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STABILIZATION OF A DEGENERATE BEAM ON AN ELASTIC

FOUNDATION WITH AXIAL FORCE UNDER FRACTIONAL

DERIVATIVE-TYPE DELAYED BOUNDARY FEEDBACK

LANZHI CAO, SHENG-JIE LI, SHUGEN CHAI

Abstract. In this article, we investigate the exponential stabilization of a degenerate Euler-

Bernoulli beam on an elastic foundation with axial force. The control input at the boundary
features a fractional derivative-type delay. We construct a tailored Lyapunov functional, specif-

ically designed to offset the effects of time delay and capture the intrinsic internal dynamics of

the degenerate beam, thereby rigorously establishing the exponential stability of the system.

1. Introduction

This article investigates a degenerate Euler-Bernoulli beam equation fo the form

utt(x, t) + (auxx)xx(x, t)− (bux)x(x, t) + cu(x, t) = 0, (x, t) ∈ Q,

Bu(0, t) = 0, uxx(1, t) = 0, t > 0,

(auxx)x(1, t)− (bux)(1, t) = r1ut(1, t) + r2∂
α,η
t u(1, t− s), t > 0,

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ [0, 1],

ut(1, t− s) = f0(t− s), t ∈ (0, s),

(1.1)

where Q := (0, 1) × (0,+∞), u0, u1 and f0 are the initial data given in suitable function spaces.
a ∈ C0[0, 1], with a > 0 on (0,1] and a(0) = 0, the constant s > 0 represents the time delay. r1
and r2 are positive real numbers such that

ηα−1r2 < r1 < b0

(
max

{ 1

b0
, 2max

{ 1

b0
,

1

a(1)(2−Ka)

}}
max

{ 3

b0
,

2

a(1)(2−Ka)

})−1

. (1.2)

In particular,

Bu :=


u(0, t) = 0,

ux(0, t) = 0, if a is weakly degenerate (WD),

(auxx)(0, t) = 0 if a is strongly degenerate (SD),

(1.3)

The notation ∂α,ηt stands for the generalized Caputo’s fractional derivative of order α, α > 0, with
respect to the time variable. It is defined as follows

∂α,ηt u(t) =
1

Γ(1− α)

∫ t

0

(t− τ)−αe−η(t−τ) d

dτ
u(τ) dτ, η ≥ 0. (1.4)

Frist, we provide a brief explanation of the definition of the Caputo’s fractional derivative
∂α,ηt u(t − s). Let us define v(t) = u(t − s). Then, d

dtv(t) = d
dtu(t − s). Thus, the form of the
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Caputo’s fractional derivative can be written as

∂α,ηt v(t) =
1

Γ(1− α)

∫ t

0

(t− τ)−αe−η(t−τ) d

dτ
v(τ) dτ

=
1

Γ(1− α)

∫ t

0

(t− τ)−αe−η(t−τ) d

dτ
u(τ − s) dτ,

(1.5)

i.e.,

∂α,ηt u(t− s) =
1

Γ(1− α)

∫ t

0

(t− τ)−αe−η(t−τ) d

dτ
u(τ − s) dτ. (1.6)

The degeneracy of (1.1) at x = 0 is measured by the parameter

Ka := sup
x∈(0,1]

xa′(x)

a(x)
. (1.7)

And, we say that

a is weakly degenerate (WD) if a ∈ C0[0, 1] ∩ C1(0, 1] and Ka ∈ [0, 1),

a is Strongly degenerate (SD) if a ∈ C1(0, 1] and Ka ∈ [1, 2).
(1.8)

The condition Ka < 2 is essential for the ensuing analysis. The axial force disturbance function b
and foundation’s stiffness coefficient c (c > 0) satisfy the following conditions

b, c ∈W 1,∞(0, 1),

0 < b0 ≤ b(x) ≤ b1, 0 < c0 ≤ c(x) ≤ c1, ∀x ∈ [0, 1],

|b′(x)| ≤ b2, |c′(x)| ≤ c2, ∀x ∈ [0, 1],

(1.9)

where b0, b1, b2, c0, c1, c2 are positive constants satisfying

4c0c1 + 3c1c2
2c0b0

< 2−Ka,b,c, (1.10)

where the constant Ka,b,c is given by (4.25) below.
The control of flexible structures - typified by Euler-Bernoulli beams (e.g., [18]) - stands as

a foundational component of modern engineering, with pivotal applications spanning aerospace
structures [28], robotic manipulators [13, 17], long-span bridges [4], and precision instruments
[27]. In these application domains, the structure interacts with its environment being mounted
on an elastic foundation or subjected to significant axial loads [19]. This interaction is typically
modeled by two key terms: a distributed restoring term, cu, representing the elastic foundation,
and a geometric term, (bux)x, representing the axial force. The cu term represents an elastic
restoring force (elastic foundation) proportional to the transverse displacement u, where c > 0 is
the foundation’s stiffness coefficient. The (bux)x term captures the geometric stiffness induced by
the axial load. Collectively, these terms critically influence the system’s vibrational dynamics and
stability.

Consequently, a particularly challenging scenario arises when the beam exhibits material degra-
dation or geometric tailoring, leading to a loss of stiffness at a boundary. This degeneracy, mathe-
matically characterized by a flexural rigidity coefficient a(x) that vanishes (e.g., a(0) = 0), renders
classical analysis tools ineffective and demands a formulation in weighted Sobolev spaces, see [7, 8].
In [7], the authors considered the following viscoelastic beam

utt(x, t) + (auxx)xx(x, t) = 0, (x, t) ∈ (0, 1)× (0, T ),

u(0, t) = 0, t > 0,

ux(0, t) = 0, if a is (WD), t ∈ (0, T )

(auxx)(0, t) = 0, if a is (SD), t ∈ (0, T ),

βu(1, t)−
(
auxx

)
x
(1, t) + ut(1, t) = 0, t ∈ (0, T ),

γux(1, t) +
(
auxx

)
(1, t) + utx(1, t) = 0, t ∈ (0, T ),

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ (0, 1),
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where β, γ ≥ 0. Within the framework of weighted spaces, they examined the boundary stability
of above system.

While the stabilization of non-degenerate beams is well-established (see for example [9, 10,
24, 25]), research on controlling degenerate systems, particularly under the combined effects of
an elastic foundation and axial force, remains considerably limited. A further layer of practical
complexity is introduced by time delays, which are invariably present in sensor and actuator
signals and can destabilize an otherwise stable system [11]. Consequently, the stabilization of
time-delay systems has garnered significant attention and remains an active area of research in
both mathematical control theory and engineering applications (e.g., [15, 16, 21, 26]). Notably,
the fractional derivative-type delayed feedback (see for example [3, 1]), which incorporates the
system’s state history through fractional calculus, provides a powerful framework for modeling
complex memory effects and hereditary properties in both materials and control systems. The
preceding analysis substantiates the necessity of this investigation.

This paper is organized as follows: In section 2, we introduce the functional framework and
reframe the system (1.1) into an augmented system, followed by relevant preliminary lemmas and
key preparatory work. In Section 3, we establish the well-posedness of the augmented system by
employing the semigroup theory. Finally, we derive the exponential stability result via the method
proposed by Komornik [14], and this stability result is closely associated with the order of the
fractional derivative in Section 4.

2. Preliminary and augmented model

This section is devoted to defining the functional spaces employed throughout the paper and
reformulating the problem (1.1) into an augmented system. We start with the following lemmas.

Lemma 2.1 ([20]). Let

µ(ξ) := |ξ|
(2α−1)

2 , ξ ∈ R, 0 < α < 1.

Then the relationship between the “input” U and “output” O of the system

ϕt(ξ, t) + (ξ2 + η)ϕ(ξ, t)− U(t)µ(ξ) = 0, ξ ∈ R, t > 0, β ≥ 0,

ϕ(ξ, 0) = 0,

O(t) = (π)−1 sin(απ)

∫ +∞

−∞
ϕ(ξ, t)µ(ξ)dξ

(2.1)

is given by
O := I1−α,ηU,

where

Iα,ηu(t) :=
1

Γ(α)

∫ t

0

(t− τ)α−1e−η(t−τ)u(τ) dτ.

Lemma 2.2 ([1]). If λ ∈ D = {λ ∈ C : Reλ+ η > 0} ∪ {λ ∈ C : Imλ ̸= 0}, then

Dµ :=

∫ +∞

−∞

µ2(ξ)

λ+ η + ξ2
dξ =

π

sin(απ)
(λ+ η)α−1.

From now on, we restrict Dµ so that Dµ < 2, which is crucial for the proof of our conclusion.

