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STABILIZATION OF A DEGENERATE BEAM ON AN ELASTIC
FOUNDATION WITH AXIAL FORCE UNDER FRACTIONAL
DERIVATIVE-TYPE DELAYED BOUNDARY FEEDBACK

LANZHI CAO, SHENG-JIE LI, SHUGEN CHAI

ABSTRACT. In this article, we investigate the exponential stabilization of a degenerate Euler-
Bernoulli beam on an elastic foundation with axial force. The control input at the boundary
features a fractional derivative-type delay. We construct a tailored Lyapunov functional, specif-
ically designed to offset the effects of time delay and capture the intrinsic internal dynamics of
the degenerate beam, thereby rigorously establishing the exponential stability of the system.

1. INTRODUCTION
This article investigates a degenerate Euler-Bernoulli beam equation fo the form

U (2, 1) + (QUgg)pe (2, 1) — (bug)z(x,t) + culz, t) =0, (x,t) € Q,
Bu(0,t) =0, . (1,t) =0, t>0,
(augy)z(1,t) — (bug)(1,8) = riug(1,t) + 7207 Tu(1,t — s), >0, (1.1)
u(z,0) = up(x), wu(x,0)=wui(x), xz€]0,1],
wu(l,t—s) = fot—s), te€(0,s),
where @ := (0,1) x (0,+00), ug, u1 and fy are the initial data given in suitable function spaces.

a € C°[0,1], with @ > 0 on (0,1] and a(0) = 0, the constant s > 0 represents the time delay. 7,
and ro are positive real numbers such that

1 1 1 3 2 -1
a—1 b — 9 — - _—— . 1.2
oSS O(max{bo’ max{bo’ a(1)(2 - K,) }}max{bo’ a1)(2— K,) }) (1.2)
In particular,
u(0,t) =0,
Bu = < u,(0,t) =0, if a is weakly degenerate (WD), (1.3)
(auz5)(0,t) =0 if a is strongly degenerate (SD),

The notation ;" stands for the generalized Caputo’s fractional derivative of order o, o > 0, with
respect to the time variable. It is defined as follows

o 1 ! e iim d
o ’"u(t)M/O (t — 1)~ >Eu(f) dr, n>0. (1.4)

Frist, we provide a brief explanation of the definition of the Caputo’s fractional derivative

9y"Mu(t — s). Let us define v(t) = u(t —s). Then, Lv(t) = %u(t —s). Thus, the form of the
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Caputo’s fractional derivative can be written as

1 ¢ d
a,n _ _ \—a,—n(t-7) &
0, "Mu(t) Ti—a) /0 (t—7)"% dTv(T) dr
) . J (1.5)
S t— 7)"Qent—1) = —9)d
T —a) /0 (t—7)" % dTU(T s)dr,
ie.,
07Mu(t — s) = o /t(t — T)_ae_"(t_T)iu(T —s)dr (1.6)
t rl-a) ), dr ‘ '
The degeneracy of (1.1) at = 0 is measured by the parameter
!/
Kq:= sup T (gc) (1.7)
z€(0,1] a(x)
And, we say that
a is weakly degenerate (WD) if a € C°[0,1] N C*(0,1] and K, € [0,1), (1.8)

a is Strongly degenerate (SD) if a € C*(0,1] and K, € [1,2).

The condition K, < 2 is essential for the ensuing analysis. The axial force disturbance function b
and foundation’s stiffness coefficient ¢ (¢ > 0) satisfy the following conditions
b,ce Wh*(0,1),
0<by<b(x)<by, O0<c¢y<clx)<er, Vxelo1], (1.9)
V' (z)] < bay, | ()] <oy Va€]0,1],
where by, b1, bs, cg, c1, co are positive constants satisfying
4deoger + 3cqco
200b0
where the constant K . is given by (4.25) below.

The control of flexible structures - typified by Euler-Bernoulli beams (e.g., [I8]) - stands as
a foundational component of modern engineering, with pivotal applications spanning aerospace
structures [28], robotic manipulators [I3] [I7], long-span bridges [4], and precision instruments
[27]. In these application domains, the structure interacts with its environment being mounted
on an elastic foundation or subjected to significant axial loads [19]. This interaction is typically
modeled by two key terms: a distributed restoring term, cu, representing the elastic foundation,
and a geometric term, (buy),, representing the axial force. The cu term represents an elastic
restoring force (elastic foundation) proportional to the transverse displacement u, where ¢ > 0 is
the foundation’s stiffness coefficient. The (bu,), term captures the geometric stiffness induced by
the axial load. Collectively, these terms critically influence the system’s vibrational dynamics and
stability.

Consequently, a particularly challenging scenario arises when the beam exhibits material degra-
dation or geometric tailoring, leading to a loss of stiffness at a boundary. This degeneracy, mathe-
matically characterized by a flexural rigidity coefficient a(x) that vanishes (e.g., a(0) = 0), renders
classical analysis tools ineffective and demands a formulation in weighted Sobolev spaces, see |7, [§].
In [7], the authors considered the following viscoelastic beam

st (2, 1) + (QUgy)wz(z,8) =0,  (z,t) € (0,1) x (0,7),
u(0,t) =0, >0,
ug(0,8) =0, ifais (WD), te(0,T)
(aug)(0,t) =0, ifais (SD), te(0,T),
Bu(1,t) — (augs) (1,8) +u(1,6) =0, t€(0,T),
Ve (1,8) + (atugs) (1, 1) + ue(1,8) =0, ¢ € (0,7),
u(z,0) = up(x), w(x,0)=ui(z), z€(0,1),

<2—Kqpe (1.10)
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where 3, > 0. Within the framework of weighted spaces, they examined the boundary stability
of above system.

While the stabilization of non-degenerate beams is well-established (see for example [9, [10]
24), 25]), research on controlling degenerate systems, particularly under the combined effects of
an elastic foundation and axial force, remains considerably limited. A further layer of practical
complexity is introduced by time delays, which are invariably present in sensor and actuator
signals and can destabilize an otherwise stable system [I1]. Consequently, the stabilization of
time-delay systems has garnered significant attention and remains an active area of research in
both mathematical control theory and engineering applications (e.g., [15, 16}, 21l 26]). Notably,
the fractional derivative-type delayed feedback (see for example [3| [I]), which incorporates the
system’s state history through fractional calculus, provides a powerful framework for modeling
complex memory effects and hereditary properties in both materials and control systems. The
preceding analysis substantiates the necessity of this investigation.

