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GROUND STATE SOLUTIONS FOR FRACTIONAL p-LAPLACE EQUATIONS

WITH MIXED NONLINEARITIES IN THE CRITICAL AND

SUBCRITICAL CASES

SENLI LIU, YU SU

Abstract. In this article, we study fractional p-Laplace equations with mixed nonlinearities.

By employing Lieb’s compactness theorem and a generalized Sobolev inequality involving Morrey

norms in Ds,p(RN ), we establish the existence of ground state solutions under appropriate
subcritical and critical growth conditions.

1. Introduction and main results

Consider the fractional p-Laplacian equation

(−∆)spu+ |u|p−2u = f(x, u), x ∈ RN , (1.1)

where s ∈ (0, 1), p > 1 and (−∆)sp denotes the fractional p-Laplace operator defined by

(−∆)spu(x) = CN,s,pP.V.

∫
RN

|u(x)− u(y)|p−2(u(x)− u(y))

|x− y|N+ps
dy,

where CN,s,p is a normalizing constant. For simplicity, we usually assume that CN,s,p = 1. Equation
(1.1) arises in various physical contexts [6, 17, 20]. The fractional p-Laplacian, in conjunction with
mixed nonlinearities, captures essential features of various complex phenomena, including the
diffusion dynamics of biological populations [10] and anisotropic heat transport in reversed shear
magnetic fields [21]. As a result, a thorough understanding of fractional p-Laplacian operators with
mixed nonlinear effects has become a subject of significant theoretical and practical interest. In
the past decades, such nonlinear problems have attracted growing attention from a broad spectrum
of researchers [2, 4, 7, 13, 15, 16, 17, 18, 19, 22, 23, 27, 30, 31, 32].

For the fractional p-Laplacian problems with the critical Sobolev and Hardy exponents, no
matter in bounded domains or in the entire spaces, quite a few powerful and innovative methods
have been proposed for the existence and multiplicity of solutions [3, 5, 11, 14, 25, 26, 28]. It
becomes very natural to ask whether we can obtain the existence of ground state solutions to the
fractional p-Laplace equation involving doubly Hardy-Sobolev critical exponents. In this study,
we aim to study this question under the given subcritical and critical growth conditions.

We start with the fractional elliptic equation with subcritical mixed nonlinearities

(−∆)spu+ |u|p−2u = K(x)|u|q1−2u+K(x)|u|q2−2u, x ∈ RN , (1.2)

where N ≥ 3, s ∈ (0, 1), p ∈ (1,∞) and p < q1 < q2 < p∗s. We impose the hypotheses on the
nonsymmetric perturbation function K(x) as follows

(H1) 1 ̸≡ K(x) ∈ C(RN ) ∩ L∞(RN ) and 1 = lim|x|→+∞ K(x) = infx∈RN K(x).
(H2) There exists ρ > 0 such that K(x) = 1 in B(0, ρ).
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For convenience of our statement, we denote by Ds,p(RN ) the completion of C∞
0 (RN ) with respect

to the Gagliardo norm

∥u∥p
Ds,p(RN )

:=

∫∫
R2N

|u(x)− u(y)|p

|x− y|N+sp
dxdy.

For s ∈ (0, 1) and p ∈ (1,∞), we define the fractional Sobolev space

W s,p(RN ) := {u ∈ Lp(RN ) :

∫∫
R2N

|u(x)− u(y)|p

|x− y|N+sp
dxdy < ∞}

endowed with the norm

∥u∥p
W s,p(RN )

=

∫∫
R2N

|u(x)− u(y)|p

|x− y|N+sp
dx dy +

∫
RN

|u|p dx.

Proposition 1.1 ([12, Theorem 6.5]). Let s ∈ (0, 1) and p ∈ (1,∞). Then W s,p(RN ) is con-
tinuously embedded into Lq(RN ) for q ∈ [p, p∗s] and Ds,p(RN ) is continuously embedded into
Lp∗

s (RN ).

Based on Proposition 1.1, we define the two minimization problems

Sq := inf
u∈W s,p(RN )\{0}

∥u∥p
W s,p(RN )

(
∫
RN |u|q dx)p/q

,

Hα := inf
u∈Ds,p(RN )\{0}

∥u∥p
Ds,p(RN )

(
∫
RN

|u|p∗s (α) dx
|x|α )p/p

∗
s(α)

.

(1.3)

Definition 1.2. We say u ∈ W s,p(RN ) to be a weak solution of equation (1.2), if for every
φ ∈ W s,p(RN ) it holds∫∫

R2N

|u(x)− u(y)|p−2(u(x)− u(y))(φ(x)− φ(y))

|x− y|N+sp
dx dy +

∫
RN

|u|p−2uφdx

=

∫
RN

K(x)|u|q1−2uφdx+

∫
RN

K(x)|u|q2−2uφdx.

The corresponding energy functional of equation (1.2) is

Iq(u) =
1

p
∥u∥p

W s,p(RN )
− 1

q1

∫
RN

K(x)|u|q1 dx− 1

q2

∫
RN

K(x)|u|q2 dx.

We can see that Iq ∈ C1(W s,p(RN ,R)) and

⟨I ′q(u), φ⟩ =
∫∫

R2N

|u(x)− u(y)|p−2(u(x)− u(y))(φ(x)− φ(y))

|x− y|N+ps
dxdy

−
∫
RN

K(x)|u|q1 dx−
∫
RN

K(x)|u|q2 dx, φ ∈ W s,p(RN ).

Our first main result is regarding the existence of ground state solutions to the fractional p-Laplace
equation with two nonlinear terms of the subcritical growth.

Theorem 1.3. Assume that N ≥ 3, p < q1 < q2 < p∗s and conditions (H1) and (H2) hold. Then
(1.2) has a ground state solution.

It is notable that equation (1.2) contains the fractional p-Laplacian, so the localization meth-
ods become invalid [9] and we shall study the problem in the nonlocal situation. Although the
exponents q1 and q2 are subcritical, the nonsymmetric perturbation function K(x) and the whole
space RN make the functional Iq not satisfy the (PS) condition. To overcome these difficulties, we
start with the geometrical structure of Iq. By applying the refined Sobolev’s inequality, we obtain
a generalized version of Lieb’s compactness theorem, which plays a crucial role in the compactness
analysis. We then derive an explicit estimate of the mountain pass threshold and establish the
existence result of equation (1.2).
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Next we consider the doubly critical case

(−∆)spu = K(x)
|u|p∗

s(α1)−2u

|x|α1
+K(x)

|u|p∗
s(α2)−2u

|x|α2
, x ∈ RN , (1.4)

where N ≥ 3, s ∈ (0, 1), p ∈ (1,∞) and 0 < α1 < α2 < p.