Lemma 2.3 ([2]). Let α ∈ (0, 1), η ≥ 0, then the following integrals

S0(η, α) = κ(α)

∫
R

|ξ|2α−1

1 + ξ2 + η
dξ, S1(η, α) =

∫
R

|ξ|2α−1

(1 + ξ2 + η)2
dξ,S2(η, α) =

∫ +∞

0

ξ2α+1

(1 + ξ2 + η)2
dξ

are well defined.

As in [22], we introduce the new variable

z(x, ρ, t) = ut(1, t− sρ), x ∈ (0, 1), ρ ∈ (0, 1), t > 0. (2.2)

Then, we deduce that

szt(x, ρ, t) + zρ(x, ρ, t) = 0, x ∈ (0, 1), ρ ∈ (0, 1), t > 0. (2.3)
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Therefore, by (2.2), (2.3), Lemma 2.1 and (1.2), system (1.1) is recast into the augmented model

utt(x, t) + (auxx)xx(x, t)− (bux)x(x, t) + cu(x, t) = 0, (x, t) ∈ Q,

ϕt(x, ξ, t) + (ξ2 + η)ϕ(x, ξ, t)− z(x, 1, t)µ(ξ) = 0, (x, t) ∈ Q, ξ ∈ R,
szt(x, ρ, t) + zρ(x, ρ, t) = 0, (x, t) ∈ Q, ρ ∈ (0, 1),

Bu(0, t) = 0, t > 0,

uxx(1, t) = 0, t > 0,

(auxx)x(1, t)− (bux)(1, t) = r1z(x, 0, t) + γ

∫ +∞

−∞
µ(ξ)ϕ(ξ)dξ, t > 0, ξ ∈ R,

ϕ(x, ξ, 0) = 0, x ∈ (0, 1), ξ ∈ R,
z(x, 0, t) = ut(1, t) (x, t) ∈ Q,

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ [0, 1],

z(x, ρ, 0) = f0(x,−ρs), x ∈ (0, 1), ρ ∈ (0, 1),

(2.4)

where

γ := (π)−1 sin(απ)r2. (2.5)

Here, we claim that

γDµ = r2η
α−1. (2.6)

We define the energy associated with the solution of the system (2.4) as

E(t) :=
1

2
∥ut∥22+

1

2
∥
√
auxx∥22+

1

2
∥
√
bux∥22+

1

2
∥
√
cu∥22+

γ

2

∫ +∞

−∞
|ϕ(ξ)|2dξ+ δ

2

∫ 1

0

|z(ρ)|2dρ, (2.7)

where δ is a positive constant satisfying

sγDµ < δ < s[2r1 − γDµ] (2.8)

and Dµ is defined in Lemma 2.2.

Lemma 2.4. Let (u, ϕ, z) be a regular solution of (2.4). Then, the energy functional defined by
(2.7) satisfies

dE(t)

dt
≤ −Ce[z

2(x, 0, t) + z2(x, 1, t)] (2.9)

where Ce := min
{(

δ
2s − γ

2Dµ

)
,
(
r1 − γ

2Dµ − δ
2s

)}
.

Proof. Multiplying the first equation in (2.4) by ut, integrating by parts over (0, 1), we obtain

d

dt

{1

2
∥ut∥22+

1

2
∥
√
auxx∥22+

1

2
∥
√
bux∥22+

1

2
∥
√
cu∥22

}
= −r1u2t (1)−γ

∫ +∞

−∞
µ(ξ)ϕ(ξ)dξut(1). (2.10)

Multiplying the second equation in (2.4) by γϕ, andintegrating by parts over (−∞,+∞), we obtain

d

dt

{γ
2

∫ +∞

−∞
|ϕ(ξ)|2dξ

}
+ γ

∫ +∞

−∞
(ξ2 + η)|ϕ(ξ)|2dξ − γz(x, 1, t)

∫ +∞

−∞
µ(ξ)ϕ(ξ)dξ = 0. (2.11)

Multiplying the third equation in (2.4) by δ
sz, and integrating by parts over (0, 1) , we have

d

dt

{δ
2

∫ 1

0

|z(ρ)|2dρ
}
= − δ

2s

∫ 1

0

∂

∂ρ
z2(ρ)dρ = − δ

2s
[z2(x, 1, t)− z2(x, 0, t)]. (2.12)

From (2.10), (2.11), (2.12) and using z(x, 0, t) = ut(1, t), we obtain

dE(t)

dt
= −r1z2(x, 0, t)− γ

∫ +∞

−∞
µ(ξ)ϕ(ξ)dξut(1)− γ

∫ +∞

−∞
(ξ2 + η)|ϕ(ξ)|2dξ

+ γz(x, 1, t)

∫ +∞

−∞
µ(ξ)ϕ(ξ)dξ − δ

2s
[z2(x, 1, t)− z2(x, 0, t)].

(2.13)
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By using Cauchy-Schwarz inequality, Young inequality, (2.8) and Lemma 2.2, we obtain

dE(t)

dt

≤ −r1z2(x, 0, t) +
γ

2
Dµz

2(x, 0, t) +
γ

2

∫ +∞

−∞
(ξ2 + η)|ϕ(ξ)|2dξ + γ

2
Dµz

2(x, 1, t)

+
γ

2

∫ +∞

−∞
(ξ2 + η)|ϕ(ξ)|2dξ − γ

∫ +∞

−∞
(ξ2 + η)|ϕ(ξ)|2dξ − δ

2s
[z2(x, 1, t)− z2(x, 0, t)]

= −
( δ

2s
− γ

2
Dµ

)
z2(x, 1, t)−

(
r1 −

δ

2s
− γ

2
Dµ

)
z2(x, 0, t)

≤ −Ce[z
2(x, 1, t) + z2(x, 0, t)].

(2.14)

The proof is complete. □

As in [7], we introduce the following weighted Hilbert spaces:

V 2
a (0, 1) := {u ∈ H1(0, 1) : ux is absolutely continuous in [0, 1],

√
auxx ∈ L2(0, 1) if a is (WD)},

V 2
a (0, 1) := {u ∈ H1(0, 1) : ux is locally absolutely cont. in (0, 1],

√
auxx ∈ L2(0, 1) if a is (SD)},

⟨u, v⟩a :=

∫ 1

0

uvdx+

∫ 1

0

uxvxdx+

∫ 1

0

auxxvxxdx, for every u, v ∈ V 2
a .

(2.15)
The previous inner products induces the related norm

∥u∥22,a := ∥u∥2L2(0,1) + ∥ux∥2L2(0,1) + ∥
√
auxx∥2L2(0,1), ∀ u ∈ V 2

a (0, 1). (2.16)

Also, we define the weighted space

H2
a(0, 1) := {u ∈ V 2

a (0, 1) : u(0) = 0}, (2.17)

endowed with the inner product defined by (2.15).

Proposition 2.5 ([7]). Assume a is weakly or strongly degenrate. For all u ∈ H2
a , we have

∥u∥2L2(0,1) ≤ ∥ux∥2L2(0,1) ≤
1

b0
∥
√
bux∥2L2(0,1), (2.18)

|ux(1)|2 ≤ 2
( 1

b0
∥
√
bux∥2L2(0,1) +

∥
√
auxx∥2L2(0,1)

a(1)(2−Ka)

)
. (2.19)

We can find the proofs of (2.18) and (2.19) in [7]. We set

K(0, 1) := {u ∈ H2
a(0, 1) : auxx ∈ H2(0, 1)}. (2.20)

Next, we introduce the functional spaces

H2
a,0(0, 1) := {u ∈ H2

a(0, 1) : ux(0) = 0 if a is (WD)},
H2

a,0(0, 1) := {H2
a,0(0, 1) if a is (SD)},

K0(0, 1) := {u ∈ K(0, 1) : ux(0) = 0 if a is (WD)},
K0(0, 1) := {u ∈ K(0, 1) : (auxx)(0) = 0 if a is (SD)}.

(2.21)

3. Well-posedness

In this section, we aim to establish the well-posedness of system (2.4) through semigroup theory.
We consider v(x, t) = ut(x, t). Let U = (u, v, ϕ, z)⊤, then (2.4) can be written as

Ut −AU = 0,

U0 = (u0, u1, 0, f0(−ρs))⊤,
(3.1)
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where the operator A is defined by

AU :=


v

−(auxx)xx + (bux)x − cu
−(ξ2 + η)ϕ(ξ) + z(1)µ(ξ)

− 1
szρ(ρ)

 (3.2)

with domain D(A) as follows:

U ∈ H : u ∈ K0(0, 1), v ∈ H2
a,0(0, 1),

zρ ∈ L2(0, 1), v = z(·, 0),
ϕ, |ξ|ϕ ∈ L2(−∞,+∞),

(ξ2 + η)ϕ(ξ)− z(1)µ(ξ) ∈ L2(−∞,+∞),

(auxx)x(1)− bux(1)− r1ut(1)− γ

∫ +∞

−∞
µ(ξ)ϕ(ξ)dξ = 0,

(3.3)

where the Hilbert space H is

H := H2
a,0 × L2(0, 1)× L2(−∞,+∞)× L2(0, 1) (3.4)

equipped with the inner product

⟨U, Ũ⟩H :=

∫ 1

0

vṽdx+

∫ 1

0

auxxũxxdx+

∫ 1

0

buxũxdx+

∫ 1

0

cuũdx+δ

∫ 1

0

zz̃dx+γ

∫ +∞

−∞
ϕ2dξ, (3.5)

where r1, r2 satisfy (1.2), and δ satisfies (2.8).

