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EXISTENCE AND UNIQUENESS OF SOLUTIONS TO HARDY-HENON
BOUNDARY-VALUE PROBLEMS

XIYOU CHENG, HUIJUAN SHAO, LEI WEI, MEIHUA YANG

ABSTRACT. We consider the elliptic equation
—Au=d(z)%P, zeQ (orzeRVN\Q),
where a,p € R, d(z) = dist(z,0Q) and Q@ C RN (N > 3) is a bounded smooth domain. We

establish estimates for the positive solutions when 1 < p < %, and the nonexistence of

positive solutions for exterior domains. For the corresponding Dirichlet problem we show the
existence and uniqueness of positive solutions.

1. INTRODUCTION AND MAIN RESULTS

In this article we study the positive solutions to the elliptic equations
—Au =d(x)*uP, xeQ, (1.1)
and
—Au =d(x)*u?, xRV \Q, (1.2)

where a,p € R, d(z) = dist(z,00Q) and Q@ C RN (N > 3) is a bounded smooth domain. We will
also consider the Dirichlet problem

—Au =d(z)*uP, ze€Q,

1.
u=0, x¢€o. (1.3)
In the previous decades, there has been a lot of research on the elliptic equation
—Au=a(z)u? inQ, (1.4)

where a(r) is a weight function and Q C R¥ is a smooth domain. It is well-known that (1.4)
is Lane-Emden equation if a(xz) = 1. There has been a great deal of work such as existence,
nonexistence, symmetry, and uniqueness of positive solutions to the Lane-Emden equation. For
example, Gidas [I8] pointed out that the Lane-Emden equation has no positive solutions if 1 <
p < NIX 5 and () = RY | and subsequently Gidas-Spruck [21, 22] ascertained that the Lane-Emden
equation has no positive solutions if 1 < p < % and Q = RY (or Rf ), Caffarelli-Gidas-Spruck
[7], Chen-Li [9], and Gidas-Ni-Nirenberg [19] [20] established some interesting results related to
the symmetry of positive solutions to the Lane-Emden equation with p = % and Q = RN, If
a(xz) = |z|® and 0 € Q, equation (1.4) is usually called Hardy-Hénon equation. Dancer-Du-Guo
[12] proved that the Hardy-Hénon equation has no positive solutions in any domain {2 containing
the origin if & < —2 and p > 1; Phan-Souplet [3I] showed that the Hardy-Hénon equation has
no positive radial solutions in RY if & > —2 and p < % In addition, Du-Guo [I5] treated
the existence and nonexistence of positive solutions as well as qualitative properties (such as
stability, Morse index and isolated singularities) of the solutions to the Hardy-Hénon equation
with @ > —2 and p < 0; Li-Zhang [25] claimed that Hénon-Lane-Emden elliptic system has
no positive solutions when the exponent lies below the Hardy-Sobolev exponent, which covered
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the conjecture in Phan-Souplet [31] for R?; Cheng-Li-Zhang [10] established the Liouville-type
theorems for generalized Hénon-Lane-Emden Schrédinger systems in R? and R®. For (1.4) with
a(x) = —d(z)* and —A replaced by —[A + V(z)], researchers have been concerned with the
existence, uniqueness and asymptotic behavior of boundary blow-up solution (or large solution),
see [16, 26 27] and references therein; and then Du [I3] investigated the blow-up rate of any
boundary blow-up solution to the singular p-Laplace equation. For the Hardy-Hénon equation
subject to Dirichlet boundary condition, Cao-Peng-Yan [8] analyzed the profile of ground state
solution and proved the existence and asymptotic behavior of multi-peaked solutions to equation
(1.4) with a(z) = |z|* and Q = B1(0). More recently, Cheng-Wei-Zhang [1I] has presented the
estimate, existence and nonexistence of positive solutions of Hardy-Hénon equations (1.4) with
a(z) = d(xz)® and Q = B41(0).

In this article, we are interested in equations (1.1), (1.2) and (1.3), that is, equation (1.4) with
a(z) = d(x)® on a bounded domain  or an exterior domain RV\Q. Clearly, for the case o > 0,
d(xz)® converges to zero as d(x) — 0, and for the case o < 0, d(x)® blows up as d(z) — 0.
Corresponding to the boundary Hardy potential d(z)~2, the equation (1.1), (1.2) and (1.3) are
called Hardy-Hénon boundary-value problems in this paper, in order to distinguish from the well-
known Hardy-Hénon equations. For elliptic equations with the Hardy potential d(x)~2, there have
been many interesting problems and results. For instance, the well-known Hardy constant and
Hardy inequality were established in [2} 28]. Bandle-Moroz-Reichel [5] dealt with

—Au = )\ﬁ —d(z)*uP in Q, (1.5)
and presented some classification of positive solutions under conditions p > 1, a > —2, and
A < 1/4. Du-Wei [I7] obtained the uniqueness and asymptotic behavior of positive solutions to
(1.5) for the case p > 1, &« > —2 and A > 1/4. Bandle-Pozio [3] investigated the equation (1.5)
with the sublinear term.