This paper is organized as follows: In section 2, we introduce the functional framework and
reframe the system (1.1) into an augmented system, followed by relevant preliminary lemmas and
key preparatory work. In Section 3, we establish the well-posedness of the augmented system by
employing the semigroup theory. Finally, we derive the exponential stability result via the method
proposed by Komornik [I4], and this stability result is closely associated with the order of the
fractional derivative in Section 4.

2. PRELIMINARY AND AUGMENTED MODEL

This section is devoted to defining the functional spaces employed throughout the paper and
reformulating the problem (1.1) into an augmented system. We start with the following lemmas.

Lemma 2.1 ([20]). Let
(20—1)

) =17, €€R, O<a<l
Then the relationship between the “input” U and “output” O of the system

A1) + (€ +mo(§, 1) —UMu(§) =0, §€R, t>0, B20,

#(£,0) =0, 2.1)
+o0
0(t) = (m) Fsin(am) [ ol Ou(e)as
is given by
O :=I'""7,
where

()= s [ = ne e Dt ar

Lemma 2.2 ([I]). If A e D={Ae€C:ReA+n>0}U{A € C:ImA # 0}, then

B AR 1 (3) _ a1
Dy '7/700 )\+n+£2dfisin(om)(/\+n) ’

From now on, we restrict D, so that D, < 2, which is crucial for the proof of our conclusion.

Lemma 2.3 ([2]). Let a € (0,1), n > 0, then the following integrals
|€|2a—1 ‘§|2(x—1 +oo §2a+1
So(n, ) = ——dE, Si1(n,a) = | —5——5d&,S2(n, @) = —
ol 'i(a)/R T /R (R /0 ERCERE
are well defined.
As in [22], we introduce the new variable
z(x, p,t) = ue(1,t —sp), x€(0,1), pe(0,1), t>0. (2.2)
Then, we deduce that
$2 (2, 0,8) + 2, 1) =0, w € (0,1), p e (0,1), £ >0, (2.3)
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Therefore, by (2.2), (2.3), Lemma 2.1 and ( 2), system (1.1) is recast into the augmented model
st (2, 1) + (AUgz)gw (T, 1) — (DUig) s (:U t) +cu(z,t) =0, (x,t) €Q,

Pu(, &, t) + (€2 + (€, t) —2(z,1,)u(§) =0, (z,t)€Q, (€R,
sz(x, p,t) + 2p(z, p,t) =0, (2,t) €@, pe(0,1),
Bu(0,t) =0, t>0,
Uz (1,8) =0, >0,
+00 (2.4)
(@) (1,8) = (u)(1,8) = rix(e. 0.0+ [ p(@0(de, t>0. ¢eR

o(z,6,0)=0, z€(0,1), R,
z2(x,0,t) = u(1,t) (x,t) € Q,
u(z,0) = up(z), w(x,0)=ui(z), =€]l0,1],
z(x,p,0) = fo(z,—ps),z € (0,1), pe€(0,1),
where
v = ()"t sin(am)rs. (2.5)
Here, we claim that
yD,, = ron®t. (2.6)
We define the energy associated with the solution of the system (2.4) as

1 1 1 1 ~
B i= gl + 5 Vs 3+ 5 [Voua B+ 5 [veulg+ [

— 00

—+o0

) 1
s Pde+3 [ Iep)Pdp. (27)
0
where J is a positive constant satisfying
syD, < § < s[2r1 —~D,] (2.8)
and D, is defined in Lemma 2.2.

Lemma 2.4. Let (u,¢,2) be a regular solution of (2.4). Then, the energy functional defined by
(2.7) satisfies

PO < 2 w.0.0) + (2. 10) 29)
where C, ::min{(%—%DH),( - 1D, _7)}

2s

Proof. Multiplying the first equation in (2.4) by u;, integrating by parts over (0, 1), we obtain

dyl 1 1 1 oo
S Iuall3+ 5 Va3 + 5 1Vous |3+ 5 IVeul ) = ~rud(1) - / H(E)(E)dEus(1). (2.10)
Multiplying the second equation in (2.4) by ¢, andintegrating by parts over (—oo, +00), we obtain
d +o00 +oo +o0
3 eor) v [ @ nioPie - ste1n) [ a@s@ds 0. 21
Multiplying the third equation in (2.4) by éz and integrating by parts over (0,1) , we have
5
a8 [ eorak=-2 [ 220 = 2w - 2o, @
From (2.10), (2.11), (2.12) and using z(z,0,t) = u;(1,t), we obtain
dE +oo +oo
PO 2o - [ w@s@dcuv) - [ (€ +wloe)Pag
- —oo (2.13)
400 §
el L) [ O - 10~ Aa.0,0)
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By using Cauchy-Schwarz inequality, Young inequality, (2.8) and Lemma 2.2, we obtain

dE(t)
dt
gl v [T 2 2 g 2
< —T1Z2(.'L‘,O,t) + §Du22(x,0,t) + 5/ (€ + 77)|¢(€)‘ dg + §DNZ (.%‘, 1at)
oo oo § 2.14
22 [ @ wne@rde -y [ @ nloPde - 512w - Aoy HHY
1) 1
= —<% — gDu>22(l‘, 1,t) — (’I“l ~ 55 %Du>z2(x,0,t)
< —Co[2%(w,1,t) 4 22(x,0,1)].
The proof is complete. O

As in [7], we introduce the following weighted Hilbert spaces:
V2(0,1) := {u € H'(0,1) : u, is absolutely continuous in [0, 1], v/au., € L*(0,1) if a is (WD)},
V2(0,1) := {u € H*(0,1) : u, is locally absolutely cont. in (0, 1], au,, € L*(0,1) if a is (SD)},

1 1 1
(u,v)q := / wvdzx +/ Uy VpdT +/ AUy Vepdx, for every u,v € Vaz.
0 0 0

(2.15)
The previous inner products induces the related norm
ull3.0 = llullZz0.1) + luslZeo,1) + 1VaUzallFz0), ¥V u € VE(0,1). (2.16)
Also, we define the weighted space
H2(0,1) := {u € V2(0,1) : u(0) = 0}, (2.17)

endowed with the inner product defined by (2.15).