Definition 1.4. We say u ∈ Ds,p(RN ) is a weak solution of (1.4), if for every φ ∈ Ds,p(RN ) it
holds ∫∫

R2N

|u(x)− u(y)|p−2(u(x)− u(y))(φ(x)− φ(y))

|x− y|N+sp
dxdy

=

∫
RN

K(x)
|u|p∗

s(α1)−2uφ

|x|α1
dx+

∫
RN

K(x)
|u|p∗

s(α2)−2uφ

|x|α2
dx.

Consider the functional Iα : Ds,p(RN ) → R associated with equation (1.4) as

Iα(u) =
1

p
∥u∥p

Ds,p(RN )
− 1

p∗s(α1)

∫
RN

K(x)
|u|p∗

s(α1)

|x|α1
dx− 1

p∗s(α2)

∫
RN

K(x)
|u|p∗

s(α2)

|x|α2
dx.

It is not difficult to see that Iα is well-defined, belongs to C1, and satisfies

⟨I ′α(u), φ⟩ =
∫∫

R2N

|u(x)− u(y)|p−2(u(x)− u(y))(φ(x)− φ(y))

|x− y|N+ps
dxdy

−
∫
RN

K(x)
|u|p∗

s(α1)−2uφ

|x|α1
dx−

∫
RN

K(x)
|u|p∗

s(α2)−2uφ

|x|α2
dx, φ ∈ Ds,p(RN ).

Theorem 1.5. Assume that N ≥ 3, s ∈ (0, 1), p ∈ (1,∞), 0 < α1 < α2 < p and conditions (H1)
and (H2) hold. Then equation (1.4) admits a ground state solution.

To prove Theorem 1.5, we note that the combination of two critical exponents induces more
difficulties in terms of the compactness analysis. Specifically, we have trouble in ruling out the
“vanishing” of the corresponding (PS) sequence due to an asymptotic competition between the
two critical nonlinearities. The energy functional Iα is lack of translation and scaling invariance
when we analyze the property of the (PS) sequence. The lack of an explicit formula for a minimizer
of Hα makes the estimation of the mountain pass threshold more complicated.

The paper is organized as follows. We prove Theorems 1.3 and 1.5 in Sections 2 and 3, respec-
tively. Throughout this paper, we denote by C and Ci positive constants whose values may vary
from line to line. Following the tradition, we use Br(x0) = {x ∈ RN : |x− x0| < r} to represent a
ball with center x0 and radius r > 0.

2. Proof of Theorem 1.3

The proof is straightforward, after the following technical lemmas.

Lemma 2.1 ([1, Theorem 2.1]). Let X be a Banach space and I ∈ C1(X,R). If there exists ρ > 0
such that I|∂Bρ(0) > 0, and there exists a function e ∈ X, such that ∥e∥X > ρ and I(e) < 0, Then
there exist a Palais-Smale sequence at level c and a sequence {un} such that

I(un) → c and I ′(un) → 0, as n → ∞,

where

c := inf
γ∈Γ

sup
t∈[0,1]

I(γ(t)) > 0, Γ := {γ ∈ C
(
[0, 1],W s,p(RN )

)
: γ(0) = 0, I(γ(1)) < 0}.

We denote the Nehari manifold of equation (1.2) by

Nq := {u ∈ W s,p(RN )\{0} : ⟨I ′q(u), u⟩ = 0}.

Lemma 2.2 ([29, Theorem 4.2]). Assume that the conditions in Theorem 1.3 hold. Then

(1) the functional Iq possesses the mountain pass geometry;
(2) for any u ∈ W s,p(RN ) \ {0}, there exists a unique tu > 0 such that tuu ∈ Nq and

Iq(tuu) = maxt>0 Iq(tu); and
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(3) cq = c̄q = ¯̄cq > 0,

where
c̄q = inf

u∈Nq

Iq(u), ¯̄cq = inf
u∈W s,p(RN )\{0}

sup
t≥0

Iq(tu).

Lemma 2.3. For u ∈ Nq, we have Φ′
q(u) ̸= 0, where Φq(u) := ⟨I ′q(u), u⟩. Moreover, if Iq(u) = cq,

then u is a ground state solution of equation (1.2).

Proof. For u ∈ Nq, it follows that

⟨Φ′
q(u), u⟩ = ⟨Φ′

q(u), u⟩ − q1Φq(u)

= p∥u∥p
W s,p(RN )

− q1

∫
RN

K(x)|u|q1 dx− q2

∫
RN

K(x)|u|q2 dx

− q1∥u∥pW s,p(RN )
+ q1

∫
RN

K(x)|u|q1 dx+ q1

∫
RN

K(x)|u|q2 dx

= (p− q1)∥u∥pW s,p(RN )
+ (q1 − q2)

∫
RN

K(x)|u|q2 dx < 0.

Thus, Φ′
q(u) ̸= 0 for u ∈ Nq.

Suppose that u ∈ Nq and Iq(u) = cq. By the Lagrange multiplier theorem, there exists a λ ∈ R
such that I ′q(u) = λΦ′

q(u). Thus we have

λ⟨Φ′
q(u), u⟩ = ⟨I ′q(u), u⟩ = Φq(u) = 0.

This implies that λ = 0 and I ′q(u) = 0. □

Lemma 2.4 (Refined Sobolev’s inequality). Let r ∈ (p, p∗s). Then∫
RN

|u|r dx ≤ C
(

sup
z∈RN

∫
B1(z)

|u|r dx
) r−2

r ∥u∥p
W s,p(RN )

, u ∈ W s,p(RN ). (2.1)

Proof. Let u ∈ Ds,p(RN ) and r ∈ (p, p∗s). From Hölder’s and Sobolev’s inequalities it follows that∫
B1(z)

|u|r dx ≤
(∫

B1(z)

|u|p dx
) p∗s−r

p∗s−p
(∫

B1(z)

|u|p
∗
s dx

) r−p
p∗s−p

≤ C
(
∥u∥pDs,p(B1(z))

+

∫
B1(z)

|u|p dx
) p∗s−r

p∗s−p ∥u∥
p∗s (r−p)

p(p∗s−p)

Ds,p(RN )

≤ C
(
∥u∥pDs,p(B1(z))

+

∫
B1(z)

|u|p dx
) r

p

.