In view of the interesting work above, this paper is devoted to estimate the positive solutions
o (1.1), the existence of positive solutions to (1.3) and the nonexistence of positive solutions
0 (1.2). The techniques described herein can also be applied to some other equations such as
Camassa-Holm equation and mCH-Novikov equation [29] B32], 33}, 34}, B5].

Because of [3I, Lemma 2.1], using a scaling argument and some analysis techniques we can
obtain the following estimate of positive solutions to (1.1).

Theorem 1.1. Suppose that 1 < p < N+2 and o € R. Then there exists C = C(N,p,«) > 0 such
that every monnegative classical solutzon u to (1.1) satisfies

u(z) < C’d(a:)_i%, x €,
Vu(z)| < Cd(z) 51, zeq.
As a direct consequence of Theorem 1.1 above, we have the following result.

Corollary 1.2. Let 1 < p < N+2 and o < =2, then (1.1) has no boundary blow-up solutions.
Specially, when o < =2, any posztwe solution u to (1.1) satisfies u(z) — 0 (d(x) — 0).

Secondly, applying the “blow-up” a priori estimate method, Mountain Pass Lemma and the
elliptic regularity we can derive the following existence of positive solutions to (1.3).

Theorem 1.3. Assume that 1 < p < % and « > 0. Then (1.3) has a positive solution
ue C*HQ)NCHQ).

Theorem 1.4. Suppose that -2 < a<0andl <p< M

in H} () N C%(Q).

. Then (1.3) has a positive solution

Owing to [IIl Lemma 3.2] and the similar proof to Theorem 1.1, it is easy to obtain the low
estimate of nonnegative solutions to (1.1).
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Theorem 1.5. Assume that 0 < p < 1 and a € R. Then there exists C = C(N,p,a) > 0 such
that every nonnegative solution u to (1.1) satisfies

_ 24a

u(z) > Cd(z)"»1, xe.

Thirdly, by the method of supersolution and subsolution and the elliptic regularity, we can
provide the existence of positive solutions to (1.3).

Theorem 1.6. Let « > —2 and p < 1, then (1.3) has a positive classical solution. Furthermore,
if p <0, the positive solution to (1.3) is unique.

Finally, from the method of spherical averages, by indirect proof we can deduce the nonexistence
of positive solutions to (1.2).

Theorem 1.7. (i) Equation (1.2) has no positive solution satisfying
u() = 0o (Ja] > +00);
(ii) If « > =2 and p > 1, then (1.2) has no positive solution such that
u(z) > ¢ >0 when |z| sufficiently large;

(ili) Let 1 < p < T then (1.2) has no positive solutions.

The rest of this paper is organized as follows. In Section 2, we list some important lemmas
which is useful in the proof of main results. In Section 3, we mainly establish the estimate of
positive solutions to (1.1) and a priori estimate of positive solutions to (1.3) with perturbation. In
Section 4, we prove the existence and uniqueness of positive solutions to (1.3) and the nonexistence
of positive solutions to (1.2).

2. PRELIMINARIES
In this section, we state several lemmas which will be used later.

Lemma 2.1 ([3I, Lemma 2.1]). Suppose N >3, 1 < p < X2, 1 € (0,1], and a € C*(B1(0))
satisfying

lallcw @, o) < C1, al@) = C2, @ € B1(0),
where C1,Cy > 0. Then there exists C := C(u,Cy,Ca,p,N) > 0 such that any nonnegative
solution u to

—Au = a(z)uP, x € B1(0)

satisfies

Pt

lu(2)|F + |Vu(z)| 7 < 0(1 + %m) € By(0). (2.1)

Lemma 2.2 ([II, Lemma 3.2]). Suppose that N > 3, p < 1, p € (0,1), and a € C*(B1(0))
satisfying
a(z) > C, z € B1(0),
where C' is a positive constant. Then any positive classical solution u to
—Au=a(z)u?, =z € B1(0)

satisfies
[u(0)] = ()\1(301(0))) (2.2)

where A1 (B1(0)) is the first eigenvalue of —A with Dirichlet boundary condition on Bi(0).
Lemma 2.3 (|30, Theorem 3.43]). Let ¢ be an arbitrary solution of

¢" +p(t)f(¢) <0 in [, 00)
where p(t) > 0 in [a,00), floo(l/f(t))dt < oo and tf(t) > 0, f'(t) > 0 for all t # 0. If

foo tp(t) dt = oo then ¢ must have infinitely many positive zeros in (o, 00).
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3. ESTIMATE OF POSITIVE SOLUTIONS
By the scaling method and Lemma 2.1, we obtain estimates for positive solutions to (1.1).