Proposition 3.1. Assume a is weakly or strongly degenrate. Then the operator (A, D(A)) is
nonpositive with dense domain and generates a contraction C0-semigroup (T (t))t≥0.

Proof. We proceed in the following two steps.

Step 1. We prove that A is dissipative: let U = u, v, ϕ, z ∈ D(A). We have

R(⟨AU,U⟩H) ≤ −Ce[z
2(x, 1, t) + z2(x, 0, t)] ≤ 0. (3.6)

Then, A is dissipative.

Step 2. We show that I − A is surjective: given F = (f, g, h, l)⊤ ∈ H. We need to prove the
existence of U = u, v, ϕ, z ∈ D(A) unique solution of the equation

(I −A)U = F, (3.7)

which is equivalent to the system

u− v = f,

v + (auxx)xx − (bux)x + cu = g,

ϕ+ (ξ2 + η)ϕ− z(1)µ(ξ) = h,

z +
1

s
zρ = l.

(3.8)

From (3.8)3, we have

ϕ =
h

ξ2 + η + 1
+

µ(ξ)z(1)

ξ2 + η + 1
. (3.9)

Combining (3.8)1 and (3.8)4, we obtain

z = (u(1)− f(1))e−sρ + s

∫ ρ

0

es(r−ρ)l(r)dr, ρ ∈ (0, 1),

v = u− f,

(3.10)

which satisfies z(x, 0, t) = u(1, t)− f(1, t). Then, from (3.8)2, it can be deduced that

(auxx)xx − (bux)x + cu+ u = f + g. (3.11)
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Let ψ ∈ H2
a,0(0, 1). Multiplying (3.11) by ψ and integrating over (0,1), we obtain∫ 1

0

(f + g)ψ dx

=

∫ 1

0

[(auxx)xx − (bux)x + (c+ 1)u]ψdx

=

∫ 1

0

[auxxψxx + buxψx + (c+ 1)uψ]dx+ r1v

+ γ

∫ +∞

−∞
µ(ξ)

h

ξ2 + η + 1
dξψ(1) + γ

∫ +∞

−∞

µ2(ξ)

ξ2 + η + 1
dξz(x, 1)ψ(1)

=

∫ 1

0

[auxxψxx + buxψx + (c+ 1)uψ]dx+ r1v

− r1f(1) + γ

∫ +∞

−∞
µ(ξ)

h

ξ2 + η + 1
dξψ(1) + γ

∫ +∞

−∞

µ2(ξ)

ξ2 + η + 1
dξu(1)e−sρψ(1)

− γ

∫ +∞

−∞

µ2(ξ)

ξ2 + η + 1
dξf(1)e−sρψ(1) + γs

∫ +∞

−∞

µ2(ξ)

ξ2 + η + 1
dξ

∫ ρ

0

es(r−ρ)l(r)drψ(1).

(3.12)

Then,∫ 1

0

[(auxx)xx − (bux)x + (c+ 1)u]ψdx+
(
r1 + γ

∫ +∞

−∞

µ2(ξ)

ξ2 + η + 1
dξe−sρ

)
u(1)ψ(1)

=

∫ 1

0

(f + g)ψ(1)dx+
[
r1f(1) + γ

∫ +∞

−∞

µ2(ξ)

ξ2 + η + 1
dξf(1)e−sρ

− γs

∫ +∞

−∞

µ2(ξ)

ξ2 + η + 1
dξ

∫ ρ

0

es(r−ρ)l(r)dr − γ

∫ +∞

−∞
µ(ξ)

h

ξ2 + η + 1
dξ

]
ψ(1).

(3.13)

So, the preceding equation can be written as

L(u, ψ) = M(ψ), ∀ψ ∈ H2
a,0(0, 1), (3.14)

where the bilinear form L(u, ψ) : H2
a,0(0, 1)×H2

a,0(0, 1) → R is defined by

L(u, ψ) :=
∫ 1

0

[(auxx)xx − (bux)x + (c+ 1)u]ψdx+A1u(1)ψ(1), (3.15)

and the linear form M(ψ) : H2
a,0(0, 1) → R by

M(ψ) :=

∫ 1

0

(f + g)ψ(1)dx+A2ψ(1), (3.16)

where

A1 := r1 + γ

∫ +∞

−∞

µ2(ξ)

ξ2 + η + 1
dξe−sρ,

A2 := A1f(1)− γs

∫ +∞

−∞

µ2(ξ)

ξ2 + η + 1
dξ

∫ ρ

0

es(r−ρ)l(r)dr − γ

∫ +∞

−∞
µ(ξ)

h

ξ2 + η + 1
dξψ(1).

(3.17)

It is clear that L is a continuous and coercive form on H2
a,0(0, 1)×H2

a,0(0, 1) , and M is continuous

form on H2
a,0(0, 1). Hence, according to the Lax-Milgram theorem, the variational problem (3.14)

has a unique solution u ∈ H2
a,0(0, 1). In particular, for any ψ ∈ D(0, 1) (D(0, 1) is dense in L2(0, 1))

in (3.14), we obtain∫ 1

0

[(auxx)xx − (bux)x + (c+ 1)u]ψ̄dx =

∫ 1

0

(f + g)ψ̄(1)dx in D′(0, 1). (3.18)

As (f + g) ∈ L2(0, 1), from (3.14), we deduce that

(auxx)xx − (bux)x + (c+ 1)u = f + g in L2(0, 1). (3.19)
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B ecuase u ∈ H2
a,0(0, 1), and auxx ∈ H2(0, 1). Thus, u ∈ K0(0, 1) and solves (3.14).

Setting v := u − f , we obtain v ∈ H2
a,0(0, 1). It remains to prove that U ∈ D(A) and solves

(3.7). To this end, we need the following arguments. We define

ϕ =
h

ξ2 + η + 1
+

µ(ξ)z(1)

ξ2 + η + 1
. (3.20)

We need to prove ϕ, |ξ|ϕ ∈ L2(−∞,+∞). From (3.9), using Lemma 2.3 and the fact that h ∈
L2(−∞,+∞), we have∫ +∞

−∞
|ϕ|2dξ ≤ 2

∫ +∞

−∞

h2

(ξ2 + η + 1)2
dξ +

∫ +∞

−∞

µ2(ξ)z2(1)

(ξ2 + η + 1)2
dξ

≤ 2

∫ +∞

−∞

h2

(ξ2 + η + 1)2
dξ + 2S1z

2(1) <∞
(3.21)

and ∫ +∞

−∞
|ξϕ|2dξ ≤ 2

∫ +∞

−∞

ξ2h2

(ξ2 + η + 1)2
dξ +

∫ +∞

−∞

ξ2α+1z2(1)

(ξ2 + η + 1)2
dξ <∞. (3.22)

Then, we deduce that ϕ, |ξ|ϕ ∈ L2(−∞,+∞). From (3.20), we have

−(ξ2 + η)ϕ+ µ(ξ)z(1) = ϕ− h ∈ L2(−∞,+∞). (3.23)

Also, (3.14) holds for every ψ ∈ H2
a,0(0, 1) and integrating by parts, we obtain that

− (auxx)x(1) + (bux)(1) + r1u(1) + γ

∫ +∞

−∞

µ2(ξ)

ξ2 + η + 1
dξe−sρu(1)

= r1f(1) + γ

∫ +∞

−∞

µ2(ξ)

ξ2 + η + 1
dξe−sρf(1)− γ

∫ +∞

−∞
µ(ξ)

h

ξ2 + η + 1
dξ

+ γs

∫ +∞

−∞

µ2(ξ)

ξ2 + η + 1
dξ

∫ ρ

0

es(r−ρ)l(r)dr

(3.24)

Combining (3.20), we deduce that

−(auxx)x(1) + (bux)(1) + r1v(1) + γ

∫ +∞

−∞
µ(ξ)ϕ(ξ) = 0. (3.25)

Therefore,

U ∈ D(A). (3.26)

And the operator I−A is surjective. Then, A is densely defined in H. According to Lümer-Phillips
theorem, A generates a C0-semigroup of contractions (see, e.g. [12]). □

Building upon Proposition 3.1 and following the approach in [5], we first establish the existence
theorem of the solution. To further achieve higher regularity of the solution in the time domain,
we apply the Hille-Yosida theorem [23], with the specific conclusions detailed as follows:

Theorem 3.2. Assume a is weakly or strongly degenrate. If U0 ∈ H, then problem (2.4) admits
a unique weak solution satisfying

U(t) ∈ C0(R+;H).

