t) Jo

where S{(t) = {n € C4([0,%]) : n(0) € I, n(t) € J}. We define a relation < on Z by setting
I<J ifandonlyif W(J)=dy(J,I)+W(I).

Item 1 of Lemma guarantees that the relation < remains an order relation in this more
general setting, preserving transitivity. Moreover, since |Z| is finite, we can still extract a minimal
component, which is either an isolated zero or an interval on which b vanishes. If the minimal
component is of the first type, we obtain the result arguing as in the previous section. Without
loss of generality, we now suppose that the minimal component is the interval [, 8], on which W
vanishes. We first establish the lower bound.

Let a € (a,B) and pose W; (z) = 6(x — a)? with § a small positive parameter. It is clear
that W (z) < W, (x) on a punctured neighborhood of a and with equality at a. Moreover, as
H (W3 '(z),x) > 0 on this neighborhood, using W;" " () = 2§ we obtain c(a) < lim._o Ac. As the
preceding inequality holds for any a € («, ), using the continuity of ¢ we obtain

max c(z) < lim A.
z€[a,B] e—0
We complete the proof by explaining how to obtain the upper bound. The proof is similar to
the previous ones and relies on the construction of Wy () given in Propositions and To
obtain the result, we choose Wy (x) to be equal to zero on the minimal component and strictly
smaller than Wy in a neighborhood of this component, while satisfying H (Wé_ "(z), z) <0.
When the left- or right-hand n-th derivative of b is non-zero for n > 2, the function Wy (x)
is constructed for £ < o or x > 3 through the constructions of Proposition In the case
where all left- or right-hand derivatives are zero, the function Wy (z) is constructed for < a or
x > [ through the constructions described in Proposition Moreover, since b is C*(II), the
constructed functions are of class C?(II). Using such test functions, arguing as in Proposition
we obtain that there exists (z)e a sequence of minimum point of W, — Wy~ converging to a point
xo € [a, B] such that

lim A, < ¢(xp).
e—0
Roughly bounding it from above by the maximum leads us to the desired upper bound. O

Remark 5.3. The result of Corollary remains valid in this new case. Indeed, if the maximum
in is attained only at a zero of b, I = z( or on an interval where b vanishes, I = [a, ],
W, converges uniformly up to adding a constant to W(x) = dg(z,I). Moreover, if b vanishes
everywhere on II, then the previous result provides an alternative proof of and even yields
more. Indeed, in this case, W, converges uniformly, up to an additive constant, to W (z) = 0.
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5.2. Explicit calculation of J. We now establish an explicit calculation of J in the general
mixed case.

Theorem 5.4. Let us denote by {:}icn n) finite number of zeros of b and by {I;}jep,m) the
finite number of mazximal intervals where b is null. Then, for any probability measure p € P(II)
supported in these two sets with the following decomposition

w= Zaiézi + mej with Zai + ij =1 and supp(u;) C I;
i=1 j=1 i=1 j=1
we have
n
T = Y w0 AV ().
i=1

Moreover, for any probability measure p € P(II) such that supp p € {z, b(z) = 0}, J(u) = +oc.

Proof. We begin proving the first equality. Using the convexity of J
T(p) <Y aiJ(02) + Y by () = D ai (OAY ().
i=1 j=1 i=1

Taking a test function ¢ such that —(0 A (x;)) + co(z;) = 1 for any isolated zeros x; and null on
each interval I;, we attain that supremum.
To show the second equality, we pose

= Zai(swi + mej + aug  where a > 0 and pg (U?:l{xi}uugnzllj)z 0
i=1 =1

and define CO(IT) := {c e CO(), —(0 AV (2:)) + coz;) = 1 for all i, maxyey, c(x) = 1 for all j}.
Then

g = sw ([ edu-a00)

ceCy(IT)
> ZaiBi +a sup (/cduo — A(c))
i=1 ceCY(1)
= ZaiBi —a+a sup /cduo = 400,
i=1 ceCo(11)
as ¢ could be chosen arbitrary large on supp(uo) - O

5.3. Calculation of I. We finish this article dealing with the asymptotic behavior of I.(x) under
our mixed conditions. We recall that, in our case, we are interested in calculating the quantity

IE(,U) = S}lp ¢u,6(v)
veCl(I)

with
C’l’O(H) ={ve ol : /0 v(z)de =0} and ¢, (v) = —/H (6(1 (v’ + U2) + bv) dp.