Proof of Theorem 1.1. Let xy be any given point in 2, and define the function

d(wo)
2

24a

Uz) = d(a:o)ﬁu@:o +

x), x € B1(0).
Then U(z) satisfies
—AU = a(z;20)UP, x € B1(0),
where
d(zo + d(;o)x)a
4d(1’0)a
For each « € B;(0), denote y = z¢ + @x. We have

d(xo) d(.’l?o)

a(x;xg) =

d(y) > d(zo) — d(zo,y) > d(zo) — S T g when |z| <1,
d(y) < d(zo) + d(zo,y) < d(zo) + d(;vo) = 3d(2x0)7 when |z| < 1,

where d(xo,y) = dist(zo, y). So, we have

3a
a(x; o) > Jatz) @ > 0,a(z;z0) > Jatar X< 0.

Next, we prove that
||a('§$0)||cl(§1(o)) <, (3.1)
where C only depends on «. In fact, for any « € B1(0), when a > 0, we have

d( d(zo) )\ 3d(zo) o
tataizn) = ()" < () = (B)°
When a < 0, we have

oo+ B5a)ye B 1o
oty = () < (2) = (5)

Since © is a smooth domain, the function a(x;x¢) is also smooth. For any given & € B;(0), there

is a g € 0f2 such that
d(l‘o) 2\ d(l‘o) ~ -
d(mo + Tm) = |zo + —5 &= 7l.
For a small ¢ > 0, a(z;x¢) is differentiable in Bs(Z) C Bi1(0). According to the fastest growth
d(zo)

direction of the function d(zo + =5%z) in Bs(Z), we obtain
d(x d(x . d(x
Vo + 2802, = Wiy + 2y, — L)
Hence, we see that
d d . d
IDid(zo + X2 )]y < lwo + B2y gy, = A
2 2 2
Therefore,
a—1
. a rd(xo + d(go)i‘) 1 d(zg)
D;a(; =7 -Did z=%
@)= (T ) gy Dl T3
So, if @ > 1, then
- a3\ o1 e
Dia@ao)| < 5(5) . vEeBi)

If @ < 1, then
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These imply
lla(-; $0)||01(B 0)) = <0,
where C' is independent of zy. Hence, (3.1) holds. By Lemma 2.1, we obtain
U(0)+ |VU(0)| < C.
This implies

u(wo) < Cd(wo) # 1,
_ptlta
|Vu(zo)| < Cd(zg)™ »-1 .
Using the arbitrariness of zq, the proof is complete. O

Remark 3.1. Suppose that 1 < p < %, a < 0 and €y > 0. Then, for any p > 0 there exists

C :=C(N,p,a,€g,p) > 0 such that for any € € (0, €],
ue(z) < Cd(x )7%, as d(z) > p,

Vu(x)] < Cd(x)~ 5=, as d(z) > p,

where u. is a nonnegative solution to

—Au = (d(z) + )P, z €.

The proof is similar to that of Theorem 1.1, and hence we only give a simple description. Let
p be a given small number, and o be any given point in €,, where Q, = {z € Q|d(x) > p}. We
define

24«

U(z) = d(xzo) »=* ue (aco + @x), x € B1(0),
then we have
—AU = ac(z;20)UP, € B1(0),
where
[d(zo + 420z €]
4d(l‘0)

(ZE(’I;.T()) =

Hence, it follows that

3 o3 «a
ac(z; ) > (3d(0) + €)* > 1 (3 €0

—(=+—=), € B1(0).
dd(o)e  —a\a " p> © € Bi(0)
Now we show [|ac(; z0)llcw (g, (o)) < € where C' is independent of € and zo. Firstly, we can see

that
d(xo +d($o) )

ac(z;wg) < Jd(i0)" <2772 g€ By(0), e € (0,¢).
In addition, we obtain
a—1
d(l’o + d(ﬂj) ) +e€ 1 d(l‘o)
Dia€(x’x0) Z( d(l'()) ) d(xO)Dzd(xO + Tl‘)

So, we have
la]

|Djac(x;z0)| < 3

a—1 _
(2) , Vz € B1(0), € € (0, ).
Hence, it follows that
la(-; xO)”CM(Bl ) = .
By Lemma 2.1, we have U(0) + |[VU(0)| < C. This implies