Moreover, if U0 ∈ D(A), (2.4) admits a unique strong solution U satisfying

U(t) ∈ C1(R+,H) ∩ C0(R+, D(A)).
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4. Stability result

In this section, we consider the exponential stability of problem (2.4), we will present this
result based on the Lyapunov functional method. At the beginning of this section, we study the
degenerate elliptic equation associated to problem (2.4), which is crucial to obtain the stability
result of problem (2.4).

Proposition 4.1. Assume a is weakly or strongly degenrate. Define

|||y|||2 :=

∫ 1

0

a(yxx)
2dx+

∫ 1

0

b(yx)
2dx+

∫ 1

0

cy2dx (4.1)

for all y ∈ K0(0, 1). Then the norm · and ∥ · ∥2,a are equivalent on K0(0, 1). In addition, for all
λ1, λ2 ∈ R, the variational problem∫ 1

0

ayxxφxxdx+

∫ 1

0

byxφxdx+

∫ 1

0

cyφdx = λ1φ(1) + λ2φx(1), ∀φ ∈ K0(0, 1) (4.2)

admits a unique solution y ∈ K0(0, 1), which satisfies the following estimates:

|||y|||2 ≤ C2
λ,µ,b0,Ka,a and ∥y∥2L2(0,1) ≤

1

b0
C2

λ,µ,b0,Ka,a, (4.3)

with the constant

Cλ,µ,b0,Ka,a := |λ|
√

1

b0
+ |µ|

√
2max

{ 1

b0
,

1

a(1)(2−Ka)

}
. (4.4)

Moreover y ∈ D(Aa) := K0(0, 1) satisfies

Aay := (ayxx)xx − (byx)x + cy = 0,

(byx)(1)− (ayxx)x(1) = λ1,

a(1)yxx(1) = λ2.

(4.5)

Proof. From (2.16) and (4.1), we directly obtain the estimates∫ 1

0

a(yxx)
2dx+

∫ 1

0

b(yx)
2dx+

∫ 1

0

cy2dx ≤
∫ 1

0

a(yxx)
2dx+ b1

∫ 1

0

(yx)
2dx+ c1

∫ 1

0

y2dx

≤ max{c1, b1}∥y∥2L2(0,1)

(4.6)

and∫ 1

0

a(yxx)
2dx+

∫ 1

0

b(yx)
2dx+

∫ 1

0

cy2dx ≥
∫ 1

0

a(yxx)
2dx+ b0

∫ 1

0

(yx)
2dx+ c0

∫ 1

0

y2dx

≥ min{c0, b0}∥y∥2L2(0,1).

(4.7)

Thus, the first part of Proposition 4.1 holds in K0(0, 1).
Now, we consider the bilinear and symmetric form Λ : K0(0, 1)×K0(0, 1) → R such that

Λ(y, φ) :=

∫ 1

0

ayxxφxxdx+

∫ 1

0

byxφxdx+

∫ 1

0

cyφdx. (4.8)

It is straight forward to prove that Λ is coercive and continuous. Now, consider the linear functional

L(φ) := λ1φ(1) + λ2φx(1), (4.9)

with φ ∈ K0(0, 1) and λ1, λ2 ∈ R. The functional L is continuous and linear. Thus, by the
Lax-Milgram theorem, there exists a unique solution y ∈ K0(0, 1) of

Λ(y, φ) = L(φ) (4.10)

for all φ ∈ K0(0, 1). Then, we obtain

|y(1)|2 ≤ 1
b0
∥
√
byx∥2L2(0,1) ≤

1
b0
|||y|||2, (4.11)
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and

|yx(1)|2 ≤ 2
(

1
b0
∥
√
byx∥2L2(0,1) +

∥
√
ayxx∥2

L2(0,1)

a(1)(2−Ka)

)
≤ 2max

{
1
b0
, 1
a(1)(2−Ka)

}
|||y|||2. (4.12)

Combining the above results, we have

|||y|||2 = λ1φ(1) + λ2φx(1) ≤
(
|λ|

√
1

b0
+ |µ|

√
2max

{ 1

b0
,

1

a(1)(2−Ka)

})
|||y|||. (4.13)

Thus

|||y||| ≤ |λ|
√

1

b0
+ |µ|

√
2max

{ 1

b0
,

1

a(1)(2−Ka)

}
. (4.14)

Moreover, by (2.18), we have

∥y∥2L2(0,1) ≤
1

b0
|||y|||2 ≤ 1

b0
C2

λ,µ,b0,Ka,a. (4.15)

Now, we prove that y belongs to D(Aa) and solves (4.5). To this aim, consider (4.10) again. It
is clear that (4.10) holds for every φ ∈ C∞

c (0, 1), so that∫ 1

0

[(ayxx)xx − (byx)x + cy]φdx = 0, (4.16)

then (ayxx)xx − (byx)x + cy = 0 a.e. in (0, 1), in particular, for y ∈ K0(0, 1), we have Aa :=
(ayxx)xx − (byx)x + cy ∈ L2(0, 1), which implies that ayxx ∈ H2(0, 1), then we deduce that
y ∈ K0(0, 1). Moreover, let φ ∈ K0(0, 1), combining (4.5) and (4.16), we deduce that∫ 1

0

ayxxφxxdx+

∫ 1

0

byxφxdx+

∫ 1

0

cyφdx = λ1φ(1) + λ2φx(1)

if and only if

((byx)x(1)− (ayxx)x(1)− λ1)φ(1) + (a(1)yxx(1)− λ2)φx(1) = 0,

and yx(0) = 0 in the weakly degenerate case and∫ 1

0

ayxxφxxdx+

∫ 1

0

byxφxdx+

∫ 1

0

cyφdx = λ1φ(1) + λ2φx(1)

if and only if

((byx)x(1)− (ayxx)x(1)− λ1)φ(1) + (a(1)yxx(1)− λ2)φx(1)− (ayxx)(0)φx(0) = 0

in the strongly degenerate case. Thus,

(byx)x(1)− (ayxx)x(1) = λ1, a(1)yxx(1) = λ2 (4.17)

and (ayxx)(0) = 0 in the strongly degenerate case. To sum up, the proof is complete. □

From now and on, We focus on the stability result of the system. The main result of this paper
is based on the following theorem presented in Kormonik’ work in [14].

Theorem 4.2. Suppose that E : [0,+∞) is a non-increasing function and that there exists N > 0
such that ∫ ∞

t

E(s)ds ≤ NE(t), ∀t ∈ [0,+∞). (4.18)

Then we have
E(t) ≤ e1−

t
N E(0), ∀t ∈ [N,+∞). (4.19)

We consider the Lyapunov functional

L(t) :=ME(t) + I1 +M1I2 + I3. (4.20)

Here,

I1 :=

∫ 1

0

ut

(
2xux +

Ka,b,c

2
u
)
dx, (4.21)
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I2 :=
δ

2

∫ 1

0

e−2sρz2(ρ)dρ, (4.22)

I3 :=
γ

4

∫ +∞

−∞
(ξ2 + η)

[ ∫ t

0

ϕ(x, ξ, τ) + F
]2
dξ +

γ

2

∫ +∞

−∞
ϕ2(x, ξ, t)dξ, (4.23)

where

F := − sµ(ξ)

ξ2 + η

∫ 1

0

f0(x,−ρs)dρ+
µ(ξ)u0(1)

ξ2 + η
, (4.24)

Ka,b,c := max
{
Ka,

b2
b0
,
c2
c0

}
< 2, (4.25)

and M,M1 are positive real numbers to be chosen appropriately later.

Lemma 4.3. Assume a is weakly or strongly degenerate, and (1.2) and (2.8) hold. Let (u, ϕ, z)
be a regular solution of the problem (2.4). Then, the functional I1 in (4.21) satisfies

dI1
dt

≤ −2(auxx)x(1)ux(1) + b(1)u2x(1)− c(1)u2(1) +
Ka,b,c

2
(bux)(1)u(1)

− Ka,b,c

2
(auxx)x(1)u(1) + u2t (1)

−
(
3− Ka,b,c

2

)∫ 1

0

au2xxdx−
(
1− Ka,b,c

2
− 4c0b0 + 3c1c2

2c0b0

)∫ 1

0

bu2xdx

−
(
− c2

4c0
+
Ka,b,c

2

)∫ 1

0

cu2dx−
(
1− Ka,b,c

2

)∫ 1

0

u2tdx

(4.26)

where Ka,b,c is defined by (4.25).