Proposition 2.5 ([7]). Assume a is weakly or strongly degenrate. For all uw € H?, we have

HU||%2(0,1) < ||Ux||2L2(0,1) < %H\/BU:EH%Z(OJ)a (2.18)
2
lug(1)|? < 2(%”\@%”%2(0,1) + m) (2.19)
We can find the proofs of (2.18) and (2.19) in [7]. We set
K(0,1) := {u € H*(0,1) : auz, € H*(0,1)}. (2.20)
Next, we introduce the functional spaces
HZo(0,1) :={u € H}0,1) : uz(0) = 0 if a is (WD)},
HZ,(0,1) := {HZ,(0,1) if a is (D)}, (2.21)

Ko(0,1) :={ue K(0,1) : u,(0) =0 if a is (WD)},
Ky(0,1) :={u € K(0,1) : (auy)(0) =0if ais (SD)}.

3. WELL-POSEDNESS

In this section, we aim to establish the well-posedness of system (2.4) through semigroup theory.
We consider v(x,t) = uy(w,t). Let U = (u,v,¢,2)", then (2.4) can be written as

Ut—AU:07

Up = (uo,u1,0, fo(=ps)) ", (3.1)
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where the operator A is defined by

R _(au:cac)acx + (bux);c — Cu
AU = —(&% + n)qi(f)(+)z(1)u(g) (3.2)
%P

with domain D(A) as follows:
UeH:ue K0,1),v€ HZ(0,1),
z, € L*(0,1),v = 2(-,0),
¢, [€]¢ € L* (o0, +00),

(3.3)
(& + (&) — 2(1)u(é) € L (—o0, +00),
+oo
(@)a(1) = bual1) = rrs(1) =7 [ (€0()dE =0
where the Hilbert space H is
H:=HZy x L*(0,1) x L*(—o00,+00) x L*(0,1) (3.4)

equipped with the inner product

1 1 1 1 1 +o0
(U, U)y = / m?dx—i—/ aumﬂmdx—l—/ bu$ﬂwdx+/ cuﬂdw—i—é/ zédac—i—’y/ P2de¢, (3.5)
0 0 0 0 0 —oo
where r1, 79 satisfy (1.2), and ¢ satisfies (2.8).
Proposition 3.1. Assume a is weakly or strongly degenrate. Then the operator (A, D(A)) is
nonpositive with dense domain and generates a contraction Co-semigroup (T'(t))i>0-
Proof. We proceed in the following two steps.
Step 1. We prove that A is dissipative: let U = u,v, ¢,z € D(A). We have

R(AU,U)y) < —Co[22(x,1,t) 4+ 22(x,0,1)] < 0. (3.6)

Then, A is dissipative.

Step 2. We show that I — A is surjective: given F = (f,g,h,l)T € H. We need to prove the
existence of U = u, v, ¢, z € D(A) unique solution of the equation

(I-AU =F, (3.7)
which is equivalent to the system
uUu—v= fv
U+ (QUgg)ze — (Dug)e + cu =g,
6+ (€2 +m)o — 2(Du(&) = h, (3:8)

—z, =1
z—i—szp

From (3.8),, we have

___h n(€)z(1)
¢_§2+n+1 E4+n+1 (3.9)
Combining (3.8); and (3.8),, we obtain
z=(u(l) — f(1))e " + s/op eTPI(r)dr, pe(0,1), (3.10)

v=u— f7
which satisfies z(z,0,t) = u(1,t) — f(1,t). Then, from (3.8),, it can be deduced that
(aUzz)ze — (D)o + cu+u=f+g. (3.11)
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Let ¢ € Hﬁ,o(O, 1). Multiplying (3.11) by v and integrating over (0,1), we obtain
1
/ (f+9)dx
0
1
= / [((aUee)ze — (bUug)z + (¢ + 1)ultpda
0
1
= / [auwwwxm + buxwx + (C + I)U’(/)]dl‘ + r1v
0

e h (3!
+7[m N(f)mdflﬁ(l)Jr’Y[M mdfz(%l)ﬂ/(l) (3.12)

1
= / [auxmwz:c + bumwm + (C =+ 1)u¢]dm “+ riv
0

400 h +o00 2
—rf(l) + ’Y/_ M(f)md&ﬁ(l) + 7/ gi@ﬂdﬁu(l)e‘s%(l)

oo 2(e) s o s(r=p)
—’Y/_Oo mdfﬂl)e pw(l)""}’s/o@ §2+77+1d§/ PU(r)drip(1).

Then,

1 (3]
/0 [(auxx);m - (bul)z + (C + l)u]¢d$ + (Tl + 7[@ m
M ' (3)

mdff(l)eisl) (313)

teo2(g) +oo0 h
s [ gt [Ce i [ e g de v,
So, the preceding equation can be written as
Llu, ) = M), Yo € Hy(0,1), (3.14)
where the bilinear form L(u, ) : HZ ((0,1) x HZ 4(0,1) — R is defined by

de™* u(1)p(1)

= /O (F + a)wDde + [ f(1) 7 /

L(u, ) : / [(@tgs)ze — (bug)z + (¢ + Dulpdr + Aju(1)(1), (3.15)
and the linear form M(v) : H2;(0,1) — R by
1
M) = [ (f +a)e)de + Ai(), (3.10)
where
_ R (S
e +”/ w @l 1)
Ag = A f(1) — s R df e (r)dr — ” (f)Ld@/i(l)'
. §2+n+1 _ E+n+1

It is clear that £ is a continuous and coercive form on HZ ((0,1) x Hg’o(O, 1) , and M is continuous

form on HZ ((0,1). Hence, according to the Lax-Milgram theorem, the variational problem (3.14)

has a unique solution v € HZ ((0,1). In particular, for any ¢ € D(0,1) (D(0,1) is dense in L*(0,1))
n (3.14), we obtain