Then we have∫
B1(z)

|u|r dx =
(∫

B1(z)

|u|r dx
)p/r(∫

B1(z)

|u|r dx
) r−p

r

≤ C
(
∥u∥pDs,p(B1(z))

+

∫
B1(z)

|u|p dx
)(∫

B1(z)

|u|r dx
) r−p

r

.

Covering RN by balls of radius 1, in such a way that each point of RN is contained in at most
N + 1 balls, we obtain the desired result (2.1). □

Lemma 2.5 (Lieb’s compactness theorem). Let r ∈ (p, p∗s) and {un} be a bounded sequence in
W s,p(RN ). If limn→∞

∫
RN |un|r dx > 0 and un ⇀ u ∈ W s,p(RN ), then there exists {zn} ⊂ RN

such that ūn := un(x+ zn) → ū ̸≡ 0 in Lr
loc(RN ). Moreover, if {zn} is bounded, then un → u ̸≡ 0

in Lr
loc(RN ).

Proof. Note that {un} is a bounded sequence in W s,p(RN ). Up to a subsequence, we assume that
there exists u satisfying

un ⇀ u in W s,p(RN ),

un → u a.e. in RN ,
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un → u in Lr
loc(RN ).

By Lemma 2.4 there exists C > 0 such that

sup
z∈RN

∫
B1(z)

|un|r dx ≥ C.

Since {un} is bounded in W s,p(RN ) and W s,p(RN ) ↪→ Lr(RN ) for r ∈ (p, p∗s), we obtain

sup
z∈RN

∫
B1(z)

|un|r dx ≤
∫
RN

|un|r dx ≤ C.

So there exists C1 > 0 such that

C1 ≤ sup
z∈RN

∫
B1(z)

|un|r dx ≤ C−1
1 .

This indicates that we can find zn ∈ RN and C2 > 0 to satisfy∫
B1(zn)

|un|r dx ≥ sup
z∈RN

∫
B1(z)

|un|r dx− C

2n
≥ C2.

We set ūn := un(x+ zn). Then ∥ūn∥W s,p(RN ) = ∥un∥W s,p(RN ) and∫
B1(0)

|ūn|r dx ≥ C2.

Up to a subsequence, there exists ū such that

ūn ⇀ ū in W s,p(RN ) and ūn → ū a.e. in RN .

Since the embedding W s,p(RN ) ↪→ Lr
loc(RN ) is compact, we deduce that ū ̸≡ 0.

If {zn} is bounded, then there exists C > 0 such that B1(zn) ⊂ BC(0) and∫
BC(0)

|un|r dx ≥
∫
B1(zn)

|un|r dx ≥ C2.

This leads to u ̸≡ 0. □

Lemma 2.6. We have cq < c∗q , where

c∗q := min
{(1

p
− 1

q1

)
S

q1
q1−p
q1 ,

(1
p
− 1

q2

)
S

q2
q2−p
q2

}
.

Proof. Let v be the minimizer of Sq1 . Then∫
RN

K(x)|v|q1 dx >

∫
RN

|v|q1 dx.

We set

g(t) =
tp

p
∥v∥p

W s,p(RN )
− tq1

q1

∫
RN

K(x)|v|q1 dx.

It is not difficult to show that

g′(t)


> 0, if t ∈ (0, tq),

= 0, if t = tq,

< 0, if t ∈ (tq,∞),

where

tq =
[ ∥v∥p

W s,p(RN )∫
RN K(x)|v|q1 dx

] 1
q1−p

.

From condition (H1) it follows that

max
t>0

Iq(tv) ≤
tpq
p
∥v∥p

W s,p(RN )
−

tq1q
q1

∫
RN

K(x)|v|q1 dx

=
(1
p
− 1

q1

)[ ∥v∥p
W s,p(RN )( ∫

RN K(x)|v|q1 dx
)p/q1

] q1
q1−p
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<
(1
p
− 1

q1

)[ ∥v∥p
W s,p(RN )( ∫

RN |v|q1 dx
)p/q1

] q1
q1−p

=
(1
p
− 1

q1

)
S

q1
q1−p
q1 .

By letting w be the minimizer of Sq2 , we can obtain

max
t>0

Iq(tw) <
(1
p
− 1

q2

)
S

q2
q2−p
q2 .

□

Lemma 2.7. Iq satisfies the (PS)c condition under the level c ∈ (0, c∗q).

Proof. Let {un} be a (PS)c sequence at level c ∈ (0, c∗q). Then

c = Iq(un)−
1

q1
⟨I ′q(un), un⟩

=
(1
p
− 1

q1

)
∥un∥pW s,p(RN )

+
( 1

q1
− 1

q2

)∫
RN

K(x)|un|q2 dx

≥
(1
p
− 1

q1

)
∥un∥pW s,p(RN )

, as n → ∞.

This indicates that {un} is bounded. We now split our proof into five steps.

Step 1. If limn→∞
∫
RN K(x)|un|q2 dx = 0, we have

lim
n→∞

∫
RN

K(x)|un|q1 dx = lim
n→∞

∫
RN

|un|q1 dx.

Clearly, we have∫
RN

[K(x)− 1]|un|q1 dx =

∫
|x|≤r

[K(x)− 1]|un|q1 dx+

∫
|x|>r

[K(x)− 1]|un|q1 dx.

Given that W s,p(RN ) ↪→ Lq2
loc(RN ) is compact, by Holder’s inequality we have∫

|x|≤r

[K(x)− 1]|un|q1 dx ≤
(∫

|x|≤r

[K(x)− 1]|un|p dx
) q2−q1

q2−p
(∫

|x|≤r

[K(x)− 1]|un|q2 dx
) q1−p

q2−p

≤ C
(∫

|x|≤r

[K(x)− 1]|un|q2 dx
) q1−p

q2−p

= o(1).

Using condition (H1) and letting r > 0 be large, we obtain

lim
n→∞

∫
|x|>r

[K(x)− 1]|un|q1 dx = o(1).