Proof. By taking the time derivative of (4.21), we obtain

dI1
dt

= 2

∫ 1

0

xuttuxdx+
Ka,b,c

2

∫ 1

0

uttudx+ 2

∫ 1

0

xutuxtdx+
Ka,b,c

2

∫ 1

0

u2tdx

= 2

∫ 1

0

[
− (auxx)xx + (bux)x − cu

]
· (xux)dx︸ ︷︷ ︸

I1−1

+
Ka,b,c

2

[
− (auxx)xx + (bux)x − cu

]
· udx︸ ︷︷ ︸

I1−2

+ x(u2t )xdx+
Ka,b,c

2

∫ 1

0

u2tdx︸ ︷︷ ︸
I1−3

.

(4.27)

Then, we have

I1−1 =
[
− 2(auxx)x · (xux)

]1
0
+ 2

∫ 1

0

(auxx)x(ux + xuxx)dx+
[
2(bux) · (xux)

]1
0

− 2

∫ 1

0

(bux)(ux + xuxx)dx−
[
xcu2

]1
0
+

∫ 1

0

(c+ xc′)u2dx

= −2(auxx)x(1)ux(1) + b(1)u2x(1)− c(1)u2(1) +

∫ 1

0

(−3a+ xa′)u2xxdx

+

∫ 1

0

(−b+ xb′)u2xdx+

∫ 1

0

(c+ xc′)u2dx,

(4.28)
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I1−2 =
Ka,b,c

2

[
− (auxx)xu

]1
0
+
Ka,b,c

2

∫ 1

0

(auxx)xuxdx

+
[Ka,b,c

2
buxu

]1
0
− Ka,b,c

2

∫ 1

0

bu2xdx− Ka,b,c

2

∫ 1

0

cu2dx

= −Ka,b,c

2

∫ 1

0

au2xxdx− Ka,b,c

2

∫ 1

0

bu2xdx− Ka,b,c

2

∫ 1

0

cu2dx

+
Ka,b,c

2
(bux)(1)u(1)−

Ka,b,c

2
(auxx)x(1)u(1),

(4.29)

and

I1−3 =
[
xu2t

]1
0
−
∫ 1

0

u2tdx+
Ka,b,c

2

∫ 1

0

u2tdx =
(Ka,b,c

2
− 1

)∫ 1

0

u2tdx+ u2t (1). (4.30)

Substituting (4.28), (4.29) and (4.30) into (4.27), we obtain

dI1
dt

= −2(auxx)x(1)ux(1) + b(1)u2x(1)− c(1)u2(1) +
Ka,b,c

2
(bux)(1)u(1)

− Ka,b,c

2
(auxx)x(1)u(1) + u2t (1) +

∫ 1

0

(
− 3a+ xa′ − Ka,b,c

2
a
)
u2xxdx

+

∫ 1

0

(
− b+ xb′ − Ka,b,c

2
b
)
u2xdx+

∫ 1

0

(
c+ xb′ − Ka,b,c

2
c
)
u2dx

+

∫ 1

0

(Ka,b,c

2
− 1

)
u2tdx.

(4.31)

Using (2.18), (1.10) and (4.25), we deduce that

dI1
dt

≤ −2(auxx)x(1)ux(1) + b(1)u2x(1)− c(1)u2(1) +
Ka,b,c

2
(bux)(1)u(1)

− Ka,b,c

2
(auxx)x(1)u(1) + u2t (1)−

(
3−Ka,b,c +

Ka,b,c

2

)∫ 1

0

au2xxdx

−
(
1−Ka,b,c +

Ka,b,c

2
− 4c0b0 + 3c1c2

2c0b0

)∫ 1

0

bu2xdx

−
(
− c2

4c0
+
Ka,b,c

2

)∫ 1

0

cu2dx−
(
1− Ka,b,c

2

)∫ 1

0

u2tdx

(4.32)

where

c2
4c0

− Ka,b,c

2
≤ 3Ka,b,c

4
≤ 0, −2 +

Ka,b,c

2
≤ 0,

−1 +
Ka,b,c

2
+

4c0b0 + 3c1c2
2c0b0

≤ 0, −1 +
Ka,b,c

2
≤ 0. □

Lemma 4.4. Assume a is weakly or strongly degenrate. Let (u, ϕ, z) be a regular solution of the
problem (2.4), then, the functional I2 in (4.22) satisfies

dI2
dt

≤ −I2 −
Cs,δ

2s
z2(1) +

δ

2s
z2(0) (4.33)

where Cs,δ is defined by (4.35).
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Proof. Differentiating (4.22) with respect to t and using the third equation in (2.4), we obtain

dI2
dt

=
δ

2

[
− 2

s
· ∂
∂t

(∫ 1

0

e−2sρzzρdρ
)]

=
δ

2

[
− 1

s

(∫ 1

0

e−2sρ ∂

∂t
(z2)dρ

)]
=
δ

2

[
− 1

s
e−2sz2(1) +

1

s
z2(0) + 2

∫ 1

0

e−2sρ(z2)dρ
]

≤ −I2 −
Cs,δ

2s
z2(1) +

δ

2s
z2(0)

(4.34)

where

Cs,δ :=
δe−2s

2s
. (4.35)

□

Lemma 4.5. Assume a is weakly or strongly degenrate. Let (u, ϕ, z) be a regular solution of the
problem (2.4). Then, the functional I3 in (4.23) satisfies

dI3
dt

≤ s2r2
4ε1

∫ 1

0

z2(ρ)dρ+
r2Dµ

4ε1
u2(1) +

r2Dµ

4ε1
z2(1)− γ

2

∫ +∞

−∞
ϕ2(ξ)dξ

−
[
γ − 2r2η

α−1 sin(πα)ε1
4Dµπ

− sin(πα)ε1r2η
α−1

4π

] ∫ +∞

−∞
(ξ2 + η)ϕ2(ξ)dξ,

(4.36)

where ε1 is a suitable positive constant.

Proof. By taking the time derivative of (4.23), we have

dI3
dt

=
γ

2

∫ +∞

−∞
(ξ2 + η)

(∫ t

0

ϕ(x, ξ, τ) dτ + F
)
ϕ(x, ξ, t)dξ + γ

∫ +∞

−∞
ϕ(ξ)ϕt(ξ)dξ. (4.37)

Using the second equation in (2.4), we have∫ t

0

ϕt(x, ξ, τ) dτ + (ξ2 + η)

∫ t

0

ϕ(x, ξ, τ) dτ = µ(ξ)

∫ t

0

z(1) dτ. (4.38)

Then, we obtain ∫ t

0

ϕ(x, ξ, τ) dτ =
µ(ξ)

ξ2 + η

∫ t

0

z(1) dτ − ϕ(x, ξ, t)

ξ2 + η
. (4.39)

Using the third equation in (2.4), we obtain

s
∂

∂t

∫ 1

0

z(ρ)dρ+ z(x, 1, t)− z(x, 0, t) = 0, (4.40)

s

∫ t

0

∂

∂t

∫ 1

0

z(ρ)dρ dτ = s
[ ∫ 1

0

zdρ
]t
0
= s

∫ 1

0

z(x, ρ, t)dρ− s

∫ 1

0

z(x, ρ, 0)dρ. (4.41)

Observe that ∫ t

0

z(1) dτ = s

∫ 1

0

zdρ+ s

∫ 1

0

f0(x,−sρ)dρ+ u(1, t)− u(1, 0). (4.42)

Therefore,∫ t

0

ϕ(x, ξ, τ) dτ

= − sµ(ξ)

ξ2 + η

∫ 1

0

z(ρ)dρ+
sµ(ξ)

ξ2 + η

∫ 1

0

f0(x,−sρ)dρ+
sµ(ξ)u(1)

ξ2 + η
+
sµ(ξ)u0(1)

ξ2 + η
− ϕ(x, ξ, t)

ξ2 + η
.

(4.43)
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Substituting (4.43) into (4.37), we obtain

dI3
dt

= −γ
2

∫ +∞

−∞
sµ(ξ)

∫ 1

0

z(ρ)ϕ(ξ)dρdξ +
γ

2

∫ +∞

−∞
µ(ξ)u(1)ϕ(ξ)dξ

+ γ

∫ +∞

−∞
z(1)µ(ξ)ϕ(ξ)dξ − γ

∫ +∞

−∞
(ξ2 + η)ϕ2(ξ)dξ − γ

2

∫ +∞

−∞
ϕ2(ξ)dξ.