24«
ue(zo) < Cd(g)” 71,
+lta
Vu(zo)| < Cd(ao)™ 7 .
By the arbitrariness of o € €, the conclusion follows.
Next, by using the “blow-up” a priori estimate technique introduced in [22], we can obtain the
existence of a priori bounds for positive solutions to (3.2).
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Theorem 3.2. Suppose that 1 <p < X2, a >0, ¢g > 0,¢ € (0, €] and uc € C*(Q)NCL(Q) is a
positive solution of
—Au = (d(z) + €)%uP, x €,

u=0, x¢€d. (3.2)
Then there exists C = C(a, p, €0, N) > 0 such that
[wellpoe (o) < C-. (3.3)

Proof. Suppose the conclusion is not true, then there are a sequence of numbers {ex} C (0, €], a
corresponding positive solution sequence {uy} and a sequence of points { P} C 2 such that

My, := maxug(x) = up(Pr) = 400 (k= 00).
€N

Noticing that {e;} and {P;} are bounded, without loss of generality, assume that
ex > €€[0,60], Pr—PeQ ask— cc.
Case 1. P € (). We define

p—1

1 -
Uk(y) = muk(Pk + M, *y).
We denote 2dy = d(P, 99Q). Then

_p-1 —1

M, 7 y| <do, as|y| < doM,? .

So, when k is sufficiently large, we have

p—1

P+ Mk_ ye BdO(Pk) - BQdO(P) c Q.
By calculations, Uy satisfies that 0 < Uy < 1 and
~AU = [d(P+ M TPy v e OF, ye B a(0),
do M, 2 (3.4)
Ui(0) = 1.
By the elliptic regularity [23] Theorem 6.14], we can extract a subsequence of {Uy} such that it is
convergent in CZ_(RY). Without loss of generality, assume that {Uy} converges to U in CZ (RY).

For any given bounded domain 2 C RY, we obtain that
p—1 o ~
lim [d(Pk + M)+ ek} = (2dy +6)*, VyeQ.
hde el
Letting k — oo in (3.4), we have
—AU = (2dy + 6)°UP, in RV,
(2do + €) (3.5)
U) = 1.

This is a contradiction to Liouville Theorem [22, Theorem 1.2].
Case 2. P ¢ 99. Since 2 is smooth, there exist an » > 0 small enough and a C' function
1 : R*™! — R such that—upon relabeling and reorienting the coordinates axes if necessary — we
have
QN B,.(P)={z € B.(P)| xp, > ¥(2), 2" = (x1,22, - ,xpn_1)}.
Hence, we can use coordinate transformation to straighten out 9Q N B,.(P). Now define
yi =x; = U;(z), 1<i<n,
Yn = Tp — ¢($/> = \I’n(l‘),
and write y = ¥(x). Similarly, we set
rp=y; = Pi(y), 1<i<n,
Tp = Yn + 1/)(?4/) = P, (y),

and write z = ®(y). Clearly, ¥ = ®~! with det¥ = det® = 1, and the mapping = — ¥(z) = y
“straightens out” 092 N B,.(P).
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Let v(y) = u(x) with y = (y1,¥2, - ,yn) and & = (21,22, ,x,), then there exists 6 > 0
small enough such that v(y) satisfies
0 , ., 0V

o (a¥ y)a—yj) = [d(®(y)) + €]*vP, y € Bys(¥(P)) NRY,

v=0, yé€ By(¥(P))N{y, =0}

with R? = {y = (v, yn) : ¥ = (y1,¥2,-** syn—1) € R"" 1 y,, > 0}. The coefficient matrix [a* (y)]
is symmetric and positive definite, in concrete,

(3.6)

dij, 1<i<j<m,
aly)=q -, 1<i<j=n,
L+ 30 ()% i=j=n
where d;; is the Kronecker symbol.
Let vi(y) = ug(x) and

1 _p=1
Vi) = Evk(qz(PkHMk 2 z)

Then for sufficiently large k, Vi (2) is well-defined in
p—1
D, :=B pT—la(O) N {Zn > _Mk 2 dk}7
k
where dj, = dist(V(Px),y, = 0). Hence, Vj, satisfies that 0 < Vj, <1 and

0 ij aVk _ _pg;l « »
5 (0 ()50 = a(@W(P) + M, 7 2)) +e] VP, ze Dy, o)
Vi(0) = 1,
where a}/ (z) = a" (U(Py) + Mk_pTilz)