That is,

lim
n→∞

∫
RN

K(x)|un|q1 dx = lim
n→∞

∫
RN

|un|q1 dx.

Similarly, if limn→∞
∫
RN K(x)|un|q1 dx = 0, we can obtain

lim
n→∞

∫
RN

K(x)|un|q2 dx = lim
n→∞

∫
RN

|un|q2 dx.

Step 2. To prove limn→∞
∫
RN K(x)|un|q1 dx > 0, by way of contradiction, we assume that

lim
n→∞

∫
RN

K(x)|un|q1 dx = 0.

Taking the limit as n → ∞ yields

c =
1

p
∥un∥pW s,p(RN )

− 1

q2

∫
RN

K(x)|un|q2 dx,
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o(1) = ∥un∥pW s,p(RN )
−
∫
RN

K(x)|un|q2 dx,

which lead to

c =
(1
p
− 1

q2

)
∥un∥pW s,p(RN )

, as n → ∞.

From Step 1, we obtain

∥un∥pW s,p(RN )
=

∫
RN

K(x)|un|q2 dx =

∫
RN

|un|q2 dx ≤ S− q2
p

q2 ∥un∥q2W s,p(RN )
,

which implies that

∥un∥pW s,p(RN )
≥ S

q2
q2−p
q2 .

Then

c ≥
(1
p
− 1

q2

)
S

q2
q2−p
q2 .

This contradicts c < c∗q .

Similarly, to show limn→∞
∫
RN K(x)|un|q2 dx > 0, on the contrary, we assume that

lim
n→∞

∫
RN

K(x)|un|q2 dx = 0.

By passing the limits as n → ∞, it holds

c =
1

p
∥un∥pW s,p(RN )

− 1

q1

∫
RN

K(x)|un|q1 dx,

o(1) = ∥un∥pW s,p(RN )
−
∫
RN

K(x)|un|q1 dx,

which give

c =
(1
p
− 1

q1

)
∥un∥pW s,p(RN )

, as n → ∞.

Then we deduce that

∥un∥pW s,p(RN )
=

∫
RN

K(x)|un|q1 dx =

∫
RN

|un|q1 dx ≤ S− q1
p

q1 ∥un∥q1W s,p(RN )
.

That is,

∥un∥pW s,p(RN )
≥ S

q1
q1−p
q1 .

Thus it holds

c ≥
(1
p
− 1

q1

)
S

q1
q1−p
q1 .

This contradicts c < c∗q .

Step 3. From K(x) ∈ L∞(RN ) and Step 2, it follows that

0 < lim
n→∞

∫
RN

K(x)|un|q1 dx ≤ ∥K∥L∞(RN ) lim
n→∞

∫
RN

|un|q1 dx,

0 < lim
n→∞

∫
RN

K(x)|un|q2 dx ≤ ∥K∥L∞(RN ) lim
n→∞

∫
RN

|un|q2 dx,

which yield

lim
n→∞

∫
RN

|un|q1 dx > 0 and lim
n→∞

∫
RN

|un|q2 dx > 0.

From Lemma 2.5, we can know that there exists {zn} ⊂ RN such that

ūn := un(x+ zn) → ū ̸≡ 0 in Lq1
loc(R

N ),∫
B1(0)

|ūn|q1 dx =

∫
B1(zn)

|un|q1 dx ≥ C.

We claim that
Īq(ūn) = Iq(un) → c and Ī ′q(ūn) → 0, as n → ∞,
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where

Īq(ūn) =
1

p
∥ūn∥pW s,p(RN )

− 1

q1

∫
RN

K(x+ zn)|ūn|q1 dx− 1

q2

∫
RN

K(x+ zn)|ūn|q2 dx. (2.2)

Then, it follows that

|⟨Ī ′q(ūn), φ⟩| = |⟨I ′q(un), φn⟩| ≤ ∥I ′q(un)∥(W s,p(RN ))−1∥φn∥W s,p(RN ) = on(1), φ ∈ W s,p(RN ),

where φn = φ(x− zn) and ∥φn∥W s,p(RN ) = ∥φ∥W s,p(RN ). Thus we have Ī ′q(ūn) → 0, which means

that {ūn} is a (PS)c sequence of Īq. It is easy to see that {ūn} is bounded in W s,p(RN ). We now
assume that there exists ū such that ūn ⇀ ū in W s,p(RN ) and ūn → ū a.e. in RN .

Step 4. In this step, we show {zn} is bounded in RN . If limn→∞ |zn| = ∞, then

lim
n→∞

∫
RN

[K(x+ zn)− 1]|ūn|q1−1|φ|dx

≤ lim
n→∞

(∫
RN

[K(x+ zn)− 1]|ūn|q1 dx
) q1−1

q1
(∫

RN

[K(x+ zn)− 1]|φ|q1 dx
)1/q1

≤ C lim
n→∞

(∫
RN

[K(x+ zn)− 1]|φ|q1 dx
)1/q1

= 0.

Thus we obtain

lim
n→∞

∫
RN

K(x+ zn)|ūn|q1−2ūnφdx = lim
n→∞

∫
RN

|ūn|q1−2ūnφdx, (2.3)

lim
n→∞

∫
RN

K(x+ zn)|ūn|q2−2ūnφdx = lim
n→∞

∫
RN

|ūn|q2−2ūnφdx. (2.4)

It follows from ūn ⇀ ū in W s,p(RN ) and (2.3)-(2.4) that

⟨Ī ′q(ūn), φ⟩ = ⟨I ′q,∞(ū), φ⟩ = 0,

which implies that ū is a weak solution of the equation

(−∆)spu+ |u|p−2 = |u|q1−2u+ |u|q2−2u, x ∈ RN , (2.5)

and the associated energy functional with equation (2.5) is

Iq,∞(u) =
1

p
∥u∥p

W s,p(RN )
− 1

q1

∫
RN

|u|q1 dx− 1

q2

∫
RN

|u|q2 dx.

