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GROUND STATE SOLUTIONS FOR FRACTIONAL p-LAPLACE EQUATIONS
WITH MIXED NONLINEARITIES IN THE CRITICAL AND
SUBCRITICAL CASES

SENLI LIU, YU SU

ABSTRACT. In this article, we study fractional p-Laplace equations with mixed nonlinearities.
By employing Lieb’s compactness theorem and a generalized Sobolev inequality involving Morrey
norms in D“"p(RN)7 we establish the existence of ground state solutions under appropriate
subcritical and critical growth conditions.

1. INTRODUCTION AND MAIN RESULTS
Consider the fractional p-Laplacian equation
(=A)su+ [uP?u = f(z,u), z¢€ RV, (1.1)

where s € (0,1), p> 1 and (—A); denotes the fractional p-Laplace operator defined by

(~A)ju(r) =CrapPV. | ) — vt y| o) uw) g,

where Cp 5, is a normalizing constant. For simplicity, we usually assume that Cy s, = 1. Equation
arises in various physical contexts [6,[17, 20]. The fractional p-Laplacian, in conjunction with
mixed nonlinearities, captures essential features of various complex phenomena, including the
diffusion dynamics of biological populations [10] and anisotropic heat transport in reversed shear
magnetic fields [2I]. As a result, a thorough understanding of fractional p-Laplacian operators with
mixed nonlinear effects has become a subject of significant theoretical and practical interest. In
the past decades, such nonlinear problems have attracted growing attention from a broad spectrum
of researchers [2], 4 [7, T3], 15} (16, 17, 18 19} 22} 23, 27, 30, 311 [32].

For the fractional p-Laplacian problems with the critical Sobolev and Hardy exponents, no
matter in bounded domains or in the entire spaces, quite a few powerful and innovative methods
have been proposed for the existence and multiplicity of solutions [3| [5, 11} 14, (25, 26] 28]. It
becomes very natural to ask whether we can obtain the existence of ground state solutions to the
fractional p-Laplace equation involving doubly Hardy-Sobolev critical exponents. In this study,
we aim to study this question under the given subcritical and critical growth conditions.

We start with the fractional elliptic equation with subcritical mixed nonlinearities

(—A);u + |u|p_2u = K(x)|u|q1_2u + K(:C)|u\‘12_2u, zeRYN, (1.2)

where N > 3, s € (0,1), p € (1,00) and p < ¢1 < g2 < pi. We impose the hypotheses on the
nonsymmetric perturbation function K(x) as follows

(H1) 1# K(z) € CRY) N L>®(RY) and 1 = limyy 400 K (z) = infepny K(z).

(H2) There exists p > 0 such that K(z) =1 in B(0, p).
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For convenience of our statement, we denote by D*P(RY) the completion of C§°(RY) with respect

to the Gagliardo norm
u(y)|”
||U||D5 p(]RN) // |I’*y|N+Sp dx dy

For s € (0,1) and p € (1,00), we define the fractional Sobolev space

s u( )P

endowed with the norm

()
Hu“wqp(RN /[RZN |.’IJ— |N+ dx der |u|pdSC

Proposition 1.1 ([12, Theorem 6.5]). Let s € (0,1) and p € (l,oo). Then W*P(RY) is con-
tinuously embedded into LI(RYN) for ¢ € [p,p?] and DSP(RY) is continuously embedded into
LPs (RN).

Based on Proposition we define the two minimization problems

S Hullwep(ﬂw)
q - wEWs: p(RN)\{O} fRN |u‘q dl‘)P/q s
el (1:3)

uGDSP(RN)\{O} (foun %)p/p (@)

Definition 1.2. We say u € W*P(R") to be a weak solution of equation (1.2)), if for every
o € WP(RY) it holds

[ o) = O 0) ) ) g0 [ -t
R2N RN

|z —y|NHep

= K(m)|u|q172ug0dx+/ K (2)|u|?2up da.
RN RN

The corresponding energy functional of equation is
Iq(u) I;HUHWS P ]RN) / K |U|q1 dzr — */ K |u\q"’ dz.
We can see that I, € C(W*P(RV R)) and
— p—2 _ _
o) = // |u(z) — u(y)["*(u(z) — u@) (@) = () 4 dy
R2N

|z —y|Nes

[ K@) de— / K(@)ul®dz, e W ®RN).
RN RN

Our first main result is regarding the existence of ground state solutions to the fractional p-Laplace

equation with two nonlinear terms of the subcritical growth.