(4.44)

Now, we will estimate the term on the right side of (4.44). Using the Cauchy-Schwarz inequality,
Young’s inequality, (1.2) and (2.6), the first three items on the right can be written as follows:

γ

2

∫ +∞

−∞
sµ(ξ)

∫ 1

0

z(ρ)ϕ(ξ)dρdξ

≤ s2r2
4ε1

∫ 1

0

z2(ρ)dρ+
γ2Dµε1

4

∫ +∞

−∞
(ξ2 + η)ϕ2(ξ)dξ

=
s2r2
4ε1

∫ 1

0

z2(ρ)dρ+
sin(πα)ε1r2η

α−1

4π

∫ +∞

−∞
(ξ2 + η)ϕ2(ξ)dξ,

(4.45)

γ

2

∫ +∞

−∞
µ(ξ)u(1)ϕ(ξ)dξ ≤ r2Dµ

4ε1
u2(1) +

γ2ε1
4r2

∫ +∞

−∞
(ξ2 + η)ϕ2(ξ)dξ

≤ r2Dµ

4ε1
u2(1) +

r2η
α−1 sin(πα)ε1

4Dµπ

∫ +∞

−∞
(ξ2 + η)ϕ2(ξ)dξ,

(4.46)

and

γ

2

∫ +∞

−∞
µ(ξ)z(1)ϕ(ξ)dξ ≤ r2Dµ

4ε1
z2(1) +

γ2ε1
4r2

∫ +∞

−∞
(ξ2 + η)ϕ2(ξ)dξ

≤ r2Dµ

4ε1
z2(1) +

r2η
α−1 sin(πα)ε1

4Dµπ

∫ +∞

−∞
(ξ2 + η)ϕ2(ξ)dξ

(4.47)

where γ and Dµ are defined in (2.5) and Lemma 2.2. Then, we obtain

dI3
dt

≤ s2r2
4ε1

∫ 1

0

z2(ρ)dρ+
r2Dµ

4ε1
u2(1) +

r2Dµ

4ε1
z2(1)− γ

2

∫ +∞

−∞
ϕ2(ξ)dξ

−
[
γ − 2r2η

α−1 sin(πα)ε1
4Dµπ

− sin(πα)ε1r2η
α−1

4π

] ∫ +∞

−∞
(ξ2 + η)ϕ2(ξ)dξ,

(4.48)

where ε1 ∈
(
0, 4π

sin(απ)(2−Dµ)

)
. □

Next, we estimate L(t) and L′(t). Before estimating L(t), we present the following lemma.

Lemma 4.6. Assume a is weakly or strongly degenrate. Let (u, ϕ, z) be a regular solution of the
problem (2.4). Then∣∣∣γ

4

∫ +∞

−∞
(ξ2 + η)

[ ∫ t

0

ϕ(x, ξ, τ) + F
]2
dξ

∣∣∣
≤ 3γ

4η

∫ +∞

−∞
ϕ2(ξ)dξ +

3γ

4
Dµu

2(1, t) +
(γ
4
+
γ

2
s2Dµ

)∫ 1

0

z2(ρ)dρ.

(4.49)

Proof. Using the second equation in (2.4), as in (4.43), we have∣∣∣γ
4

∫ +∞

−∞
(ξ2 + η)

[ ∫ t

0

ϕ(x, ξ, τ) + F
]
dξ

∣∣∣
≤ |γ

4
ϕ(x, ξ, t) + u(1, t)µ(ξ)− sµ(ξ)

∫ 1

0

z(ρ)dρ.

(4.50)
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Therefore, ∣∣∣γ
4

∫ +∞

−∞
(ξ2 + η)

[ ∫ t

0

ϕ(x, ξ, τ) + F
]2
dξ

∣∣∣
≤ γ

4

∫ +∞

−∞

ϕ2(ξ)

ξ2 + η
dξ +

γ

4
Dµu

2(1, t) +
γ

4
s2Dµ

∫ 1

0

z2(ρ)dρ

+
γ

2

∫ +∞

−∞

ϕ(ξ)µ(ξ)u(1, t)

ξ2 + η

∫ 1

0

z(ρ)dρdξ

+
γ

2

∫ +∞

−∞

ϕ(ξ)µ(ξ)u(1, t)

ξ2 + η
dξ +

γ

2

∫ +∞

−∞
sµ(ξ)ϕ(ξ)

∫ 1

0
z(ρ)dρ

ξ2 + η
dξ.

(4.51)

Using Cauchy-Schwarz, Young’s, Cauchy-Schwarz, Höder’s inequality and the fact that 1
ξ2+η ≤ 1

η ,

we have∣∣∣γ
4

∫ +∞

−∞
(ξ2 + η)

[ ∫ t

0

ϕ(x, ξ, τ) + F
]2
dξ

∣∣∣
≤ γ

4η

∫ +∞

−∞
ϕ2(ξ)dξ +

γ

4
Dµu

2(1, t) +
γ

4
s2Dµ

∫ 1

0

z2(ρ)dρ+
γ

4
Dµu

2(1, t) +
γ

4

∫ 1

0

z2(ρ)dρ

+
γ

4
Dµu

2(1, t) +
γ

4η

∫ +∞

−∞
ϕ2(ξ)dξ +

γs2Dµ

4

∫ 1

0

z2(ρ)dρ+
γ

4η

∫ +∞

−∞
ϕ2(ξ)dξ.

(4.52)

By organizing the above inequalities, we obtain (4.49). □

Lemma 4.7. Assume that a is weakly or strongly degenerate. For M > 0 large enough, there
exist two positive constants l1 and l2 such that

l1E(t) ≤ L(t) ≤ l2E(t), ∀t > 0, (4.53)

where

l1 :=M − Ca,b,c, l2 :=M + Ca,b,c. (4.54)

Proof. Recalling the definition (4.20) of L(t) and setting

G(t) := I1 +M1I2 + I3, (4.55)

where I1, I2, I3 are given in (4.21)-(4.23), and M1 is a suitable constant defined in (4.67). From
(4.21), (4.22) and (4.23), using Young’s inequality and Poincaré inequality, we have

|G(t)| ≤ |
∫ 1

0

ut

(
2xux +

Ka,b,c

2
u
)
dx|+ |δ

2

∫ 1

0

e−2sρz2(ρ)dρ|

+ |γ
4

∫ +∞

−∞
(ξ2 + η)

[ ∫ t

0

ϕ(x, ξ, τ) + F
]2
dξ +

γ

2

∫ +∞

−∞
ϕ2(x, ξ, t)dξ|

≤
(
1 +

Ka,b,c

4

)
∥ut∥2L2(0,1) +

1

b0
∥
√
bux∥2L2(0,1) +

Ka,b,c

4c0
∥
√
cu∥2L2(0,1) +

δ

2

∫ 1

0

z2(ρ)dρ

+ |γ
4

∫ +∞

−∞
(ξ2 + η)

[ ∫ t

0

ϕ(x, ξ, τ) + F
]2
dξ +

γ

2

∫ +∞

−∞
ϕ2(x, ξ, t)dξ|.

(4.56)

Then, by using Lemma 4.6, we obtain

|G(t)|

≤
(
1 +

Ka,b,c

4

)
∥ut∥2L2(0,1) +

1

b0
∥
√
bux∥2L2(0,1) +

Ka,b,c

4c0
∥
√
cu∥2L2(0,1) +

δ

2

∫ 1

0

z2(ρ)dρ

+
3γ

4η

∫ +∞

−∞
ϕ2(ξ)dξ +

3γ

4
Dµu

2(1, t) +
(γ
4
+
γ

2
s2Dµ

)∫ 1

0

z2(ρ)dρ+
γ

2

∫ +∞

−∞
ϕ2(x, ξ, t)dξ

≤ Ca,b,cE(t)

(4.57)
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where Ca,b,c := max{2 + Ka,b,c

2 , 2
b0
,
Ka,b,c

2c0
, 1 + 3γ

2η , 1 +
γ(1+2s2Dµ)

2δ }. Therefore,

|L(t)−ME(t)| ≤ Ca,b,cE(t) (4.58)

So, we can choose M large enough such that l1 :=M −Ca,b,c > 0 and l2 :=M +Ca,b,c > 0. Then,
we deduce the desired result. □

Based on the previous lemma, we give the following proposition, which is crucial for our main
result.

Proposition 4.8. Assume that a is wealy or strongly degenerate. Let (u, ϕ, z) be a regular solution
of problem (2.4), for M > 0 large enough. Then

dL(t)

dt
≤ −2C1E(t) + C2(u

2(1) + u2x(1)) (4.59)

where C1, C2 are defined in (4.63), (4.64), and M satisfies (4.68).