Let cq,∞ be the mountain pass level of Iq,∞. From condition (H1), it is not difficult to see that
c < cq,∞. It follows from (2.2), Brézis-Lieb’s lemma [8] and ⟨I ′q,∞(ū), φ⟩ = 0 that

cq,∞ > c = Īq(ūn)−
1

p
⟨Ī ′q(ūn), ūn⟩

=
(1
p
− 1

q1

)
lim
n→∞

∫
RN

K(x+ zn)|ūn|q1 dx

+
(1
p
− 1

q2

)
lim

n→∞

∫
RN

K(x+ zn)|ūn|q2 dx

≥
(1
p
− 1

q1

)
lim
n→∞

∫
RN

|ūn|q1 dx+
(1
p
− 1

q2

)
lim
n→∞

∫
RN

|ūn|q2 dx

≥
(1
p
− 1

q1

)∫
RN

|ū|q1 dx+
(1
p
− 1

q2

)∫
RN

|ū|q2 dx

= Iq,∞(ū)− 1

p
⟨I ′q,∞(ū), ū⟩

= Iq,∞(ū) ≥ cq,∞,

which yields a contradiction. Hence, {zn} is bounded in RN . By using Lemma 2.5 again, up to a
subsequence, we have un(x) → u ̸≡ 0 in Lq1

loc(RN ).
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Step 5. To prove un → u in W s,p(RN ), from un ⇀ u ̸≡ 0 in W s,p(RN ), we have

lim
n→∞

⟨I ′q(un), φ⟩ = ⟨I ′q(u), φ⟩.

Then u ∈ Nq. According to Brézis-Lieb’s lemma [8], we deduce that

c ≤ Iq(u) = Iq(u)−
1

q1
⟨I ′q(u), u⟩

=
(1
p
− 1

q1

)
∥u∥p

W s,p(RN )
+
( 1

q1
− 1

q2

)∫
RN

K(x)|u|q2 dx

≤
(1
p
− 1

q1

)
lim
n→∞

∥un∥pW s,p(RN )
+

( 1

q1
− 1

q2

)
lim

n→∞

∫
RN

K(x)|un|q2 dx

= lim
n→∞

Iq(un)−
1

q1
lim
n→∞

⟨I ′q(un), un⟩ = c.

Thus, we obtain Iq(u) = c and limn→∞ ∥un∥pW s,p(RN )
= ∥u∥p

W s,p(RN )
. □

Proof of Theorem 1.3. From Lemmas 2.3 and 2.7, Theorem 1.3 follows immediately. □

3. Proof of Theorem 1.5

To construct the geometrical structure of Iα, we set

Nα := {u ∈ Ds,p(RN )\{0} : ⟨I ′α(u), u⟩ = 0}.

Similar to Lemmas 2.2 and 2.3 respectively, we can obtain the following.

Lemma 3.1. Assume that all conditions described in Theorem 1.5 hold. Then

(1) the functional Iα possesses the mountain pass geometry;
(2) for any u ∈ Ds,p(RN )\{0}, there exists a unique tu > 0 such that tuu ∈ Nα and Iα(tuu) =

maxt>0 Iα(tu); and

(3) cα = c̃α = ˜̃cα > 0,

where

c̃α = inf
u∈Nα

Iα(u), ˜̃cα = inf
u∈Ds,p(RN )\{0}

sup
t≥0

Iα(tu).

Lemma 3.2. For u ∈ Nα, we have Φ′
α(u) ̸= 0, where Φα(u) := ⟨I ′α(u), u⟩. Moreover, if Iα(u) =

cα, then u is a ground state solution of equation (1.4).

We recall the definition of the homogeneous Morrey space Mr,ϖ(RN ). A measurable function
u : RN → R belongs to the Morrey space Mr,ϖ(RN ) with the norm ∥u∥Mr,ϖ(RN ), where r ∈ [1,∞)
and ϖ ∈ (0, N ] if and only if

∥u∥Mr,ϖ(RN ) := sup
R>0,x∈RN

R
N
ϖ−N

r ∥u∥Lr(BR(x)) < ∞.

Lemma 3.3 ([25, Proposition 4]). For N ≥ 3, there exists C > 0 such that for θ ∈ [ p
p∗
s
, 1) it holds

∥u∥Lp∗s (RN ) ≤ C∥u∥θDs,p(RN )∥u∥
1−θ

Mp,p∗s (RN )
, u ∈ Ds,p(RN ).

As we see, when r = p∗s in Lemma 2.5 it becomes invalid. To fill this gap, we establish the
following generalized version of Lieb’s compactness theorem.

Lemma 3.4 (Lieb’s compactness theorem). Let {un} be a bounded sequence in Ds,p(RN ). If

lim
n→∞

∫
RN

|un|p
∗
s dx > 0 and un ⇀ u ∈ Ds,p(RN ),

then

(1) There exist σn > 0 and {zn} ⊂ RN such that

ũn := σ
N−ps

p
n un(σnx+ zn) → ũ ̸≡ 0 in Lp

loc(R
N ).
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(2) If { zn
σn

} is bounded in RN , then

ûn := σ
N−ps

p
n un(σnx) → û ̸≡ 0 in Lp

loc(R
N ).

(3) Up to a subsequence, if {zn} is bounded in RN and there exists σ̃ > 0 such that σn → σ̃,
as n → ∞. Then

un → u ̸≡ 0 in Lp
loc(R

N ).

Proof. (1) Note that {un} is bounded in Ds,p(RN ). Up to a subsequence, we assume that there
exists u such that

un ⇀ u in Ds,p(RN ), un → u a.e. in RN and un → u in Lp
loc(R

N ).

According to Lemma 3.3, we can find C > 0 such that

∥un∥Mp,p∗s (RN ) ≥ C, n ∈ N∗.

By the definition of Morrey norm, we can find σn > 0, zn ∈ RN and C3 > 0 such that

σ−ps
n

∫
Bσn (zn)

|un|pdy ≥ ∥un∥pMp,p∗s (RN )
− C

2n
≥ C3.

Let ũn = σ
N−ps

p
n un(σnx+ zn). Then∫

B1(0)

|ũn|pdy = σ−ps
n

∫
Bσn (zn)

|un|pdy ≥ C3. (3.1)

Given that the embedding Ds,p(RN ) ↪→ Lp
loc(RN ) is compact, we obtain ũn → ũ ̸≡ 0.

(2) Since { zn
σn

} is bounded in RN , by (3.1) it is not difficult to see that∫
BC(0)

|ûn|p dx ≥
∫
B1(

zn
σn

)

|ûn|p dx = σ−ps
n

∫
Bσn (zn)

|un|p dx ≥ C3.

Thus, we have ûn → û ̸≡ 0 in Lp
loc(RN ).