Theorem 1.3. Assume that N > 3, p < ¢1 < q2 < pk and conditions (H1) and (H2) hold. Then
(1.2) has a ground state solution.

It is notable that equation contains the fractional p-Laplacian, so the localization meth-
ods become invalid [9] and we shall study the problem in the nonlocal situation. Although the
exponents ¢; and ¢o are subcritical, the nonsymmetric perturbation function K (z) and the whole
space RY make the functional I, not satisfy the (PS) condition. To overcome these difficulties, we
start with the geometrical structure of I,. By applying the refined Sobolev’s inequality, we obtain
a generalized version of Lieb’s compactness theorem, which plays a crucial role in the compactness
analysis. We then derive an explicit estimate of the mountain pass threshold and establish the
existence result of equation .
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Next we consider the doubly critical case

|u p:(a1)72u |u p:(o‘2)72u

(~A)u = K(2)

P , zeRY, (1.4)

x|

x|
where N >3, s€(0,1), p€ (1,00) and 0 < a1 < ag < p.

Definition 1.4. We say u € D¥P(RY) is a weak solution of (1.4), if for every ¢ € D*P(RY) it
holds

[ o) =) ) = )
R2N

|z —y|Nep

|u ps(a1)—

ps(a2)—2
[ulP="* e

= K(x) “up dz + K(x)

RN || RN |z[*2

Consider the functional I, : D$P(R") — R associated with equation (1.4) as

1 1 |u|Ps (@1) 1 |u|Ps (@2)
Io(u) = = |[ul S S B ) L A S K@) g
() = Jlulpe ) pﬁ(al)/nw (@) g 4 pz<a2>/RN (@) e 0

It is not difficult to see that I, is well-defined, belongs to C!, and satisfies

<I(;('U/),<p> — //R2N |U(I) - u(y)|p7 |i‘u(_1‘;|1—v;t:£8y))((p(l') - <p(y)) da dy
[ k@M e g, [ @M g e pran),
ox ol o ol

Theorem 1.5. Assume that N >3, s € (0,1), p € (1,00), 0 < aq < aa < p and conditions (H1)
and (H2) hold. Then equation (1.4) admits a ground state solution.

To prove Theorem we note that the combination of two critical exponents induces more
difficulties in terms of the compactness analysis. Specifically, we have trouble in ruling out the
“vanishing” of the corresponding (PS) sequence due to an asymptotic competition between the
two critical nonlinearities. The energy functional I, is lack of translation and scaling invariance
when we analyze the property of the (P.S) sequence. The lack of an explicit formula for a minimizer
of H, makes the estimation of the mountain pass threshold more complicated.

The paper is organized as follows. We prove Theorems [I.3] and [I.5] in Sections [2] and [3] respec-
tively. Throughout this paper, we denote by C and C; positive constants whose values may vary
from line to line. Following the tradition, we use B,(7¢) = {x € RY : |z — x| < r} to represent a
ball with center xy and radius r > 0.

2. PROOF OF THEOREM [L3
The proof is straightforward, after the following technical lemmas.

Lemma 2.1 ([I, Theorem 2.1]). Let X be a Banach space and I € C1(X,R). If there exists p > 0
such that I|pp, ) > 0, and there exists a function e € X, such that |le||x > p and I(e) <0, Then
there exist a Palais-Smale sequence at level ¢ and a sequence {u,} such that

I(u,) — ¢ and I'(up) =0, asn— oo,
where

ci= inf sup 10(0) > 0. Ti= {7 € C (0,11 (RY)) :7(0) = 0.1, (1) < 0,

We denote the Nehari manifold of equation (1.2)) by
Ny = {u e WP(RM)\{0} : (I)(u),u) = O},
Lemma 2.2 (|29, Theorem 4.2]). Assume that the conditions in Theorem hold. Then

(1) the functional I, possesses the mountain pass geometry;
(2) for any uw € WP(RN) \ {0}, there ewists a unique t, > 0 such that t,u € N, and
I, (tyu) = maxyso Iy (tu); and
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(3) cq=¢4=2¢¢ >0,
where
¢ = inf I (u), ¢,= inf sup I, (tu
17 LEN, q() q ueW*P(RN)\{O}Dg ( )-

Lemma 2.3. Foru € Ny, we have @, (u) # 0, where ®4(u) := (I} (u),u). Moreover, if I,(u) = c,,
then u is a ground state solution of equation (1.2)).