1

/ [(aUzz)ee — (bUg)e + (¢ + Vujpdr = / (f + 9)¥(1)dx in D'(0,1). (3.18)
0 0

As (f +g) € L*(0,1), from (3.14), we deduce that
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B ecuase u € HZ((0,1), and auq, € H?(0,1). Thus, u € K¢(0,1) and solves (3.14).
Setting v := u — f, we obtain v € HZ ;(0,1). It remains to prove that U € D(A) and solves
(3.7). To this end, we need the following arguments. We define

h e

¢:£2+n+1 E+n+1

(3.20)

We need to prove ¢, |£|¢p € L?(—o00,+00). From (3.9), using Lemma 2.3 and the fact that h €
L?(—o00,+00), we have

+o00 ) +oo h2 +o0 u2(§>22(1)
J dfgz/_m (52+n+1>2d“/_00 @+rnrip®

o oo 2 (3.21)
< 2/00 mdf +25,2%(1) < o0
and
/;OO £g|2dE < 2/:0 @ fhil dé + /+oo gt;:; d¢ < . (3.22)
Then, we deduce that ¢, |¢|¢ € L?(—o0, +00). From (3.20), we have
—(€ + ¢+ u(€)z(1) = ¢ — h € L*(—o0, +00). (3.23)

Also, (3.14) holds for every v € Hg’O(O, 1) and integrating by parts, we obtain that

+o00 2
— (attge)x (1) + (bus)(1) + rru(l) + v/_ g/iff)ﬂ

+o0 2 +o00 h
=7r1f(1) +’Y/ gzljr(é)ﬂdfe_wf(l) - 7/_ M(f)mdf (3.24)

e (r—p)
+ d/ 57“;)1
78/00 €2+77+1§

Combining (3.20), we deduce that

dge™*Pu(l)

+oo
(attan)o (1) + (bu) (1) + rro(1) + / H(E)B(E) = 0. (3.25)

Therefore,
U e D(A). (3.26)

And the operator I — A is surjective. Then, A is densely defined in H. According to Liimer-Phillips
theorem, A generates a Cp-semigroup of contractions (see, e.g. [12]). O

Building upon Proposition 3.1 and following the approach in [5], we first establish the existence
theorem of the solution. To further achieve higher regularity of the solution in the time domain,
we apply the Hille-Yosida theorem [23], with the specific conclusions detailed as follows:

Theorem 3.2. Assume a is weakly or strongly degenrate. If Uy € H, then problem (2.4) admits
a unique weak solution satisfying

U(t) € CO(RT; H).
Moreover, if Uy € D(A), (2.4) admits a unique strong solution U satisfying
U(t) € CHRT, H)NC°(RT, D(A)).
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4. STABILITY RESULT

In this section, we consider the exponential stability of problem (2.4), we will present this
result based on the Lyapunov functional method. At the beginning of this section, we study the
degenerate elliptic equation associated to problem (2.4), which is crucial to obtain the stability
result of problem (2.4).

Proposition 4.1. Assume a is weakly or strongly degenrate. Define

1 1 1
lyl? = / a(yse)2da + / b(ye)?de + / ey de (4.1)

for all y € Ko(0,1). Then the norm - and || - ||2,o are equivalent on Ky(0,1). In addition, for all
A1, A3 € R, the variational problem

1 1 1
/ ayxxwxxdo:+/ bywxdwr/ cypdr = Ao(1) + Xaps (1), Ve € Ky(0,1) (4.2)
0 0 0

admits a unique solution y € Ky(0,1), which satisfies the following estimates:

1
Il* < C3 b, i @ [1YllZ20,0) < %Cﬁ,u,bo,KQ,av (4.3)

/ 1
C)\,p, bo,Ka,a -+ |)“ + |/1’|\/2 max 1)(2 K ) } (44)

Moreover y € D(A,) := Ko(0,1) satisfies
Aay = (WWza)az — (Wa)o + cy =0,
(by2) (1) = (ayza)x(1) = A1, (4.5)
a(1)Yza(1) = A2
Proof. From (2.16) and (4.1), we directly obtain the estimates

1 1 1 1 1 1
/ a(yaca:)QdI + / b(yac)QdI + / Cy2dx < / a(y:c:c)zdx + by / (yar)Zdz +c1 / yZdI
0 0 0 0 0 0 (4.6)

< max{cy, bl}”yH%?(O,l)

with the constant

and

1 1 1 1 1 1
/ a(yon)de + / b(ys)?de + / Pl > / 0(y20)2d + bo / (y2)2d + co / e
0 0 0 0 0 0 (4.7)

> min{co, bo H|yl320.1)-

Thus, the first part of Proposition 4.1 holds in Ky(0,1).
Now, we consider the bilinear and symmetric form A : K((0,1) x K(0,1) — R such that

1
Ay, ») ::/ aymsomdwr/
0 0

It is straight forward to prove that A is coercive and continuous. Now, consider the linear functional

L(p) = Mp(1) + Aoz (1), (4.9)

with ¢ € Kp(0,1) and A1, Ay € R. The functional £ is continuous and linear. Thus, by the
Lax-Milgram theorem, there exists a unique solution y € Ky(0,1) of

Ay, ) = £(p) (4.10)

1 1
by$g0$dx+/ cypdz. (4.8)
0

for all ¢ € K((0,1). Then, we obtain

ly(DI? < 5 1Vbyalli2(0,1) < 55 IWlI%, (4.11)
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and

IVayze I3
e < 2(E Ve 220, + —aries) < 2max{ &, sy pll? (412)

Combining the above results, we have

WP = Aup(1) + Ao (1) |A|\f +|u|\/2max e @)

Il < Dy + IuM?max TCErle (414)

Moreover, by (2.18), we have

Thus

1 1
Iyl Z20.) < %Hly\ll2 = %Ci,p,bo,Ka,a‘ (4.15)

Now, we prove that y belongs to D(A,) and solves (4.5). To this aim, consider (4.10) again. It
is clear that (4.10) holds for every ¢ € C2°(0,1), so that

/o [(aY2z)ea — (WYa)z + cyledr = 0, (4.16)

then (ayusz)ze — (bYz)e + cy = 0 a.e. in (0,1), in particular, for y € Ky(0,1), we have A,
(@Yzz)2zx — (bYz)z + cy € L2(0,1), which implies that ay,, € H?(0,1), then we deduce that
y € Ko(0,1). Moreover, let ¢ € Ky(0,1), combining (4.5) and (4.16), we deduce that
1 1 1
/ AYrzPradt + | DYppadx + / cypdr = A1p(1) + A2z (1)
0 0 0
if and only if