We assume that the zero set of b contains at least one interval I ¢ II. Building on the preceding
analysis, we characterize the limit of I.(u) and summarize the result as follows. Arguing in the
same way as in the second part of the proof of Proposition if 4 € P(II) is a probability
measure such that supp(p) ¢ {z, b(z) = 0}, then

lim I (p) = I() = +o0.
e—0
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Hence, we may restrict our study to the case where supp(u) C {z, b(z) = 0}. If the intersection
of supp(u) with the set of isolated zeros of b is nonempty, the first part of the proof of Proposition
yields

lim I (p) = I() = +o0.

e—0
Thus, the last case to consider is that of measures whose support is contained in the intervals
where b vanishes. In this case, Propositions [2.4] and [2.§] together with Corollaries 2.9 and [2:17]
provide us sufficient conditions for divergence and show that equality is not guaranteed,
neither for Dirac masses, nor for certain absolutely continuous or singular measures.

6. '-CONVERGENCE AND ASYMPTOTIC LARGE DEVIATION PRINCIPLES

Definition 6.1. Let (u,)nen be a sequence of measures on the circle II. We say that (g, )nen
converges weakly to p € P(II), and we write p, — p  as n — oo, if

lim [ fdu, = / fdu for all f e CO(II).
I i

n— oo

Definition 6.2. Let (I,),en be a sequence of functionals I, : P(X) — (—o0,+0o0], and let
I:P(X)— (—o00,+00]. We say that (I,,),, I'-converges to I with respect to the weak topology on

P(II), and we note I, L, I, if the following two conditions hold for every p € P(II):
(i) (I-liminf inequality) For every sequence (u,) such that u, — p weakly in P(II), it holds
that
I(p) < liminf I, (p1,)-

n—roo
(ii) (I-limsup inequality) There exists a sequence () such that p,, — p weakly in P(II) and
I(p) > limsup I, (pin)-

n—oo

Proposition 6.3. Assume that (I,,), T'-converges to I with respect to the weak topology on P(II).
Then, for any open set O C P(II),

limsup inf I, < inf I(p).
msup inf) I (u) < inf I(n)

Moreover, for any closed set F C P(II),
liminf inf I, (p) > inf I(y).

n—oo peF peF
Proof. Let O C P(II) be open. If inf, co I(i) = +o0, there is nothing to prove, thus we assume
that this quantity is finite. Let us fix n > 0. By definition of the infimum, there exists p,, € O
such that

1 < inf I .
(pn) < 1nf I(u) +n
Since I, L I with respect to the weak topology, there exists a sequence (i), for which the
I'-limsup inequality is verified. Taking the lim sup as n — oo, we obtain
limsup inf I,,(x) < limsup I, (u) < I(p,) < inf I(p) + 1.
O n—oo Heo

n—oo ME

Letting n > 0 go to zero, we obtain the first desired inequality. We now aim to prove the second
one. Let F' C P(II) be closed. If [ := liminf,,_, inf,cr I,,(t) = +00, there is nothing to prove,
then assume that this quantity is finite. Passing to a subsequence if necessary, we may find
ny, — 0o such that

Jnf In, (1) — ¢

For each k, we choose p € F such that

. 1
Ink (:u'k) < ;Ielgjnk (:u‘) + %
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Since P(II) is compact for the weak topology, up to extraction we may assume that pp — po € F
in P(II). Finally, by the I-liminf inequality,

. 1
< < < N
inf I(p) < I(po) < liminf Iy, (ux) < lim inf (Vlgf Lo, (V) + k) ‘

and we obtain the result. O
Proposition 6.4. Under assumption (H2), the functionals (I.) T'-converge to J as € — 0, that is

IE—>J as e — 0.