If a > 0, then {[d(®(¥(P:) + M, * 2))+ ek}a} is uniformly bounded with respect to k. By
virtue of regularity of elliptic equations, {VV}} is uniformly bounded, therefore
1= |1 -0 = [Vi(0) — Vi(0', — M, ™ dy)| < CM,™ dy,
which implies that
M7 dy >0l >0,
Now, we claim that {M,:%1 di} has upper bounds. In fact, if suppose that {M,:%ldk} has no

po1
upper bounds, then we can extract a subsequence relabeled as {M, * d;} such that

p—1

M, ? dip — 400 as (k— oo.
It is clear to see that Vj is well-defined in B p=1 (0) and V4 (0) = 1. By the elliptic regularity,

k dg
we can extract a subsequence relabeled as {Vj} such that it converges to V in C2_(RY). For any

given bounded domain QCRN , we obtain that

B

for all z € €. Letting k — oo in (3.7), we have

0 7 al — g ayP in N
_(9721(01 (\IJ(P))(?ZJ) Vv ’ R ’ (3.8)
V(0) = 1.

By an orthogonal transformation of coordinates (similar to the one used to go from [22] (2.8)]
o [22, (2.9)]) and a stretching, we end up with Liouville Theorem [22, Theorem 1.2]. By that
theorem, we conclude V' (z) = 0, which contradicts V' (0) = 1.
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p—1
Because of the boundedness of {M = dk} without loss of generality assume that M dk — 8,

where s > 0. Repeating the compactness arguments above, we have that V satisfies

d , ;i oV
g @WP)G) =V, in {2 > —s),
V(0)=1.
By an orthogonal transformation and stretching of coordinates, we obtain that V' (z) = 0 due to
Liouville Theorem [22, Theorem 1.3]. This contradicts V' (0) = 1. O

Proof of Theorem 1.5. By Lemma 2.2 and the similar method used in the proof of Theorem 1.1,
we can complete the proof, and hence omit the details here. O

4. PROOF OF EXISTENCE, NONEXISTENCE, AND UNIQUENESS
This section is devoted to establishing Theorems 1.3-1.4 and Theorems 1.6-1.7.

Proof of Theorem 1.3. Firstly, we consider the perturbed problem

1
Ay — Zyayp
Au (d(ac)—l—n)u7 x €, (41)
u=0, x¢€IN.

The corresponding energy functional is
1 1\
F,(u) = / |Vul|?da — el A (d(m) + 7> lulPde, we Hi(Q).
n

For given n, clearly F,, satisfies the mountain pass geometry conditions. Let e, € H}(Q2) satisfy
F,(en) < 0. We denote

ry, = {7 € O([Ov 1}7H(%(Q))‘ ’7(0) =0, ’Y(l) = en}a

cn := inf sup F,(y(t)) > 0.
7€l te(0,1]

Froml<p<%7

4.3.1]), F,, has a nonnegative critical point u,, € H(Q), that is, u,, is the mountain pass solution
o (4.1), and

by standard arguments and Mountain Pass Lemma (see [I], [4, Theorem

cn = Fn(uy) > 0.
From regularity arguments it follows that u,, € C?(Q)NC*(Q). By the strong maximum principle,
Uy, is a positive solution of (4.1). By Theorem 3.2, there exists a positive constant C' independent
of n such that for all n,
[unll L@ < C.

By elliptic regularity, {u, } has a convergent subsequence in C*(§), and denote the limit function
by w. Clearly, w is a nonnegative solution to (1.3) and w € C%(Q) N C1(Q).

Now, we will show that w is a positive solution. For any given n and 7 > 0, if u satisfies
lu]| = 7, then

1 [e%

— 2 _ p+1
Frg1(u) / Vafde = | (d(m) + fﬂ) ufP+ da
/ |Vu|*dz — —— (d(a:) + l)a|u|p+1dx = F,(u).

Q n "

This implies that for any pass v € Fn+1(C Fn) we have
Fn+1(7(t)) Z Fn(’Y(t))v te [07 ”

Therefore we can obtain ¢,4+1 > ¢, > 0. Hence,
1
F(w) = 5/ |Vw|*dz — 7/ d(z)*|wPHd
Q

= lim F,(u,)= lim ¢, > 0.

n—oo n—oo

| \/
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So, w is a nontrivial nonnegative solution to (1.3). Furthermore, by the strong maximum principle,
w is a positive solution to (1.3). O

Proof of Theorem 1.4. We denote
/ |Vul|*dz — 7/ |u|p+1dx u € HH D).