Proof. For u € N, it follows that

(@ (u), u) = (D (u), 1) — q1Pq(u)

— P”UH%/s,p(]RN) —q1 / K(z)|u|® dz — q2/ K (x)|u|? dz
RN RN
el [ K@ do o [ K@l do
RN RN

= (p— ) [ulllyy v,y + (1 — 42) /R K@)l de <0

Thus, @ (u) # 0 for u € N.
Suppose that u € N and I,(u) = ¢,. By the Lagrange multiplier theorem, there exists a A € R
such that I} (u) = A®{ (u). Thus we have

M@y (u), u) = (I (), u) = Pq(u) = 0.

This implies that A = 0 and I} (u) = 0. O
Lemma 2.4 (Refined Sobolev’s inequality). Let r € (p,p%). Then
r—2
/ Ju|" do < C( sup / Jul” da:) ) [ullfye @y, wE WeP(RY). (2.1)
RN z€RN J B (z)

Proof. Let u € D*P(RY) and r € (p,p?). From Hélder’s and Sobolev’s inequalities it follows that

pgor
/ |u]" dz < (/ |ul? dm) e (/ lu
Bi(z) Bi(z) Bi(z)
ier pirep)

< C(HUH%S,I)(BI(Z)) + / |u|P dx) pi—p ”UHS?;ED?N)

B1 (Z)

p p %
Dop(By(2)) +/Bl(z) |ul dff) :

=P
=
P dx) e

< O(lul

Then we have

r—p

/| e = /| » uran)” ([ )
< <|U| D=7 (B (2)) +/ By (e )|U|pdx></31(z) |u\7"dac) '

Covering RV by balls of radius 1, in such a way that each point of RY is contained in at most
N + 1 balls, we obtain the desired result (2.1)). O

Lemma 2.5 (Lieb’s compactness theorem). Let r € (p,p%) and {u,} be a bounded sequence in
WeP(RN). If limy oo [n [tn]"dz > 0 and u, — u € WHP(RYN), then there exists {z,} C RY
such that i, = up(z + 2,) — 4 Z 0 in LT, (RY). Moreover, if {z,} is bounded, then u, — u # 0
in LT (RN).

loc

Proof. Note that {u,,} is a bounded sequence in W*P(R¥). Up to a subsequence, we assume that
there exists u satisfying

U, —u in WOP(RY),

Up — u  ae. in RY,
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u, —u in L (RY).

loc
By Lemma [2.4] there exists C' > 0 such that

sup / |t |" dx > C.
z€RN J By (2)

Since {u,} is bounded in W*?(RY) and W*P(RY) — L"(R¥) for r € (p, p%), we obtain

sup/ \un\rdxg/ |un|" da < C.
z€RN J By(2) RN

So there exists C'; > 0 such that

Ci < sup / | dx < O7h
Bi(z)

2€RN

This indicates that we can find 2z, € RY and Cy > 0 to satisfy

) : C
/ |un|" dz > sup / lun|" dz — — > Cs.
Bi(zn) 2€RN J By (2) 2n

We set Uy, := un(z + 2,). Then ||ty ||y sr@yy = [[tn|lwsr@y) and

/ (" dz > Co.
B1(0)

Up to a subsequence, there exists @ such that
Up —a in WP(RY) and 4, » @ ae. in RV,

Since the embedding W*?(RY) — LI (R¥) is compact, we deduce that @ % 0.

loc

If {z,} is bounded, then there exists C' > 0 such that B;(z,) C B¢(0) and

/ |up|" da > / |t |" dz > Cs.
Bc(o) Bl(zn)

This leads to u # 0.