Proof. We first prove (i) (the I-liminf inequality). Let (u.) be a sequence such that p. — p weakly
in P(II). Then, for every ¢ € C°(II),

liminf I (pe) > liminf/ cdpe — A(c) = / cdp — lim A (c).
e—0 e—0 I I e—0

Taking the supremum over c¢ in the right-hand side of the inequality, we conclude that

liminf I (p.) > sup {/ cdp — A(c)} = J(u).
=0 ceCO(In) L J1I

We now prove (ii) (the T-limsup inequality). Observe that if u # w ds, then J(u) = +00. Hence,
in this case, the inequality (ii) is trivially satisfied. It remains to consider the case p = wds. In
this case, the result follows from the pointwise convergence established previously and from the
equality between the functionals I and J. Indeed, by choosing the constant sequence p. = wds,
we obtain

lim sup I, (pe) = limsup I. (wds) = I(wds) = J(wds),
e—0 e—0

which completes the proof. O

Corollary 6.5. Under assumption (H2), for every open set O C P(II) and closed set F C P(II)

1i fli f—l P > — inf
iminfliminf 7 InP(u7 € O) = — inf J (),

lim sup lim sup = lnP(uT € F) < —inf J(u).
e—0 T—o0 T pneFr
Proof. We only prove the first inequality, since the second one follows by an analogous argument.
We recall that, for every € > 0, the family (u5.)7>0 satisfies a large deviation principle on P(II)
with speed T and rate function I.. Then, by the large deviation lower bound, for every open set
O C X, one has
hmlnf—ln]P’(,uT €0)>— mf I ().

T—o0

Passing to the limit as € tends to zero and using Proposmon [6-3] and [6.4] we obtain

Jim inf lim inf = In P(u5 € 0) > — i f I(u) > — inf J
iminflim inf - InP(p7 € O) imsup inf (1) 2 — i (u),

from which the desired result follows O
Proposition 6.6. Under assumption (H3), the functionals (I.) T'-converge to J as e — 0, that is

I5£>J as e — 0.

Proof. By arguing as in the first part of the proof of Proposition we obtain the I'-liminf
inequality. Furthermore, the argument used in the second part of that proof allows us to restrict
the analysis to measures whose support is contained in the zero set of b. However, since I and J do
not coincide on this class of measures, one can no longer rely on a constant sequence to verify the
T'-limsup inequality. Moreover, suppose that, for each zero x; of b, we have constructed a sequence
of measures (ul). such that yl — §,, and limsup,_,o I (u’) < J(d,), then, for any measure of the
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form p = Ziv=1 ;0,,, one can show that the sequence of general term . := Zfil ;b satisfies
the I'-limsup inequality. Indeed, one has u. — u, and, by convexity of I,
N N
lim sup I (pe) < Z o limsup I, (pf) < Z a;J(0z,) = J ().

e—0 i—1 e—0 i—1
Thus, we have reduced the problem to the construction of a sequence of measures (p. ). satisfying
the I'-limsup inequality for a Dirac mass at a point where b vanishes. Without loss of generality,
we fix an index i, assume that z; = 0, and that 0 is either a zero of order m or a flat zero of b. In
the hyperbolic case, we pose ¥ € C2(II) be such that

$2

P(x) = a0 for |z| <4, (z) >0 forz #0,

and define

p1e(dz) = pe(z) de  with p.(z) = ZLE exp ( B eigix))’

where 6 > 0 is fixed and Z. is the normalization constant. Prior to analyzing the asymptotic
behavior of I (u), we collect asymptotic estimates for the normalization constant Z. and the first
moments of a random variable distributed according to p.(dz), which will be used below. On the
region |z| > §, since v is strictly positive, there exists ¢ > 0 such that

ool 252 =ofe),

and where |z| < 6, using ¢ (z) = 22 /a(0), the change of variable x = \/zy, yields