(3) Given that {zn} is bounded in RN , there exists C̃ > 0 such that |zn| ≤ C̃. Using
limn→∞ σn = σ̃ ̸= 0, up to a subsequence, we have

Bσn(zn) ⊂ B|zn|+σn
(0) ⊂ BC̃+2σ̃(0).

It follows from (3.1) that

0 < Cσ̃ps = C lim
n→∞

σps
n ≤ lim

n→∞

∫
BC̃+2σ̃(0)

|un|p dy.

Since the embedding Ds,p(RN ) ↪→ Lp
loc(RN ) is compact, we obtain u ̸≡ 0. □

Lemma 3.5. We have cα < c∗α, where

c∗α :=
{(1

p
− 1

p∗s(α1)

)
H

p∗s (α1)

p∗s (α1)−p

α1 ,
(1
p
− 1

p∗s(α2)

)
H

p∗s (α2)

p∗s (α2)−p

α2

}
.

Proof. Let ṽ be the minimizer of Hα1
in (1.3). By condition (H1) we have∫

RN

K(x)
|ṽ|p∗

s(α1)

|x|α1
dx >

∫
RN

|ṽ|p∗
s(α1)

|x|α1
dx.

Let

h(t) =
tp

p
∥ṽ∥p

Ds,p(RN )
− tp

∗
s(α1)

p∗s(α1)

∫
RN

K(x)
|ṽ|p∗

s(α1)

|x|α1
dx.

A direct computation gives

h′(t)


> 0, t ∈ (0, tα),

= 0, t = tα,

< 0, t ∈ (tα,∞),
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where

tα =
[ ∥ṽ∥p

Ds,p(RN )∫
RN K(x) |ṽ|

p∗s (α1)

|x|α1
dx

] 1
p∗s (α1)−p

.

Then

max
t>0

Iα(tṽ) ≤ max
t>0

h(t)

=
(1
p
− 1

p∗s(α1)

)[ ∥ṽ∥p
Ds,p(RN )∫

RN K(x) |ṽ|
p∗s (α1)

|x|α1
dx

] p∗s (α1)

p∗s (α1)−p

<
(1
p
− 1

p∗s(α1)

)[ ∥ṽ∥p
Ds,p(RN )∫

RN

|ṽ|p∗s (α1)

|x|α1
dx

] p∗s (α1)

p∗s (α1)−p

=
(1
p
− 1

p∗s(α1)

)
H

p∗s (α1)

p∗s (α1)−p

α1 .

Let w̃ be the minimizer of Hα2 . Similarly, we obtain

0 < max
t>0

Iα(tw̃) <
(1
p
− 1

p∗s(α2)

)
H

p∗s (α2)

p∗s (α2)−p

α2 .

The proof is complete. □

Lemma 3.6. Iα satisfies the (PS)c condition under the level c ∈ (0, c∗α).

Proof. Let {un} be a (PS)c sequence at level c ∈ (0, c∗α). Since α1 < α2, it follows that p
∗
s(α1) >

p∗s(α2) and

c = Iα(un)−
1

p∗s(α2)
⟨I ′α(un), un⟩

=
(1
p
− 1

p∗s(α2)

)
∥un∥pDs,p(RN )

+
( 1

p∗s(α2)
− 1

p∗s(α1)

)∫
RN

K(x)
|un|p

∗
s(α1)

|x|s1
dx

≥
(1
p
− 1

p∗s(α1)

)
∥un∥pDs,p(RN )

, as n → ∞,

which implies that {un} is bounded. We now divide the proof into six steps.

Step 1. If limn→∞
∫
RN K(x) |un|p

∗
s (α1)

|x|α1
dx = 0, then

lim
n→∞

∫
RN

K(x)
|un|p

∗
s(α2)

|x|α2
dx = lim

n→∞

∫
RN

|un|p
∗
s(α2)

|x|α2
dx.

Choosing α3 ∈ (α2, p) we have(∫
RN

K(x)
|un|p

∗
s(α3)

|x|α3
dx

) p
p∗s (α3) ≤ ∥K∥

p
p∗s (α3)

L∞(RN )

(∫
RN

|un|p
∗
s(α3)

|x|α3
dx

) p
p∗s (α3)

≤ ∥K∥
p

p∗s (α3)

L∞(RN )
∥un∥pDs,p(RN )

≤ C.

In view of condition (H1) and 0 < α1 < α2 < α3 < p, then p∗s(α3) < p∗s(α2) < p∗s(α1) and we
obtain

0 ≤
∫
RN

[K(x)− 1]
|un|p

∗
s(α2)

|x|α2
dx

≤
∫
RN

K(x)
|un|p

∗
s(α2)

|x|α2
dx

≤
(∫

RN

K(x)
|un|p

∗
s(α3)

|x|α3
dx

) p∗s (α1)−p∗s (α2)

p∗s (α1)−p∗s (α3)
(∫

RN

K(x)
|un|p

∗
s(α1)

|x|α1
dx

) p∗s (α2)−p∗s (α3)

p∗s (α1)−p∗s (α3)
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≤ C
(∫

RN

K(x)
|un|p

∗
s(α1)

|x|α1
dx

) p∗s (α2)−p∗s (α3)

p∗s (α1)−p∗s (α3)

= o(1), as n → ∞.

Similarly, if limn→∞
∫
RN K(x) |un|p

∗
s (α2)

|x|α2
dx = 0, then

lim
n→∞

∫
RN

K(x)
|un|p

∗
s(α1)

|x|α1
dx = lim

n→∞

∫
RN

|un|p
∗
s(α1)

|x|α1
dx.

Step 2. We prove tlimn→∞
∫
RN K(x) |un|p

∗
s (α1)

|x|α1
dx > 0, by way of contradiction, assume that

lim
n→∞

∫
RN

K(x)
|un|p

∗
s(α1)

|x|α1
dx = 0.

Taking the limits as n → ∞ gives

c =
1

p
∥un∥pDs,p(RN )

− 1

p∗s(α2)

∫
RN

K(x)
|un|p

∗
s(α2)

|x|α2
dx,

o(1) = ∥un∥pDs,p(RN )
−
∫
RN

K(x)
|un|p

∗
s(α2)

|x|α2
dx,

which lead to

c =
(1
p
− 1

p∗s(α2)

)
∥un∥pDs,p(RN )

, as n → ∞.