For any given n, clearly (d(x) 4+ +)* is a positive bounded and continuous function on €. By
p > 1, F,, satisfies the mountain pass geometry, and take e, such that F},(e,) < 0. Denote

Cp = inf sup F, ,
" 7€l ¢e(0,1] ()

where
Ly = {y € C((0,1], H5 (2))] 7(0) = 0,7(1) = en}.
By the standard arguments and Mountain Pass Lemma, F),, has a positive critical point u, €
H} (), and
cn = Fp(uy) > 0.
From elliptic regularity it follows that u, € C%(Q2) N C1(Q) is a positive solution to (4.1).

For u,,, we have
/ |Vu,|*dz — 7/ |u PHlda = ¢,,

1
nl“dx = d — np+1d.
/Qm\ . /Q((an) P+

So,
—— pi—i- 1 / |V, [2de = c,. (4.2)
For any v € H}(Q), by a < 0 it follows that
1\o
/ \Vol2de — —— (d(x) + 7> lo[PHda
n
/ \Vol2de — —— (d(x) + L>a|v|p+1dx
n+1

- n+1( )
This implies that for any v € I';, (C I';,41), we have

sup F(y(t)) = sup Fop1(y(1)),
te[0,1] te[0,1]

and then ¢, > ¢p41. Hence, {c,} is a bounded sequence. By virtue of (4.2), {u,} is bounded in
H}(Q). Therefore, {u,} has a weakly convergent subsequence in H}(Q) (refer to [6, Chapter 3]).
Without loss of generality, we assume

up, = w in HY(Q), as n — oo,
up, — w in LPTH(Q), as n — oco.

For any given ¢ € C§°(Q), noticing that w,, is a critical point of F,, we obtain

/Q Vi, Vodz = /Q (d(m)—i—%)auﬁ(bdx.

Clearly, letting n — oo, we have

/ VwVedr = / d(x)*wPpdx.
Q Q
From the density of C§°(Q2) in H(2) it follows that

/ VwVedr = / d(z)*wPedx, Vo€ HY(Q), (4.3)
Q Q
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this implies that w is a weak solution to (1.3). For the equality (4.3), in fact, for any ¢ € H}(Q2),
take a sequence of functions {¢,} C C§°(£2) such that ¢, — ¢ (n — oo) in H (). Since

/ VwVo,dr — / VwVedr asn — oo,
Q Q
to show (4.3), it is sufficient to prove that
/ d(x) (¢, — p)wPdz — 0, asn — oco. (4.4)
Q

We can separate the proof into three cases. When @ = —1,

/Qd(;z:)*l‘gbn,@wpdxg (/QWdI)UQ(/Qw?pdw)l/z

< C’(/Q|V¢n—V¢5|2dx)1/2</ﬂw2pdx>l/2.

2% = 2N we have

N-2>

(/Q |V, — V¢2dx>l/2</ﬂw2pdx)l/2 —0 asn — oo.

So, we obtain (4.4). When —1 < a < 0, clearly
/ d(x)|pn — dlwPde < C/ d(x) " en — plwPde — 0 asn — oo,
Q Q

which implies (4.4) is valid. When —2 < a < —1, by 1 < p < ¥£2E29 it follows that

1 —l1-a (N-2)(p+1l+a)
= 1.
o 7 2N <

From 2p <

Therefore,
[ d@)16, - dluras
Q
_ —1-a
:/Q|¢2(x)¢ dzi)fl—awp+1+adx
—¢)? 2 =5 on
< C(/Q((bg(x)f) dx)1/2</Q dzl;)zdx> (/medx>

—1—cx+p+1+a

< C(/QV¢n—V¢|2dx)1/2(/ﬂ|Vw|2dx) ’ ° 50 asn— oo,

and hence (4.4) holds.
We denote

(N=2)(pt+l+ta)
2N

1 1
Foo(u) := 5 /Q |Vul?dz — m/gd(:c)ﬂu\”“dx, u € Hy(Q).
Then
Fo(u) > Foo(u), Yu€ HJ(Q).

Byl<p<%and—2<a<07wehave

2p+1+a) _ 2N
2+a N-2

Therefore,

1 1 a), |—a o
Fuol) = 5 [ 1VuPde = — [ (@)l =) fup s

2 o Loy 22
1/|Vu|2dx7 1 (/ U 2) 2 (/|u|2(p2++: )) 3
2 Ja p+1\Jgd(z) Q

1 _
3 lull® = Cllall = fufP e

Y

\%
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1
= 5 lull® = Cllul*.