02

0z
/z|<aexp ( - QG(O)E) tr=vE <o ( - 2;?0)) !
2
o (- )

- 27rc;(0).
Therefore,
0Y(x) 27a(0) 1 0
/Hexp(—Ta>dx~ﬁ — and Zgwﬁ 2ma(0)’ (6.1)

Similarly, the moments associated with a random variable distributed according to p.(dx) =

pe(z) dr are asymptotically those of a centered normal distribution with variance =;=¢. In par-
ticular, for every p > 1, the moments satisfy

/ 2P pe(x) de < / || pe(x) dx = O(sp/z). (6.2)
I o8
To simplify the analysis of I.(u.), we first establish the following lemma.
Lemma 6.7. Let u = fdx, where f is a positive C*(I) function. Then
2
L [ (elaf) —bf)
I < sup —/ ca(z) (v (z) + v(x)?) + b(z)v(x)) du(z :—/—dx.
< swp { = [ (@)@ +0(@)) + dapo@) dulo)} = 32 | S

Proof. The first inequality follows from the reduced formula

L. .
I(p) = sup { — / u du} = sup Big{— [ (ca(v'+v*) +bv) du},
u>0, u€C?(IT) m U veCE(IT) 1

together with the inclusion CZ (IT) € C*(IT). Moreover, taking p = fdz, we obtain

sup {—/H(ga(v’-i-vz)—&-bv) du}: sup {/H(e(af)’—bf)vdx—e/nafvzdx}.

veC(II) veC1(II)
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To obtain the second equality, we set

@) i S0 @) b))
T @)@

e oy,

and verify that

/_b 2
/H(e(af)/_bf)vodq:—s/nafvgdx:js/lT(g(“fof)dm.

Moreover, the Young’s inequality leads us to

(e (af) —bf)v = Mq /[2eafv < M + eafv?.

V2eaf deaf
Taking the supremum over v € C'(I), we obtain the upper bound. Since equality holds for v = vy,
the result follows. O

Applying the previous lemma with g = p., which satisfies its assumptions, we obtain
I (pe)

2

1 :) — bpe

S CUR LU
de Jn ape

1 1 , 0, 9
=1 ; - (Ea 5(11/} b) pe dx
1 1
= Hg(ga'—i— (=b'(0) —9)5(:4—0(;32))2[)50[3;
- 4% é(gz(a/)Q +2ed'(=0'(0) = O)z + (=V'(0) — 0)*2® + O(ex?) + O(2) + O(x4))Pa dz.
I

Using (6.1) and (6.2)), we obtain the following estimates:

L[ (='(0) —0)%2® (=b'(0) =0 [ , (=b'(0) —0)°
T = aal R L
4%/115 (z) pedx = O(e); 4715/11 2m<_béo)_9)xps dz = O(Ve);
22 23 x?
4i€ HO(Z)pEdiC_O(G)v 418/HO(G, )Psdsz(\E)a ZLAO(G )psdsz(E),

which yield

N _ 2
lim sup I, () < 0 W =60
e—0 460

If ¥'(0) > 0, taking 8 = V/(0) gives limsup,_,o I (1e) < 0'(0). Likewise, if b'(0) < 0, taking
6 = —b'(0) gives limsup,_,, I () < 0. Hence,

limsup . (p) < max (0,5 (0)) = J(bo).
e—=0

In the degenerate case, it suffices to consider the same sequence of measures. The previous
computations remain unchanged and yield

SIS

limsup Ze (pe) <

e—0

Finally, letting 6 tend to 0 gives the desired result. (]
Using the same argument as in the proof of Corollary we deduce the following corollary.
Corollary 6.8. Under assumption (H3), for every open set O C P(II) and closed set F C P(II)

.. .. 1 € .
— >
llgl l(glf lim inf IHP(,UT € O) inf J(,u),

1
limsup limsup — InP(u7 € F) < — inf J(p).
e—0 T—o0 T pneF
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