From Step 1, we have

∥un∥pDs,p(RN )
=

∫
RN

K(x)
|un|p

∗
s(α2)

|x|α2
dx =

∫
RN

|un|p
∗
s(α2)

|x|α2
dx ≤ H− p∗s (α2)

p
α2 ∥un∥

p∗
s(α2)

Ds,p(RN )
,

which implies

∥un∥pDs,p(RN )
≥ H

p∗s (α2)

p∗s (α2)−p

α2 .

Then we have

c ≥
(1
p
− 1

p∗s(α2)

)
H

p∗s (α2)

p∗s (α2)−p

α2 ,

which yields a contradiction with c < c∗α. Thus,

lim
n→∞

∫
RN

K(x)
|un|p

∗
s(α1)

|x|α1
dx > 0.

Similarly, we deduce that limn→∞
∫
RN K(x) |un|p

∗
s (α2)

|x|α2
dx > 0.

Step 3. From condition (H1) and Step 2, we obtain

0 < lim
n→∞

∫
RN

K(x)
|un|p

∗
s(α1)

|x|α1
dx ≤ ∥K∥L∞(RN ) lim

n→∞

∫
RN

|un|p
∗
s(α1)

|x|α1
dx,

0 < lim
n→∞

∫
RN

K(x)
|un|p

∗
s(α2)

|x|α2
dx ≤ ∥K∥L∞(RN ) lim

n→∞

∫
RN

|un|p
∗
s(α2)

|x|α2
dx,

which lead to

lim
n→∞

∫
RN

|un|p
∗
s(α1)

|x|α1
dx > 0 and lim

n→∞

∫
RN

|un|p
∗
s(α2)

|x|α2
dx > 0.

It follows from Hölder’s and Hardy’s inequalities that∫
RN

|un|p
∗
s(α1)

|x|α1
dx ≤

(∫
RN

|un|p

|x|ps
dx

)α1
ps
(∫

RN

|un|p
∗
s dx

) ps−α1
ps ≤ C

(∫
RN

|un|p
∗
s dx

) ps−α1
ps

.

Then we have

lim
n→∞

∫
RN

|un|p
∗
s dx > 0.
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From Lemma 3.4, there exist {zn} ⊂ RN and σn ∈ R+ such that

ũn := σ
N−ps

p
n un(σnx+ zn) → ũ ̸≡ 0 in Lp

loc(R
N ),

∥ũn∥Ds,p(RN ) = ∥un∥Ds,p(RN )∫
RN

|ũn|p
∗
s dx =

∫
RN

|un|p
∗
s dx.

We claim that

lim
n→∞

Ĩα(ũn) = lim
n→∞

Iα(un) = c and Ĩ ′α(ũn) → 0,

where

Ĩα(ũn) =
1

p
∥ũn∥pDs,p(RN )

− 1

p∗s(α1)

∫
RN

K
(
x+

zn
σn

) |ũn|p
∗
s(α1)

|x+ zn
σn

|α1
dx

− 1

p∗s(α2)

∫
RN

K
(
x+

zn
σn

) |ũn|p
∗
s(α2)

|x+ zn
σn

|α2
dx.

This is so because

|⟨Ĩ ′α(ũn), φ⟩| = |⟨I ′α(un), φn⟩| ≤ ∥I ′α(un)∥(Ds,p(RN ))−1∥φn∥Ds,p(RN ) = on(1), φ ∈ Ds,p(RN ),

where φn = σ
−N−ps

p
n φ(x−zn

σn
) and ∥φn∥Ds,p(RN ) = ∥φ∥Ds,p(RN ). This leads to Ĩ ′α(ũn) → 0. Thus,

{ũn} is a (PS)c sequence of Ĩα.

Step 4. To show that { zn
σn

} is bounded in RN , we suppose, on the contrary, that | znσn
| → ∞ as

n → ∞. Note that∫
RN

K
(
x+

zn
σn

) |ũn|p
∗
s(α1)−1|φ|

|x+ zn
σn

|α1
dx

≤
[ ∫

RN

K
(
x+

zn
σn

) |ũn|p
∗
s(α1)

|x+ zn
σn

|α1
dx

] p∗s (α1)−1

p∗s (α1)
[ ∫

RN

K
(
x+

zn
σn

) |φ|p∗
s(α1)

|x+ zn
σn

|α1
dx

] 1
p∗s (α1)

≤ C
[ ∫

RN

K
(
x+

zn
σn

) |φ|p∗
s(α1)

|x+ zn
σn

|α1
dx

] 1
p∗s (α1) → 0, as n → ∞.

Thus ∫
RN

K
(
x+

zn
σn

) |ũn|p
∗
s(α1)−2ũnφ

|x+ zn
σn

|α1
dx = o(1), as n → ∞. (3.2)

Similarly, we can deduce that∫
RN

K
(
x+

zn
σn

) |ũn|p
∗
s(α2)−2ũnφ

|x+ zn
σn

|α2
dx = o(1), as n → ∞. (3.3)

From the fact that ũn ⇀ ũ in Ds,p(RN ) and (3.2)-(3.3), it follows that ũ is a weak solution of the
equation

(−∆)spu = 0, x ∈ RN .

Since (−∆)spu = 0 only has trivial solution in Ds,p(RN ). This yields a contradiction with Lemma

3.4. Therefore, we obtain that { zn
σn

} is bounded in RN .

Step 5. Using Lemma 3.4 and the fact that { zn
σn

} is bounded in RN , we obtain

ûn := σ
N−ps

p
n un(σnx) → ū ̸≡ 0 in Lp

loc(R
N ),

∥ûn∥Ds,p(RN ) = ∥un∥Ds,p(RN ),∫
RN

|ûn|p
∗
s dx =

∫
RN

|un|p
∗
s dx.

We claim that

lim
n→∞

Îα(ûn) = lim
n→∞

Iα(un) = c and Î ′α(ûn) → 0,
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where

Îα(ûn) =
1

p
∥ûn∥pDs,p(RN )

− 1

p∗s(α1)

∫
RN

K
( x

σn

) |ûn|p
∗
s(α1)

|x|α1
dx

− 1

p∗s(α2)

∫
RN

K
( x

σn

) |ûn|p
∗
s(α2)

|x|α2
dx.