Proof. Combining Lemmas 4.3, 4.4 and 4.5, we have

− (auxx)x(1)ux(1)

=
[
− (bux)(1)− r1ut(1)− γ

∫ +∞

−∞
µ(ξ)ϕ(ξ)dξ

]
ux(1)

≤ −1

2
b(1)u2x(1) +

r21
2b(1)

u2t (1) +
r2Dµ

ε2
+
r2η

α−1 sin(απ)ε2
4Dµπ

∫ +∞

−∞
(ξ2 + η)ϕ2(ξ)dξ

(4.60)

and

[−(auxx)x(1) + (bux)(1)]
(Ka,b,c

2
u(1) + ux(1)

)
= −γ

∫ +∞

−∞
µ(ξ)ϕ(ξ)dξ

(Ka,b,c

2
u(1) + ux(1)

)
≤ 1

2
b(1)u2x(1) +

r21
2b(1)

u2t (1) +
b(1)Ka,b,c

2ε2
u2(1) +

r21ε2
2b(1)

u2t (1) +
Ka,b,cDµ

4ε2
u2(1)

+
Ka,b,cγ

2ε2
4

∫ +∞

−∞
(ξ2 + η)ϕ2(ξ)dξ +

1

ε2
b(1)u2x(1) +

Dµγ
2ε2

4b(1)

∫ +∞

−∞
(ξ2 + η)ϕ2(ξ)dξ

=
(1
2
+

1

ε2

)
b(1)u2x(1) +

b(1)Ka,b,c

2ε2
u2(1) +

r21ε2
2b(1)

u2t (1)

+
Ka,b,cDµ

4ε2
u2(1) +

(Ka,b,cr2η
α−1γε2

4
+
r2η

α−1γε2
4b(1)

)∫ +∞

−∞
(ξ2 + η)ϕ2(ξ)dξ.

(4.61)

Then

dL(t)

dt
≤ −2C1E(t) + C2(u

2(1) + u2x(1)) +
(δM1

2s
+
r21(1 + ε1)

2b(1)

)
z2(0)

+
(Cs,δ

2s
+
r2Dµ

4ε1

)
z2(1)

−
[
γ − ηα−1r2 sin(απ)(2 +Ka,b,c)(ε1 + ε2)

4max{1, Dµ, b(1)}π

] ∫ +∞

−∞
(ξ2 + η)ϕ2(ξ)dξ

≤ −2C1E(t) + C2(u
2(1) + u2x(1))−

(
MCe −

δM1

2s
− r21(1 + ε1)

2b(1)

)
z2(0)

−
(
MCe −

Cs,δ

2s
− r2Dµ

4ε1

)
z2(1),

(4.62)

where

C1 := min
{
3− Ka,b,c

2
, 1− Ka,b,c

2
− 4c0b0 + 3c2c1

4c0b0
,− c2

4c0
+
Ka,b,c

2
, 1− Ka,b,c

2
, 1,M1 −

s2r2
2ε1δ

}
,

(4.63)
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C2 := max
{r2Dµ

4ε1
+
b(1)Ka,b,c

2ε2
+
Ka,b,cDµ

4ε2
,
b(1)

ε2

}
, (4.64)

max
{ s2r2
2δM1

,
r2Dµ

4(MCe − Cs,δ

2s )

}
≤ ε1 ≤ min

{ 4π

sin(απ)(2−Dµ)
,
4max{1, Dµ, b(1)}
ηα−1(2 +Ka,b,c)

− ε2,
(MCe − Cs,δ

2s )2b(1)− r21
r21

}
,

(4.65)

ε2 ≤ 4max{1, Dµ, b(1)}
ηα−1(2 +Ka,b,c)

, (4.66)

s2r2
2ε1δ

≤M1 ≤ 2sMCe

δ
. (4.67)

where Ce, ε1, ε2 and M1 are given in Lemma 2.4, (4.65), (4.66) and (4.67). We choose M large
enough such that

MCe −
δM1

2s
> 0, MCe −

Cs,δ

2s
> 0. (4.68)

Then, we obtain (4.59). □

Based on Proposition 4.8, we have the following lemma.

Lemma 4.9. Assume that a is weakly or strongly degenerate. Let (u, ϕ, z) be a regular solution
of the problem (2.4), for any r ∈ (0, T ), then

2C1

∫ T

r

E(t)dt ≤ L(r)− L(T ) + C2

∫ T

r

(u2(1) + u2x(1))dt (4.69)

where C1 and C2 are defined in (4.63) and (4.64), respectively.

Proof. Using Proposition 4.8, and integrating (4.59) over (r, T ), we obtain the estimate (4.69). □

Next, we estimate u2(1) + u2x(1).

Lemma 4.10. Assume a weakly or strongly degenerate. Let (u, ϕ, z) be a regular solution of the
problem (2.4). Then∫ T

r

(u2(1) + u2x(1))dt ≤ C3

[
ε4

∫ T

r

E(t)dt+ Cb0(E(r) + E(T )) + Cδ,b0(E(r)− E(T ))
]
, (4.70)

where Cb0 , Cδ,b0 and C3 are defined by (4.81), (4.82) and (4.83).

Proof. Multiplying the first equation in (2.4) by y and the first equation in (4.5) by u, then
integrating over (r, T )× (0, 1), we obtain

0 =

∫ T

r

∫ 1

0

[utt + (auxx)xx − (bux)x + cu]y dx dt

=
[ ∫ 1

0

utydx
]T
r
+

∫ T

r

[(auxx)x(1)− (bux)(1)]y(1)dt−
∫ T

r

∫ 1

0

utyt dx dt

+

∫ T

r

∫ 1

0

auxxyxx dx dt+

∫ T

r

∫ 1

0

buxyx dx dt+

∫ T

r

∫ 1

0

cuy dx dt

(4.71)

and

0 =

∫ T

r

∫ 1

0

[(ayxx)xx − (byx)x + cy]u dx dt

=

∫ T

r

∫ 1

0

ayxxuxx dx dt+

∫ T

r

∫ 1

0

byxux dx dt+

∫ T

r

∫ 1

0

cuy dx dt

+

∫ T

r

(
(byx)(1)− (ayxx)x(1)

)
u(1)dt−

∫ T

r

(ayxx)(1)ux(1)dt.

(4.72)
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Let λ1 = u(1), λ2 = ux(1), and using the boundary condition (2.4)4−6 and (4.5)2−3, we have

∫ T

r

∫ 1

0

utytdt−
[ ∫ 1

0

utydx
]T
r

=

∫ T

r

(
r1ut(1, t) + γ

∫ +∞

−∞
µ(ξ)ϕ(ξ)dξ

)
y(1)dt+

∫ T

r

(u2(1) + u2x(1))dt.

(4.73)

Integrating (2.13)) over (r, T ), we obtain

E(T )− E(r) =

∫ T

r

−r1u2t (1)dt

−
∫ T

r

γ

∫ +∞

−∞
µ(ξ)ϕ(ξ)dξut(1)dt−

∫ T

r

γ

∫ +∞

−∞
(ξ2 + η)|ϕ(ξ)|2 dξ dt

+

∫ T

r

γz(1)

∫ +∞

−∞
µ(ξ)ϕ(ξ) dξ dt−

∫ T

r

δ

2s
[z2(1) + z2(0)]dt,

(4.74)

where z(x, 0, t) = ut(1, t). Using Cauchy-Schwarz and Young’s inequality, combining (1.2), (2.6),
(2.8) and (4.74), we have

∫ T

r

(u2(1) + u2x(2))dt ≤
∫ T

r

∫ 1

0

utyt dx dt−
[ ∫ 1

0

utydx
]T
r
+
r1Dµ

ε3

∫ T

r

u2t (1)dt+
r1ε3
4

∫ T

r

y2(1)dt

+
γ

2

∫ T

r

∫ +∞

−∞
(ξ2 + η)ϕ2(ξ) dξ dt+

γDµ

2

∫ T

r

y2(1)dt

= E(r)− E(T )−
∫ T

r

γ

∫ +∞

−∞
µ(ξ)ϕ(ξ)dξut(1)dt+

∫ T

r

γz(x, 1, t)

∫ +∞

−∞
µ(ξ)ϕ(ξ) dξ dt

−
∫ T

r

δ

2s
[z2(1) + z2(0)]dt+

r1ε3
4

∫ T

r

y2(1)dt+
γDµ

2

∫ T

r

y2(1)dt

− γ

2

∫ T

r

∫ +∞

−∞
(ξ2 + η)ϕ2(ξ) dξ dt+ (

r1Dµ

ε3
− r1)