((bym)m(l) - (aya::z:)m(l) - /\1)90(1) + (a‘(l)ymx(1> - )‘2)9030(1) = 0,

and y,(0) = 0 in the weakly degenerate case and

/0 aymwmd:wr/o byxwxdx+/0 cypdr = Ap(1) + Aapa (1)
if and only if
((by)(1) = (a¥Yaa)z(1) — A)@(1) + (a(D)yza (1) = A2)pz(1) = (aYuz)(0)¢p(0) = 0

in the strongly degenerate case. Thus,

(by2)2(1) = (aYaz)2(1) = A1, a(1)yza(1) = Ao (4.17)
and (ay..)(0) = 0 in the strongly degenerate case. To sum up, the proof is complete. O

From now and on, We focus on the stability result of the system. The main result of this paper
is based on the following theorem presented in Kormonik’ work in [I4].

Theorem 4.2. Suppose that E : [0, +00) is a non-increasing function and that there exists N > 0
such that

/ T B(s)ds < NE(t), Ve [0,4+00). (4.18)

Then we have
E(t) < '™~ E(0), Vt € [N, +00). (4.19)

We consider the Lyapunov functional
L(t) = ME(t)+I1 +M1[2+I3. (420)

Here,

! Ka b,c
I ::/ U (2acuz + #u)dm, (4.21)
0
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1
Iy = g/o e %2 (p)dp,
+o0 t 2 +oo
hi=d [ @ sn] [ swen e T [ e e
where

s [t 1(&uo(1)

F = £2+77/0 fO(‘T7 pS)dp+ €2+77 ’

Ka,b,c = max {Kaa Z%a Z%} < 2’

and M, M are positive real numbers to be chosen appropriately later.

(4.22)

(4.23)

(4.24)

(4.25)

Lemma 4.3. Assume a is weakly or strongly degenerate, and (1.2) and (2.8) hold. Let (u,$, z)

be a regular solution of the problem (2.4). Then, the functional I in (4.21) satisfies

T 2 (Dua(V) + B — (1) + S5 ) V(1)

— R () (1) + (1)

Kope /1 2 Kaope dcobg + 3cico ! 2
—3—7”) d—(l— be ) bu2d
( 2 ) ), @t 2 2¢obo o at®

1 1
Co KabAc) 2 ( Kabc)/ 2
(- = 05 de — (1 — Z222¢ d
( 4Co+ 9 /0 cu”dx 9 | Uy AT

where K. is defined by (4.25).

Proof. By taking the time derivative of (4.21), we obtain

dI ! Kope (1 ! Kope [*
- 2/ TUsp U AT + —abe / ugudr + 2/ TU UL AT + 771)’/ u?dw

= 2/01 [f (aUgs)za + (bUg)s — cu} (zuy)dx

I

K(;b’c [— (Uzz)zw + (DU )z — cu] ~udz

_|_

I 2

2 Kabc ! 2
+x(ut)xdx+#/ uydx .
0

I3
Then, we have

1

L= {— 2(atpy) s - (xuz)}o +2 /Ol(aum)m(um + TUgy)dx + {2(bux) . (xux)} '

0
1

1 1
- 2/ (bug) (ug + TULy )dx — {xcuz] + / (c+ zc)u?dx
0 0

0
= —2(atgy )z (ug (1) + b(1)u2(1) — c(1)u?(1) + /0 (—3a + xa' 2 dx

1 1
—|—/ (—b—i—xb’)uidw—l—/ (c + xc )u?de,
0 0

(4.26)

(4.27)

(4.28)
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U Kape [
4 Dabe / (aUzy) p Uz dz
0 2 0

K, 1 K
+|: (;b,cbu;cu} _ a,b,c

Kape
I, = T’b’ |: - (auzz)zu}

1 1
K
buidr — aTbc/ cu*dx
0 0 (4.29)

Kape [ Kape [ Kape [
= —7’177/ au?,dx — 7”5’/ buldr — 7”5’/ cu’dx
2 Jo 2 Jo 2 Jo

S5 ) (Du(1) — 5P ) (1),

and

1 1 K 1 K 1
L= {xuf}o - / uidx + aTbc/ uidr = (aTbc - 1) / updz + ui(1). (4.30)
0 0 0

Substituting (4.28), (4.29) and (4.30) into (4.27), we obtain

an,
dt

= 2t ) (Votg (1) + B2 (1) — eV (1) + 755 () (1)u(1)

Ka c 1 Ka c
_ Tvb’(auww)w(l)u(l) + u%(l) + / ( —3a+xa — 2,b77a)uixd.%‘
0

1 1 (4.31)
K(l C Ka c
—|—/ (—b—l—xb’—i’b’b)uidm—l—/ (c—i—mb’—i’b’c)qux
0 2 0 2
1
K
—|—/ (*a’b’c — 1)ut2dx.
O 2
Using (2.18), (1.10) and (4.25), we deduce that
dl Kape
UL < (e (1) + D) (1) (1) + 52 (g ) (1)u(1)
Kope Kape\ [*
— S (g )o (V) + (1) = (3= Kape + =5 /0 au?,dx
K 4cgbg + 3c1c ! (4.32)
a,b,c 000 162 2
(1-K,,. be ) buld
( b, + 2 200b0 /0 Ua0®
Kape) [ Kape\ [
—(—E-i- b, )/ cugdw—(l— b, )/ ufdm
460 2 0 2 0
where
C2 Kabc 3Kabc Kabc
Il At A Rt bt bR 0 _2 T L 0
4co 2 =4 = t—y =0
Kope 4eobo+3 Kope
_14 Rabe | 4% o + 3C1C2 <0, —14 —sabe g O
2 260()0 2

Lemma 4.4. Assume a is weakly or strongly degenrate. Let (u, ®,z) be a regular solution of the
problem (2.4), then, the functional Iy in (4.22) satisfies

dl> Css o 0 o
PR Q) PO L 1 — 4.
pra 5, * (1) + 557 (0) (4.33)

where Cy 5 is defined by (4.35).
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Proof. Differentiating (4.22) with respect to ¢ and using the third equation in (2.4), we obtain

dly 61 2 9/ [' .,
E*ii;a(/oe Z2idp) |
sr 1 /1 L0 0 o
o
2L 5(0 ot )} 1 (4.34)
_0r 1 o L 5 / —2sp(.2
=53¢ 2(1)4—82(0)4—206 (z%)dp
Css o J 5
<y — =202y 4 2
<-I 232()+25z(0)
where
66725
5.8 = . 4.
Cs.s 55 (4.35)
O