Similar to the analysis of F,, and ¢, there is an e, € H}(Q) such that F(es) < 0. We denote

Iy = {7 € C([Oa 1]7 H(%(Q)) : ’7(0) = 077(1) = 600}7
Coo = Inf sup Foo(7(1)).
7€l te(o,1]
Then 0 < ¢ < cp.
Next, we show that w a positive solution. Firstly, we prove that w is a nontrivial nonnegative

solution. Suppose that w = 0. By 2(’)%1;'0‘) < ]\%NT without loss of generality we assume
2(p+14a)

U, =0 in L™ 2 (Q), asn— o0

So, we see
1
= (3= 5n) f, (a6 ) o+

1 1

< (5 737) [ @@ a0
1 = 2(pt14a)\ 25T
<) )™ ([ )

SC 1 /|Vun| /|u ‘2(p+1+a)

p+1
< C / |un|2(p+1+a) —0 asn— oo.

This is a contradiction to ¢, > ¢y > 0. Now, we show that w is a positive solution. By the
regularity of elliptic equations, w € H}(Q) N C?%(Q). Since w is nontrivial and nonnegative, there
exists £y € Q such that w(zg) > 0. For any £y CC € containing zg, clearly w € C%(Qq). By the
strong maximum principle, it follows that w(z) > 0 for any = € Q. By the arbitrariness of Qo,
we have w(z) > 0 in . O

Proof of Theorem 1.6. Firstly, we prove the existence of positive solutions to (1.3). Let ¢1 > 0
and A1(f2) be the first eigenfunction and eigenvalue of

“Ab=)\p, TEQ,
o=0, xe€d.

We denote u = mg{)l, where m > 0, 8 = 2+0‘ Clearly, we can take c1,cy > 0 such that

c1¢1(x) < ( ) < cadi(x), w €.
It is easy to see that
—Au—d(z)u? = —mBe} T Ady —mB(B — 1) 2V |? — d(x)*mPh”
<mBA(Q)] —mB(B— 1)¢] 2|V |* — comPgh e

cOmpP1

=mBel 7 M@ — (B 1)V - 5], zeq
for some constant ¢ > 0. By 8 >0 and p — 1 < 0, when m > 0 is sufficiently small, we have that
—Au —d(z)*u? <0, xze€q.
Denote & = K¢, where K > 0 and 0 < p < min{1, 8}. Then
— At — d(z)“aP
> Kph(Q)@f — Kp(p— 1)¢) 2|V | — COKP g+
CaKp—1¢pp+a—p+2

= Kpg{ 2 (M ()¢ — (p—1)|Veu|* - pl , zeQ,
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for some constant C' > 0. Hence, for sufficiently large K, it follows that u < w and
—AG—d(z)*uP >0, ze.

By the method of supersolution and subsolution (refer to [I4, Chapter 4] or [24, Chapter 1]), and
the elliptic regularity, (1.3) has a positive solution in C?(Q) N C(Q).

Now, we show that the positive solution to (1.3) is unique as p < 0. By Lemma 2.2, there exists
¢« > 0 such that for any positive solution u to (1.3), we have

2+a
u(z) > cupy P,V € Q.

Take sufficiently small m satisfying m < c,, then the exists a minimal positive solution v, in
[m¢?, K¢P]. Assume that v is an arbitrary positive solution to (1.3). Then v(z) > md}. Hence,
min{v, K¢} is a supersolution to (1.3), and satisfies

me < min{v, K¢},
So, we have
v < min{v, K¢},
Furthermore, we obtain v, < wv. This implies that v, is the minimal positive solution. In order to
show the uniqueness, we only need to infer v, = v. Suppose v, # v, then there exists g € {2 such
that
v (20) — v(xo) = min{v,(z) —v(z) : z € Q} < 0.
By p < 0 it follows that
0> ~A(v, —v)(@0) = d(@)* (v, (20)” — v(w0)?) >0,
which implies a contradiction. O

Proof of Theorem 1.7. Suppose that (1.2) has a positive solution u € C?(RM\Q). Take a Bg :=
Br(0) satisfying © C Bp/s, then

Cr(a)|z[*uP < —Au < Cy(a)|z|*uP, 2z € RN \ Bg, (4.5)
where
Omw:{amw,azm Cﬂwz{@mw,azm
(3/2)%, a <0, (1/2)%, a<o0.
We denote
a(r) = ! u(r, 0)dé

From this and (4.5), we obtain
N-—-1

" + " o < =Ci(a)r*@?, r € [R,00). (4.6)

This implies
(N7 (r)) < —Cr()rN TGP <0, r € [R, +o0). (4.7)
Hence, 7V ~14'(r) is decreasing in [R,+00). We denote 8 := lim,_, o 7V "1%/(r), Then B8 €

[—00, +00).
Now, we prove the conclusion (i). If 5 € [0, +00), then there exists a large Ry > R such that

RYTY@ (RN =Cr'™N > @ (r) >0, r€[R,+o0).