This is so because

|⟨Î ′α(ûn), φ⟩| = |⟨I ′α(un), φn⟩| ≤ ∥I ′α(un)∥(Ds,p(RN ))−1∥φn∥Ds,p(RN ) = on(1), φ ∈ Ds,p(RN ),

where φn = σ
−N−ps

p
n φ( x

σn
) and ∥φn∥Ds,p(RN ) = ∥φ∥Ds,p(RN ). This leads to Î ′α(ûn) → 0, as n → ∞.

Consequently, {ûn} is a (PS)c sequence of Îα.
Next, we verify that σn ̸→ ∞. We suppose on the contrary that σn → ∞, as n → ∞. By

condition (H2), we have∫
RN

K
( x

σn

) |ûn|p
∗
s(α1)−2ûnφ

|x|α1
dx =

∫
RN

|ûn|p
∗
s(α1)−2ûnφ

|x|α1
dx, as n → ∞. (3.4)

By Hölder’s inequality, we obtain∫
RN

[
K
( x

σn

)
− 1

] |ûn|p
∗
s(α1)−1|φ|
|x|α1

dx

≤
{∫

RN

[
K
( x

σn

)
− 1

] |ûn|p
∗
s(α1)

|x|α1
dx

} p∗s (α1)−1

p∗s (α1)
{∫

RN

[
K
( x

σn

)
− 1

] |φ|p∗
s(α1)

|x|α1
dx

} 1
p∗s (α1)

≤ C
{∫

RN

[
K
( x

σn

)
− 1

] |φ|p∗
s(α1)

|x|α1
dx

} 1
p∗s (α1) → 0, as n → ∞.

Similarly, we can deduce that

lim
n→∞

∫
RN

K
( x

σn

) |ûn|p
∗
s(α2)−2ûnφ

|x|α2
dx = lim

n→∞

∫
RN

|ûn|p
∗
s(α2)−2ûnφ

|x|α2
dx. (3.5)

It follows from ûn ⇀ û in Ds,p(RN ) and (3.4)-(3.5) that

lim
n→∞

⟨Î ′α(ûn), φ⟩ = ⟨I ′α,∞(û), φ⟩ = 0, φ ∈ Ds,p(RN ),

which implies that û is a weak solution of

(−∆)spu =
|u|p∗

s(α1)−2u

|x|α1
+

|u|p∗
s(α2)−2u

|x|α2
, x ∈ RN , (3.6)

and the corresponding energy functional to equation (3.6) is

Iα,∞(u) =
1

p
∥u∥p

Ds,p(RN )
− 1

p∗s(α1)

∫
RN

|u|p∗
s(α1)

|x|α1
dx− 1

p∗s(α2)

∫
RN

|u|p∗
s(α2)

|x|α2
dx.

Let cα,∞ be the mountain pass level of Iα,∞. From condition (H1), it is easy to see that
c < cα,∞. Putting this together with condition (H1), (3.4)-(3.5) and Brézis-Lieb’s lemma [8], we
obtain

cα,∞ > c = Îα(ûn)−
1

p
⟨Î ′α(ûn), ûn⟩

=
(1
p
− 1

p∗s(α1)

)
lim
n→∞

∫
RN

K
( x

σn

) |ûn|p
∗
s(α1)

|x|α1
dx

+
(1
p
− 1

p∗s(α2)

)
lim
n→∞

∫
RN

K
( x

σn

) |ûn|p
∗
s(α2)

|x|α2
dx

≥
(1
p
− 1

p∗s(α1)

)
lim
n→∞

∫
RN

|ûn|p
∗
s(α1)

|x|α1
dx

+
(1
p
− 1

p∗s(α2)

)
lim
n→∞

∫
RN

|ûn|p
∗
s(α2)

|x|α2
dx
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≥
(1
p
− 1

p∗s(α1)

)∫
RN

|û|p∗
s(α1)

|x|α1
dx+

(1
p
− 1

p∗s(α2)

)∫
RN

|û|p∗
s(α2)

|x|α2
dx

= Iα,∞(û)− 1

p
⟨I ′α,∞(û), û⟩

= Iα,∞(û)

≥ cα,∞,

which yields a contradiction. Hence, we obtain σn ̸→ ∞, as n → ∞.
On the other hand, we can show that σn ̸→ 0. Otherwise, we suppose that σn → 0, as n → ∞.

In view of condition (H1), we can obtain (3.4)-(3.5). Repeating the arguments from line to line
under (3.5), we can deduce that σn ̸→ 0, as n → ∞.

Since {σn} is bounded in RN , up to a subsequence, we can find that σ̃ > 0 such that σn → σ̃,
as n → ∞. Since { zn

σn
} is bounded in RN , we know that {zn} is bounded in RN . Making use of

Lemma 3.4, up to a subsequence, we have

un(x) → u ̸≡ 0 in Lp
loc(R

N ).

Step 6. We now prove un → u in Ds,p(RN ). Since un ⇀ u ̸≡ 0 in Ds,p(RN ), we have

lim
n→∞

⟨I ′α(un), φ⟩ = ⟨I ′α(u), φ⟩, φ ∈ Ds,p(RN ).

It follows that

c ≤ Iα(u) = Iα(u)−
1

p∗s,α1

⟨Iα(u), u⟩ ≤ lim
n→∞

Iα(un)−
1

p∗s,α1

lim
n→∞

⟨I ′α(un), un⟩ = c.

This indicates that Iα(u) = c and limn→∞ ∥un∥pDs,p(RN )
= ∥u∥p

Ds,p(RN )
. □

Proof of Theorem 1.5. As we can see that Theorem 1.5 follows from Lemmas 3.2 and 3.5-3.6
immediately. □
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[18] A. Iannizzotto, S. Mosconi, M. Squassina; Global Hölder regularity for the fractional p-Laplacian. Rev. Mat.

Iberoam., 32 (2016), 1353-1392.
[19] H. Ishii, G. Nakamura; A class of integral equations and approximation of p-Laplace equations. Calc. Var.

Partial Differential Equations, 37 (2010), 485-522.
[20] X. Lin, S. Zheng, Z. Feng; Multiple solutions of p-fractional Schrödinger-Choquard-Kirchhoff equations with

Hardy-Littlewood-Sobolev critical exponents. Adv. Nonlinear Stud., 23 (2023), Paper No. 20220059, 21.
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