Lemma 4.5. Assume a is weakly or strongly degenrate. Let (u,®,z) be a regular solution of the
problem (2.4). Then, the functional I3 in (4.23) satisfies

dI 2 1 D D +o0
B2 [ s B+ 222 - T [ (e
dt 461 0 461 4&‘1 2 —00 (4 36)
2ron®Lsin(ra)e;  sin(ra)e;ron® ! /+°° 9 9 .
k Dor w @ ene©
where €1 s a suitable positive constant.
Proof. By taking the time derivative of (4.23), we have
dI —+oo t +oo
B3 @] deendrsFlowend ey [ o@aa @)
—o0 0 —00
Using the second equation in (2.4), we have
t t t
| et nr+ @) [ olaerar=u© [ nar (435)
0 0 0
Then, we obtain
t t
1(§) p(z,§,1)
o(x, &, 7)dr = /zldr—i. 4.39
0(5) £2+n0() . (4.39)
Using the third equation in (2.4), we obtain
1
2(p)dp+ 2(2,1,8) — #(2,0,8) = 0, (4.40)

Sa .
ty 1 1 . 1 1
s/ —/ z(p)dpdrzs[/ zd,o} :s/ z(x,p,t)dp—s/ z(z, p, 0)dp. (4.41)
o 0t Jo 0 0 0 0

Observe that

¢ 1 1
/0 z(l)dT:s/O zders/O folx,—sp)dp + u(1,t) — u(1,0). (4.42)
Therefore,
4.43
L [ iy D [y SO ) ot A
& +nJo E4nty &+n &+n E4n
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Substituting (4.43) into (4.37), we obtain

+oo 1 +o00
% = —%/ su(é)/o z(p)¢(§)dpd£+1/ p(€)u(1)p(£)ds

o o 2J oo . (4.44)
o [ oo - [ @ rmeen-] [ e

Now, we will estimate the term on the right side of (4.44). Using the Cauchy-Schwarz inequality,
Young’s inequality, (1.2) and (2.6), the first three items on the right can be written as follows:

+o0 1
3o [ oot

_200 1 2D oo
= % o Z(p)dp + 7Tlﬁl/_m (€% +m)e*(€)dE (4.45)
_ s?r ' sin(ma)eyron®=t [T
-5 /O z2(p)dp+T/7m (§2+77)¢2(§)d§,
oo D 2 400
g/ w(&)u(1)p(€)ds < %ﬁ(l) + %/ (€2 + n)p2(€)de
- : C (4.46)
a—1 g; +o00 .
< %uz(l) 420 4;1n7(r7r04)€1 / (€2 + n)o?(e)de,
H —o0
and
ol +oo TQD# ) 7251 +oo ) )
5/ 1(€)z(1)p(&)dE < e G (1) + 4—/ (&% +n)p°(&)dE
h : co (4.47)
a—1 g; +o0 .
%22(1) L T2 4;1n7(r7ra)51/ (€ + )8 (€)de
" —0o0

where v and D,, are defined in (2.5) and Lemma 2.2. Then, we obtain

1

dl; s D D e
22 < zﬁ 2(p)dp + rfl 2 (1) 4+ 2R 21 — 1/ ¢*(€)de
€1 Jo €1 451 2 —00 (4 48)
2ron®~lsin(ra)e;  sin(ra)eyren® 1ty [T, 2 .
- [y LR SRRAT | [ (€ e (€)de,
w — 00
where 1 € (0, W;ﬁ). U

Next, we estimate L(t) and L'(t). Before estimating L(t), we present the following lemma.

Lemma 4.6. Assume a is weakly or strongly degenrate. Let (u,®,z) be a regular solution of the
problem (2.4). Then

“+ o0 t 2
2] @] [ otwen+ ]
3‘°° . 0 ; . (4.49)
< ﬁ » P2 (€)de + %DHuQ(l,t) + (% + %SZDM) /0 22(p)dp.
Proof. Using the second equation in (2.4), as in (4.43), we have
o e 2 '
3 s [ nco ol

1
< 160w 6.0)+ u(1.0u©) = sue) | 2(p)dp.
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Therefore,
v “+o00 t 2
1] @vn| [ swen v F]ag
—00 0
< V/M P©) g+ Ip oty + 12D, [ (o)
T gt T, (4.51)
+oo 1 .
gl ¢(£)M(£)U(1,t)/
— e dpd
v [ HOEEELD [ape
+oo +o0 1
v P(§)p(&)u(l, ) 7/ Jo #(p)dp
+ - —=r——dE+ = =L dE.
3 [ PR e [ su@e 2 e
Using Cauchy-Schwarz, Young’s, Cauchy-Schwarz, Hoder’s inequality and the fact that ﬁ < %,
we have
v +o0 ) t 2
1] @] swen+ | a
—o00 0
S v v ' v v [
<= *(&)dé + —~D,u?(1,t) + —sQD,,/ 22(p)dp + ~D,u*(1,t) + f/ 22(p)dp (4.52)
an ) . 4 4 o 4 14/,
+o0 2 1 “+o00
Ty 2 8l 2 5" Dy 2 v 2
Ip21 L I Zw L .
+ 3D+ L [ oae+ TR [ s L[ oo
By organizing the above inequalities, we obtain (4.49). O

Lemma 4.7. Assume that a is weakly or strongly degenerate. For M > 0 large enough, there
exist two positive constants l1 and ly such that

LE(t) < L(t) <LE(), Vt>0, (4.53)
where
li:=M—Cgpe, lo:=M+Cgyppe- (4.54)
Proof. Recalling the definition (4.20) of L(t) and setting
G(t) =1 + My, + I, (4.55)

where I, I, I are given in (4.21)-(4.23), and M; is a suitable constant defined in (4.67). From
(4.21), (4.22) and (4.23), using Young’s inequality and Poincaré inequality, we have

1 Ka . 5 1
G| < | /0 e (2, + 220 | 4 | /O =222 p)dpl

+oo t 2 +oo
w3 [ @] [ owenrlaer] [ @wena
4o 0 2 oo (4.56)
Ka,b,c 2 d ! 2
e |Veulao + 5 | 0o
+oo

w2 [ @ [ swen v raer ] [ omen

— 0o —00

Ka,b,c 1
< (14 75 ) Ielaoy + 5 V0wl +

Then, by using Lemma 4.6, we obtain

G(?)]