∫ T

r

z2(0)dt+

∫ T

r

∫ 1

0

utyt dx dt−
[ ∫ 1

0

utydx
]T
r

≤
∫ T

r

∫ 1

0

utyt dx dt−
[ ∫ 1

0

utydx
]T
r
+ (

r1Dµ

ε3
− r1)

∫ T

r

z2(0)dt+
(r1ε3

4
+
γDµ

2

)∫ T

r

y2(1)dt

+ E(r)− E(T ) + γDµ

∫ T

r

z2(0)dt+ γDµ

∫ T

r

z2(1)dt−
∫ T

r

δ

2s
[z2(1) + z2(0)]dt

≤
∫ T

r

∫ 1

0

utyt dx dt−
[ ∫ 1

0

utydx
]T
r
+ (

r1Dµ

ε3
− r1)

∫ T

r

z2(0)dt+
(r1ε3

4
+
r1
2

)∫ T

r

y2(1)dt

+ E(r)− E(T ) + r1

∫ T

r

z2(0)dt+ r1

∫ T

r

z2(1)dt−
∫ T

r

δ

2s
[z2(1) + z2(0)]dt

≤
∫ T

r

∫ 1

0

utyt dx dt−
[ ∫ 1

0

utydx
]T
r
+ E(r)− E(T ) +

(r1ε3
4

+
r1
2

)∫ T

r

y2(1)dt

+
(
− δ

2s
+ r1

)∫ T

r

z2(1)dt+
(
− δ

2s
+
r1Dµ

ε3

)∫ T

r

z2(0)dt

≤
∫ T

r

∫ 1

0

utyt dx dt−
[ ∫ 1

0

utydx
]T
r
+ E(r)− E(T ) +

(r1ε3
4

+
r1
2

)∫ T

r

y2(1)dt

+max
{
− δ

2s
+ r1,−

δ

2s
+
r1Dµ

ε3

}∫ T

r

(z2(1) + z2(0))dt,
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where ε3 ≤ 2sr1Dµ

δ . Using Lemma 2.4, we obtain∫ T

r

(u2(1) + u2x(2))dt

≤
∫ T

r

∫ 1

0

utyt dx dt−
[ ∫ 1

0

utydx
]T
r
+ E(r)− E(T ) +

(r1ε3
4

+
r1
2

)∫ T

r

y2(1)dt

+max
{
− δ

2s
+ r1,−

δ

2s
+
r1Dµ

ε3

}∫ T

r

− 1

Ce

dE(T )

dt
dt

≤
∫ T

r

∫ 1

0

utytdt−
[ ∫ 1

0

utydx
]T
r
+ E(r)− E(T ) +

(r1ε3
4

+
r1
2

)∫ T

r

y2(1)dt

+
max

{
− δ

2s + r1,− δ
2s +

r1Dµ

ε3

}
Ce

(E(r)− E(T )).

(4.75)

Now, we estimate the term
∫ T

r

∫ 1

0
utyt dx dt. Differentiating (4.5) with respect to t yields

Aay := (a(yt)xx)xx − (b(yt)x)x + cyt = 0,

b(yt)x)(1)− (a(yt)xx)x(1) = λ1,

a(1)(yt)xx(1) = λ2.

(4.76)

Then, yt satisfies the conditions of Proposition 4.1, so

∥yt∥2L2(0,1) ≤
1

b0
|||y|||2 ≤ 2

b0
max

{ 1

b0
, 2max

{ 1

b0
,

1

a(1)(2−Ka)

}}∫ T

r

(u2(1) + u2x(2))dt. (4.77)

where the norm · is given in (4.1). Thus, for ε4 > 0, we have∫ T

r

∫ 1

0

utyt dx dt ≤
ε4
2

∫ T

r

∫ 1

0

u2t dx dt+
1

2ε4

∫ T

r

∫ 1

0

y2t dx dt

≤ ε4

∫ T

r

E(t)dt+
max

{
1
b0
, 2max

{
1
b0
, 1
a(1)(2−Ka)

}}
b0ε4

∫ T

r

(u2(1) + u2x(2))dt

≤ ε4

∫ T

r

E(t)dt+
max

{
1
b0
, 2max

{
1
b0
, 1
a(1)(2−Ka)

}}
Ceb0ε4

(E(r)− E(T )).

(4.78)
Combining Proposition 2.5 and (4.77), we obtain[ ∫ 1

0

utydx
]T
r
≤ max

{
1,

2

b0
max

{ 1

b0
, 2max

{ 1

b0
,

1

a(1)(2−Ka)

}}
×max

{ 3

b0
,

2

a(1)(2−Ka)

}}
(E(r) + E(T )).

(4.79)

By a similar process, we obtain(r1ε3
4

+
r1
2

)∫ T

r

y2(1)dt

≤ 2

b0

(r1ε3
4

+
r1
2

)
max

{ 1

b0
, 2max

{ 1

b0
,

1

a(1)(2−Ka)

}}
×max

{ 3

b0
,

2

a(1)(2−Ka)

}∫ T

r

(u2(1) + u2x(1))dt.

Thus, (4.75) can be written as∫ T

r

(u2(1) + u2x(2))dt

≤ ε4

∫ T

r

E(t)dt+max
{
1,

2

b0
max

{ 1

b0
, 2max

{ 1

b0
,

1

a(1)(2−Ka)

}}



20 L. CAO, S.-J. LI, S. CHAI EJDE-2026/73

×max
{ 3

b0
,

2

a(1)(2−Ka)

}}
(E(r) + E(T ))

+
2

b0

(r1ε3
4

+
r1
2

)
max

{ 1

b0
, 2max

{ 1

b0
,

1

a(1)(2−Ka)

}}
×max

{ 3

b0
,

2

a(1)(2−Ka)

}∫ T

r

(u2(1) + u2x(1))dt

+
(
1 +

max
{

1
b0
, 2max

{
1
b0
, 1
a(1)(2−Ka)

}}
Ceb0ε4

+
max

{
− δ

2s + r1,
δ
2s − ε3Dµ

}
Ce

)
(E(r)− E(T )).

Recalling (1.2) and choosing

ε3 ≤ min
{2sr1Dµ

δ
,
2b0
r1

(
max

{ 1

b0
, 2max

{ 1

b0
,

1

a(1)(2−Ka)

}}
×max

{ 3

b0
,

2

a(1)(2−Ka)

})−1

− 2
}
,

(4.80)

Cb0 := max
{
1,

2

b0
max

{ 1

b0
, 2max

{ 1

b0
,

1

a(1)(2−Ka)

}}
max

{ 3

b0
,

2

a(1)(2−Ka)

}}
, (4.81)

Cδ,b0 :=
(
1 +

max
{

1
b0
, 2max

{
1
b0
, 1
a(1)(2−Ka)

}}
Ceb0ε4

+
max

{
− δ

2s + r1,
δ
2s − ε3Dµ

}
Ce

)
, (4.82)

C3 :=
[
1− 2

b0

(r1ε3
4

+
r1
2

)
max

{ 1

b0
, 2max

{ 1

b0
,

1

a(1)(2−Ka)

}}
max

{ 3

b0
,

2

a(1)(2−Ka)

}]−1

,

(4.83)

we obtain the desired estimate (4.70). □

Theorem 4.11. Assume a is weakly or strongly degenerate. Let (u, ϕ, z) be a regular solution of
the problem (2.4), we have

E(t) ≤ e1−
t
N E(0), ∀t ∈ [N,+∞), (4.84)

where N > 0 is given by (4.88).

Proof. Using Proposition 4.8, Lemma 4.9 and Lemma 4.10, we have

(2C1−ε4C3)

∫ T

r

E(t)dt ≤ L(r)−L(T )+C2C3Cb0(E(r)+E(T ))+C2C3Cδ,b0(E(r)−E(T )) (4.85)

By choosing ε4 ∈ (0, 2C1

C3
), we deduce that∫ T

r

E(t)dt ≤ (2C1 − ε4C3)
−1[L(r)− L(T ) + C2C3Cb0(E(r) + E(T ))

+ C2C3Cδ,b0(E(r)− E(T ))].

(4.86)

Combining this with (4.53), we have l1E(r)− l2E(T ) ≤ L(r)− L(T ) ≤ l2E(r)− l1E(T ). Then∫ T

r

E(t)dt ≤ (2C1 − ε4C3)
−1(l2 + C2C3Cb0 + 2C2C3Cδ,b0)E(r), (4.87)

where

N := (2C1 − ε4C3)
−1(l2 + C2C3Cb0 + 2C2C3Cδ,b0), (4.88)

and N is related to M1, α, a, b, c. □
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