Lemma 2.6. We have ¢, < ¢y, where

1 1y - /1 1y -2
cr = min{(f — —)Sql_p, (7 — —)S”_p }
a p @/ " p @) "

Proof. Let v be the minimizer of S;,. Then

K(x)v|" dz > / [v|? da.
RN RN

We set tp "
90 = ol ey = o [ K(@lol" o
It is not difficult to show that
>0, ifte(0,t,),
gt) ¢ =0, ift=t,
<0, ifte (t;,00),

where

B [ Hv||€vs,p(RN) }ql%p
- fRN K(z)v|n dz
From condition (H1) it follows that

IA

B

I(t) < 4 — [ K@)l d

Iy (t0) < Loy~ [ K@l do
q1

1 1 [l T
(- ) [ il
P ([ K(@)o|a dx)p/ql
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(b D[l
P (fRNMqldx)P/ql

_ (1_g)8qup.
P a1 “

By letting w be the minimizer of S;,, we can obtain

1 1 q2
- q2—p
max I, (tw) < (p q2)8q2

Lemma 2.7. I, satisfies the (PS). condition under the level ¢ € (0,c}).
Proof. Let {u,} be a (PS). sequence at level ¢ € (0,c;). Then

= Ty(un) = (7). 1)

1 1 ) » 1 1
= (- —— ) lunlliysnr —i—(———) K(x)|up|? dz
(p q1 ” ”W (RY) q1 q2 RN ( )I ‘

1 1 »
> (2; - qT) ”un“Ws,p(]RN)v as n — o0.
This indicates that {u,} is bounded. We now split our proof into five steps.
Step 1. If lim, o0 fpn K (2)|un|? dz = 0, we have
lim K(z)u,|" dz = lim / [t |7 da.
n—oo RN n— oo RN

Clearly, we have

EJDE-2026/76

K(z) — 1]|u,|? dx = K(x) — 1]|u,|? dx K(x) — 1]|u,|? dx.
@ =l e = [ (K < U e [ K@) 1)

Given that W*P(RV) — L2

2 (RV) is compact, by Holder’s inequality we have

92 —41

/lm[K(x) ~Ufugf dz < /x.q“““’) [ T R /m”“”” — Ufug | dr)

91 —P

< C(/lxlq[K(x) — 1] fun| dx) 2T o(1).

Using condition (H1) and letting r > 0 be large, we obtain

lim [K () — 1]up|? daz = o(1).

n— 00 || >r
That is,
lim K(x)|ug|" dz = lim/ [t |7 dex.
n—oo RN

n—oo RN

Similarly, if lim, o0 fpnx K (2)|u,]? dz = 0, we can obtain

lim K(z)|u,|® dz = lim/ |t |72 dex.
n—oo RN

n—oo RN

41 —pP

Step 2. To prove lim,, fRN K(z)|u,|? dz > 0, by way of contradiction, we assume that

lim K(x)|uy,|™ dz = 0.

n—oo RN
Taking the limit as n — oo yields

1 » 1/
¢ = —||un|lvyen - — K(x)|u,|? dx,
By = o [ K@l
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o) = sy = [ K @un[" i,
RN

which lead to
1 1

_(f_ = p
C—(p (]2)||un||Ws,p(RN)7 as n — oo.

From Step 1, we obtain

92
||un||€ys,p(RN) = /IRN K($)|Un|q2 dr = /]RN |un‘q2 de < 8,7 HunH%{Q/s,p(RN)»

which implies that

q2

||Un||€vs,p(RN) > 8q; "

a2
c Z (1 _ l)SqQ;*P
P Qg

Then

This contradicts ¢ < cj‘l.

Similarly, to show limy, o [on K ()|tn]? dz > 0, on the contrary, we assume that

lim K(x)|up|?? dz = 0.

n—oo RN

By passing the limits as n — oo, it holds
e= lunlyenam, = o [ K@t do.