Ka,b,c 2 1 \/’ 2 Ka,b,c 2 0 ! 2
< (1 + T)HutHLz(o,n + %H bual|72(0,1) + ?”\ﬁu“ﬂ"(o,l) T3 : z=(p)dp

3y [T 3 1 +Oo
+ ﬁ o ¢*(€)de + %Duuz(lat) + G - %52%) /0 Sl)dp+ % /_oo o
S Ca,b,cE(t)

(4.57)
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where Cy p,c := max{2 + K“éb’c, %, Kzac’l;’c 1+ ‘;%, 1+ 77(1+3§2D“)}. Therefore,

|L(t) — ME(t)| < Cap.E(t) (4.58)
So, we can choose M large enough such that l; := M —Cpp > 0and ly := M +Cgp, > 0. Then,
we deduce the desired result. O

Based on the previous lemma, we give the following proposition, which is crucial for our main
result.

Proposition 4.8. Assume that a is wealy or strongly degenerate. Let (u, ¢, z) be a regular solution
of problem (2.4), for M > 0 large enough. Then

%it) < —201E(t) 4 Ca(u*(1) + u2(1)) (4.59)

where Cy,Cy are defined in (4.63), (4.64), and M satisfies (4.68).
Proof. Combining Lemmas 4.3, 4.4 and 4.5, we have

— (atge) 2 (1)us (1)

+oo

= [~ tu) = nw) = [ p©olee]u) (4.60)
1 2 D a—1 o3 +oo
< - G + () ¢ 22 g I AT [
and
Ka C
[~ (attzs)o (1) + (bus) (D] (=52u(1) + (1)
+Oo K(l C
— [ u©o©)d (T u) + 1)
1 9 r? 9 bW Kape o r?ey 9 KopeDy o
< ib(l)uz(l) + 2b<1)ut(1) + "o, (1) + Zb(l)ut(l) THU (1) o
Ka . 2 +oo 1 D 2 +oo .
+ bl [ e+ () + Tt [+ et
11 b(1) Kape 2
= (34 2+ SR + Z2a)
KapeD Koperan® lyes  ran® lyesy [
+ RebeDtyp(1) ¢ (Rebelil 05 IR [ e g e,
Then
dL(t SM 2(1
% < 204 E(t) + Ca(u2(1) + u2(1)) +( o ”(Qbafl))z%o)
CS(S TQD
(S50
2s 461
7 trgsin(am) (2 + Kap.e)(e1 + €2) oo 9 9
[v- b ] | @+ nee (4.62)
SMy  r3(1+¢1)
< —201E(t) + Ca(u2(1) + u2(1)) — (MCe — 12b(1) )22(0)
CS’(; TQD 2
- (MCE_ 2 451#)2 (1),
where
s Ka,b,c Ka,b,c 4CObO + 30201 C2 Ka,b,c Ka,b,c 827"2
Cl.—mln{3— 5 , 1= 5 deoby 7_E+ 5 , 1= > ,1,M1—?16}7

(4.63)
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roDy  b(1)Kape | KapeDu b(1)
= ) - o en 464
i max{ e " 2e9 N deg 7 e }’ (4.64)
§ D
max{z“;;\; 74(M7“2 2 )}
1 e
Amr 4max{1,D,,b(1)} (MC, — Ce2)2p(1) — 12 (4.65)
Ssl Smln{ i ’ i — &2, 252 }7
Sln(aﬂ-)(Q - D/‘) na_l(Q + Ka,b,c) L
4max{1,D,,b(1)}
: ’ 4.66
P52 Kae) (4.66)
%1y 2sMC,
900 =M< : 4.67
2516 - 1= ) ( )

where C.,e1,e9 and M are given in Lemma 2.4, (4.65), (4.66) and (4.67). We choose M large
enough such that

oM C
Lo, 3 0
2s

Then, we obtain (4.59). O

MC, —

(4.68)

Based on Proposition 4.8, we have the following lemma.

Lemma 4.9. Assume that a is weakly or strongly degenerate. Let (u,d,z) be a regular solution
of the problem (2.4), for any r € (0,T), then

T T
20 / BE(t)dt < L(r) — L(T) + C / (W2(1) + u2(1))dt (4.69)
where Cy and Cy are defined in (4.63) and (4.64), respectively.
Proof. Using Proposition 4.8, and integrating (4.59) over (r,T'), we obtain the estimate (4.69). O

Next, we estimate u?(1) + u2(1).

Lemma 4.10. Assume a weakly or strongly degenerate. Let (u,®,z) be a regular solution of the
problem (2.4). Then

T T
| @+t < Calen [ B+ Coy (B + ET) + Con (B ~ BT, (470)
where Cy,, Csp, and Cs are defined by (4.81), (4.82) and (4.83).

Proof. Multiplying the first equation in (2.4) by y and the first equation in (4.5) by u, then
integrating over (r,T) x (0, 1), we obtain

T 1
r 0
1 T T
| / wyde| + / @tz ) (1) — (bus)(D]y(1)dt — / / wyededt  (471)
/ /aumymdxdt—i—/ /buLy»dedt—&—/ /cuydxdt

0= / / ayacz T byz) + cy]u dx dt

T .1 T 1
= / / AYpalley dr dt + / / byz s dr dt + / / cuy dz dt (4.72)
T 0 T 0 T 0

[ (000 ~ (ot [ ) O

T

and
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Let A1 = (1), A2 = u,(1), and using the boundary condition (2.4), 4 and (4.5),_5, we have

/TT /01 upypdt — [/01 utydw]TT

= [ (7 [ @@y + [ ez

— 00

(4.73)

Integrating (2.13)) over (r,T'), we obtain

E(T) — E(r) = /T —ryuZ(1)dt

T +oo T 400
- / N /_ 1(€)B(E)duy (1)dt — / y /_ (€ +lo©Pdedt (4.74)