We denote 7 := lim,_, ;o @(r) € (0,400]. For arbitrary Ry < r; < ro < 400, integrate from r; to
ro, and we see that

C/ s Nds > a(ry) — u(r),



EJDE-2026/72 HARDY-HENON BOUNDARY-VALUE PROBLEMS

which implies v < +o00. In fact,
CrffN
N -2

< +o00.

T9—00

“+ o0
v= lim a(ry) <a(r)+ C/ s1 7N ds = a(ry) +
ry

If 8 < 0, then there exists Ry > R satisfying
TN (r) <0, 7 € [Ry, +00).

13

This implies @/(r) < 0, 7 € [Ra, +00), and hence lim, 4o @(r) < +oo. Therefore, it is impossible

that lim ;| 4o u(z) = +00.

(ii) Suppose that u satisfies u(xz) > ¢ > 0 for the sufficiently large |x|. Assume 8 € [0, 400).
Clearly, when > R, r~1@/(r) > 0 holds. For (4.7), integrating in [r.,r] C [R, +00), we have

/ j<sN—1u'<s>>’ds <—Cifa) [ (s

T x

Hence, for r € (14, +00),

/ $N71+aﬂ(8)pds < C’l(a)fl [Ti\]flﬂ/(r*) N ’rNill_j,/(’r')] < C’l(a)*lrivflﬂ/(’r*).

By «/(r) > 0, u(r) is increasing in [R, +00). So, it is easy to see that

a(r*)p/ sNTIads < Oy (o) N (ry), 7 € (ra, 4+00).

By a > =2, clearly, N + « > 0. Letting r — 400 in (4.8), we obtain a contradiction.
Suppose —oo < 8 < 0. Integrate (4.7) in [r., 7] C [R, +00), and we obtain

/ j<sN-1u’<s>>'ds <-aufa) [ eatsras

s

From g < 0, there exists R3 > R such that
N7 (r) <0, 7 € [R3, +00).
So, u is decreasing in [R3,+00). Therefore, for Ry < r,. < r we have

ﬂ(r)p/ sN_Hadsg/ sN=1tag(s)Pds

* *

< —Cy(a)? /T(stlﬂ’(s))’ds

= C () N1 (1) — CL () "N ()
< —Cy(a) Nt ().

So, we obtain i

c”/ sN=Hads < —Cp(a) 71N 1a ().

*

Letting » — 400, we can derive a contradiction.
Suppose 8 = —oo. By the condition there exists R4 > R such that for all » > R,

(N7 (1) < =Cr(a)rN71Fogr < —eP Oy (a)rN e,

By integrating we have

L o cPCh(a) o
PN 1u/(7") _Rzllv 1UI(R4) < m(Ri\/+a _ N+ )
By 8 = —o0, there exists a sufficiently large Rs > R4 such that for any r > Ry
rC
’/‘Nﬁlﬂ,/(’r‘) < CN —1’—(3) (Ri\f—&-a _ T,N+oz) < _C(a)TN+oz’
where o
C’(a) = w > 0.

2(N +«)

(4.8)
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Hence, we obtain
' (r) < —C(a)r'™, r € [R5, +o0).

By integrating, we obtain
i

a(r) —u(Rs) < —C(a)/ streds.
Rs
By a > —2 and letting r — +00, we can derive a contradiction.
(iii) From (4.6), we have
_ N—-1_ o
Upr + — < =Cy(a)r*a?, re[R,00). (4.10)

Let s = V=2 and ¢(s) := su(r) = su(s e ). By calculations, we obtain

1
¢s =u(r) + N g
1 =N _ 1 2 an_ 1 2 sn_
sts: N—25N72UT+N—2 SN=2Upp + N —2 SN=2U,
12 _ 102
= ﬁ (N—].)S?Vfl\;'l_l/r‘i— N B Si’j\éﬂrr
1 2 4n N—-1_
= Nog o (e )
From this and (4.10), we deduce
12 4
Dss < N3 S%Cl(a)ro‘ﬁp
1 24N a
:—01(a)N 5 s%sﬁs_%’)
1
=—C1(a) - §+‘Q+p¢p;
RES =
that is,
1
= 4P
¢ss+cl<a) 1—%+p¢ <

s
From 1 < p < ¥£2 it follows that

N—2"
oo 1 oo 2ta
/ S ——31a ds:/ sN—2"Pds = oo.
R sl—w=2tp R

We denote f(t) = tP, and hence

Cl(a)

+ - -~ 7
Pss -2t 4p

f(¢) <0.
s T N=

From Lemma 2.3 we can derive a contradiction. O
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