1) = un ooy = [ K)ol do
]RN
which give

1 1

c:(f——)u L , asn — oo.
L [

Then we deduce that
||un||€Vs,p(RN) = / K(z)|u,|" dz = / |t | dx < Sq1 B ||unHW PRN)"
RN RN
That is,

K A > Su
(RN) =

1 1 L
c> (* - f)Sqqf_”.
P Q1

Thus it holds

This contradicts ¢ < cj‘l.
Step 3. From K(z) € L>(RY) and Step 2, it follows that

0 < lim K(z)|un|" dz < || K| poe (rvy lim / |t |7 da,
n—oo JpN n—oo JpN
0 < lim K(2)[u,|?” dz < [|[K|| oo @y lim / |t |72 da,
n—oo RN n—oo RN
which yield
lim [up|®dz >0 and lim [un|? dz > 0.
n—,oo RN n—oo RN
From Lemma we can know that there exists {z,} C RY such that

Up = up(T+2,) 2w #£0 in LL (RN)

loc
/ i dr = / | d > C.
Bl(O) Bl(zn)

Iy(un) = Iy(un) = ¢ and I (,) =0, asn — oo,

We claim that
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where
I,(i,) = 1||fbn||€ys,p(]RN) - l/ K(z+ zy)|tn | doe — l/ K(z+ z,)|0,]% dz. (2.2)
p q1 JrN q2 JrN
Then, it follows that

(g (@n), )] = [{I(un), 0n)] < g (un)llwew@yy)-1l@nllwsnmny = 0n(1), € WP(RY),

where ¢, = @(z — z,) and ||@n|lwer@y) = @llwsp@y). Thus we have I)(@,) — 0, which means
that {u,} is a (PS). sequence of I,. It is easy to see that {i,} is bounded in W*P(RY). We now
assume that there exists 4 such that @, — @ in W*P(R"Y) and 4,, — @ a.e. in RY.

Step 4. In this step, we show {z,} is bounded in RY. If lim,, , |2,| = 0o, then

lim [K(x+ 2z,) — 1]|ﬂn|Q1_1|cp|d:1c

n—oo RN

a1-1

< lim (/RN[K(:E—kzn)—lﬂﬂnPl d:c) o (AN[K(x+zn)—1]|¢\Q1 dw)l/’“

n—oo

1/ 1
< C lim </ [K(z + 25) — 1]]p| da:) “_o.
RN

n— oo

Thus we obtain

lim K(z + 2p)|in|? 2t de = lim |, |2 21 p dz, (2.3)
n—oo RN n—oo RN

lim K(z + 2p)|in|? 2, de = lim |, |92 20, 0 d. (2.4)
n—oo RN n—oo RN

It follows from @, — 4 in W*P(RY) and (2.3)-(2.4) that
(Ig(an), ) = (I3 00 (3), ) =0,
which implies that u is a weak solution of the equation
(—A)pu+ JulP=2 = |u|® 2w + |u|®%u, e RY, (2.5)

and the associated energy functional with equation (2.5)) is

1 1 1
I, oo (u) = =||ul|?. ——/ uqldx——/ w|? de.
1o0) = Ly~ o= [ iz = L[

Let ¢4,00 be the mountain pass level of I, . From condition (H1), it is not difficult to see that
¢ < Cq,00- 1t follows from ({2.2)), Brézis-Lieb’s lemma [§] and (I}, ., (), ) = 0 that

_ 1 -
Cq,00 > C = Iq(un) - ];<I¢;(an)van>

1 1
_ (7 - 7) lim | K(z+ 2)|an|® dz
P qi1/ n—oo JrN

1 1
+ (f - —) lim K(z + z,)|a,|? dz
P g2/ n—oo JrN

1 1 1 1
- — —) lim / [T |7 da + (f - —) lim / [T |72 da
P q1/ mooo JrN P g2/ moo JrN

1 1 1 1
> (7_7)/ | dx+<f——)/ @] da
P a1 RN P Qq RN
1

which yields a contradiction. Hence, {z,} is bounded in RY. By using Lemma again, up to a

subsequence, we have u,(z) = u # 0 in L{_(RY).
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Step 5. To prove u,, — u in W*P(RY), from u,, — u # 0 in W*P(RY), we have
. / o
Jim (7 (un), ) = (Ig(u), ¢)-
Then u € Nj. According to Brézis-Lieb’s lemma [§], we deduce that

1
¢ < Tofw) = Iy(u) = {1} (w).u)
1 1 1 1
=(===)ul.., +<———> K(x)|u|? da
(G = sy + (- = o) [ K@l
1 1 1 1
< Do ' p ’ (7 o 7) i QQ
< (5= o) i el + (o = o) Jim, [ K@)l d
. 1 . /
= nlgréo I, (uy) — o n11_>H;O<Iq(Un),Un> =c.