T “+00 T
[ e [ w@edear- [ 3120 + 20

where z(x,0,t) = u(1,t). Using Cauchy-Schwarz and Young’s inequality, combining (1.2), (2.6),
(2.8) and (4.74), we have

T DT T
/ (u? dt</ / upys dr dt — / utyda:] —|—T1€ L uf(l)dt—i—rlj?’/ y*(1)dt
r 3 r r

T .
/ / (€ + (€ ez R

T

/ / MO+ /T,Tvz@cal»t) /mu(&)qﬁ(f)dﬁdt

— 00

- / 2%[%(1) <o>1dt+% e+ D0 [ ar

" T T 1 1 T
)/ z2(0)dt—|—/ / Uty dx dt — [/ utydx}
r r 0 0 r

T “+o0
-3 [ @rneas (2

3
T 1 T rD, T D T
S/ / ugyy dx dt — / utydx} +( 18 —7‘1)/ 2(0)dt + (7’1;:3 —|—72“>/ y2(1)dt

+ E(r) T)+~D, / 0)dt +~D,, / / [z2(1) + 22(0)]dt

T D T T
< / / ugyy do dt — / utydx} + (M - 7‘1)/ 22(0)dt + (@ + ) / y*(1)dt
r 0 0 T €3 r 4 2 r

+E(r)— E(T) +r, /T 22(0)dt + 1, /T 22(1)dt — /T;S[zm) + 22(0)]dt

T

< /TT /01 ugyy dx dt — [/01 utydmLT +E(r)— E(T)+ (7‘1463 + 5) /TTyQ(l)dt
+(—;+r1)/T ()dt+<—i+r1€§#>/rTz2(0)dt
/ / ugyy dx dt — / utydeT +E(r)-E(T)+ (% + %) /TT y?(1)dt

) TlDM}/T(z2(1)+22(0))dt»

)
+ ma {——+r ,——+
x 2s ! 2s €3 r
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where €3 < %. Using Lemma 2.4, we obtain
T
JRGOEREE
T 1 1 T T
< / / upyy da dt — {/ utydx} +E(r)— E(T)+ (% + %1) / y*(1)dt
r 0 0 r T
) § mD,y [T 1 dE(T)
- — - - dt
+ max{ 5% + 71, 5% + = } /r C.dl (4.75)
T 1 1 T T
< / upydt — {/ utydm} +E(r)—-E(T)+ (% + %) / y*(1)dt
r 0 0 r r
max{ — %—i—n,—%—l—%ﬁ”}
+ (E(r) — E(T)).

Now, we estimate the term frT fol uys dz dt. Differentiating (4.5) with respect to ¢ yields
Aoy = (a(Yt)aa) ez — (0(Ye)z)z + ey =0,
b(y)o)(1) = (a(ye)wa)x(1) = A1, (4.76)
a(1)(yt)zz (1) = Aa.

Then, y; satisfies the conditions of Proposition 4.1, so

2 1 1 1 r
IyellZ2(0,1) < b Ll < b*maX{b Qmax{bo m}}/ (u®(1) +uz(2))dt.  (4.77)
where the norm - is given in . Thus, for g4 > 0, we have

/ /utytdmdt<—/ /utdmdt—i——/ /ytdasdt

max{b ,2max{b ,m}} /T(ug(l)Jruz(Q))dt

boes *

§54/T E(t)dt +

T max | g , 2max %,7(1 T 21—Ka
§54/ E(t)dt + o C{l:)&; ol )}}(E(r)—E(T)).
r eV0

Combining Proposition 2.5 and (4.77), we obtain

[/Olutydx}jgmax{l,bimax{blo 2max{b10 m}}

b T ] B+ ),

I )/TyQ(l)dt
5(%”5)111 (oo 2mes (g e 1)

xmax{bgo M}[T(ug(l)—&—ui(l))dt.

Thus, (4.75) can be written as

T
/ (W2(1) +2(2))dt

< 54/TE(t)dt+max{1,;)max{bloﬂmax{blo, m}}

X max{

By a similar process, we obtain

"
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xmax{bo e =K )(22_K)}}(E(7‘)+E(T))
2 (rie 1 1
+%( <t 2) {% 2max{b0 a(l )(2—Ka)}}

X max{b?; M} /TT(UQ(I) +uZ(1))dt

maX{b 72max{§vm}} max{— %4_7“1’%_531)“}

Ceboea + . )(E() - E(T)).

Recalling (1.2) and choosing

€3 <min{2sr(15D”,?(max{;ﬂmax{;{)am}}
—1
xmax{b?; M}) _2}’

Ch, ::max{l ;max{bo 2max{b10 M}}max{fo M}}, (4.81)

+(1+

(4.80)

Crp, = (1+max{b10,2ma;{bi;a(1)(21_l<a)}} +max{ +C7”:,2g e3Dy, }>7 (452)

2 1 1 3 2 -1
Coi= [ (0 + ) max (g 2max (g PIEE o e T M}L "
we obtain the desired estimate (4.70). O

Theorem 4.11. Assume a is weakly or strongly degenerate. Let (u, ¢, z) be a reqular solution of
the problem (2.4), we have

E(t) < e'"~E(0), Vte[N,+o0), (4.84)
where N > 0 is given by (4.88).

Proof. Using Proposition 4.8, Lemma 4.9 and Lemma 4.10, we have
(201 — £4C5) / U Byt < L)~ L(T)+ CoCsCay (B(r) + E(T)) + CoCsCin (B(r) — E(T)) (4.85)
By choosing ¢4 € (0, %), we deduce that

/T E(t)dt < (201 — £4C3) ' [L(r) — L(T) + CoC3Cy, (E(r) + E(T))

+ C2C3Cs 4, (E(r) — E(T))].
Combining this with (4.53), we have 1 E(r) — o E(T) < L(r) — L(T) < l2E(r) — 1 E(T). Then

(4.86)

T
/ E(t)dt < (2C1 — 6403)71(12 + C3C5Chy, 4 2C5C3C5 4, ) E (1), (4.87)
where
N = (201 — 6403)71(12 + CQOngO + 2020305,[)0), (488)
and N is related to My, o, a,b,c. O
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