Thus, we obtain I,(u) = ¢ and lim,,_, ||u"||€VS»P(RN) = \|u||%5,p(RN).

Proof of Theorem[I.3 From Lemmas [2.3] and Theorem [I.3] follows immediately.

3. PROOF OF THEOREM
To construct the geometrical structure of I,,, we set
Ny = {u € D¥P(RVN\{0} : (I),(u),u) = 0}.
Similar to Lemmas and respectively, we can obtain the following.
Lemma 3.1. Assume that all conditions described in Theorem [1.3 hold. Then

(1) the functional I, possesses the mountain pass geometry;
(2) for anyu € D*P(RN)\{0}, there exists a unique t,, > 0 such that t,u € N, and I, (t,u) =
maxsq I, (tu); and
(3) Ca =Ca =¢a >0,
where
Co = Inf Io(u), ¢o= inf sup I, (tu).
uENy ( ) ueDs:»(RN)\{0} tzg ( )
Lemma 3.2. For u € N, we have @ (u) # 0, where ®,(u) := (I/ (u),u). Moreover, if I,(u) =
Ca, then u is a ground state solution of equation (1.4]).

We recall the definition of the homogeneous Morrey space M™% (RY). A measurable function
u: RN — R belongs to the Morrey space M”® (RY) with the norm [|ul| y¢r.=&x), where r € [1,00)
and w € (0, N] if and only if

N_N
llul| pgr.=o @y == sup R="7
R>0,z€RN

Lemma 3.3 ([25, Proposition 4]). For N > 3, there exists C' > 0 such that for 0 € [p%, 1) it holds

Ul L (Bg(x)) < 00

lull oz vy < Clleall Do vy ull u € D*P(RY).

P.PE (]RN)7

As we see, when r = p¥ in Lemma it becomes invalid. To fill this gap, we establish the
following generalized version of Lieb’s compactness theorem.

Lemma 3.4 (Lieb’s compactness theorem). Let {u,} be a bounded sequence in D*P(RN). If

lim lup|P> dz >0 and u, — u € D*P(RY),
n—oo RN
then
(1) There ezist o, > 0 and {z,} C RY such that

N—ps

Up =0n " up(opx+2,) > u#0 in L}

(RY).



10 S. LIU, Y. SU EJDE-2026/76

(2) If {Z} is bounded in RN, then

N-—ps

Up:=0pn " up(opz) > 0#0 in Li

(RY).
(3) Up to a subsequence, if {z,} is bounded in RN and there exists ¢ > 0 such that o, — &,

as n — o0o. Then
U, wuZ0 in L

loc

(RY).
Proof. (1) Note that {u,} is bounded in D*P(RY). Up to a subsequence, we assume that there
exists u such that
U, — uin D*P(RY), u, — vwae inRY and w, — uin LIPOC(RN).
According to Lemma [3.3] we can find C' > 0 such that
lunll gz @y 2 €, m€ N

By the definition of Morrey norm, we can find o,, > 0, z, € RY and C5 > 0 such that

C
—ps Py > P = — > (.
n /B . [unldy = llunlly .0 gy = 5,7 = C3

N —ps
Let 4, = 0pn ¥ up(opz + 2,). Then

/ [ |Pdy = o7 / funlPdy > C. 3.1)
B1(0) B, (zn)

Given that the embedding D*?P(RY) — LP (RY) is compact, we obtain i, — @ # 0.

(2) Since {Z=} is bounded in R by (3.1)) it is not difficult to see that

/ i P i > / (P dar — a;w/ P d > C.
Be(0) By (2m) Bo, ()

Thus, we have @, — @ Z 0 in L (RV).

loc

(3) Given that {z,} is bounded in RY, there exists C > 0 such that |z, < C. Using
lim,, ,o 0, = 6 # 0, up to a subsequence, we have
Ban (Zn) C B\zn\+an (0) C BC+2&(0)'
It follows from (3.1]) that
0<Ce? =C lim oF® < lim [un, P dy.

n—oo n—oo
Bé+2a(0)

Since the embedding D*?(RY) — L

loc

(RY) is compact, we obtain u # 0. O

*
(o2}

Lemma 3.5. We have ¢, < ¢, where

1 1 plen 1 1 L
e ;:{(777* )H§;< D ”,(f——* )Hé;‘ 2 }
p pilon) p  pilaz)
Proof. Let © be the minimizer of H,, in (1.3]). By condition (H1) we have
pi(on)

5|ps(a1) ¥
/ K(m)de>/ [olP
RN || RN [T

ai

P ps (1) |5|Ps (@)
h(t) = —|0]|%.., —7/ K(z)——F——dz.
0 = S WolDen @y = s f KO

Let

A direct computation gives
>0, te(0,ta),
() =0, t=t,,
<0, té€(ty,00),
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where
~||P
. [ ”v”Ds,p(RN) ]m
- 51PE () '
S~ K(x) I’U|‘I‘a1 dx
Then
1,(to) < h(t
g e 09) = o)
_ (1 1 ) { ||77pr 2 (RN) } pngcyf)llp
—\ - pi(ay)
p pé o) f K lvl‘w\% dx
- (1 - 1 )[ ”UHDs,p(RN) ]pgguf?)l)p
* S1PE (1)
P pilen) fRN Ivix\% dz
1 pi(ay)

1 rilen)
= (* BT IUEY )H;;( v .
p  Dpi(a)

Let w be the minimizer of H,,. Similarly, we obtain

1 1 pria)
0< I, (tw <(7—7>’H”5a27".
R A

The proof is complete. O
Lemma 3.6. I, satisfies the (PS). condition under the level c € (0,c}).

Proof. Let {uyn} be a (PS). sequence at level ¢ € (0,¢}). Since oy < ag, it follows that p%(ay) >
pi(ag) and

1
i (o)

c=Io(un) — (I;(un),un>

1 1 ) » 1 1 |, [P5 (1)
=== — ) lunlenp +(7_ ) K(z)———dz
G~ st el * (e ~ i) fow KO o

1 1
> (7 - )||un|\][1'DSYF(RJ\,)7 as n — oo,
p  pilea)

which implies that {u,} is bounded. We now divide the proof into six steps.
ps(ay)
Step 1. If lim, 00 [pn K(a:)lu”li1 dx = 0, then

ERE
|y, [P5 (@2) S(e2)
lim K(z)——dz = lim ———dz.
n—oo JpN |J;|O‘2 n—o0 JpN |J;|O‘2
Choosing a3 € (g, p) we have
(/ K(x) n|* ) dx) ps(a3) PE (0‘3) (/ ‘un|ps(0‘3) dx) p§(pa3)
RN || Ry |x]es
PE (as) <C.

)

In view of condition (H1) and 0 < a3 < as < a3 < p, then p*(az) < pi(az) < pi(ay) and we
obtain

OS/ K(z)— 112~ g
[ k) -y

2 (o2)

g/ K(z)de

RN ||

p*(as) ps(a1)—pk(ag) p* (1) ps(ag)—pk(a3)

s s(a1)—pf(az) Uu s s(a1)—pi(az)

< ([ K@) d) T ( K(x)|”7dx)p D=r3 e
RN RN

]

|un
||
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pr(ar) p§(22):p§(33)
<o [ K@M an) T <o), asno oo
H(an)
Similarly, if lim,, fRN K(I)% dx = 0, then
pi(oa) pi(a1)
lim K(:E)L dz = lim [tun
n—oo JpN |$|0‘1 n—oo JpN |aj|0‘1
5 (aq) . .
Step 2. We prove tlim, o [pn K (a:)% dz > 0, by way of contradiction, assume that
pL(a)
lim K(a:)L x=0.
n—o0o JpN |J)|O‘1
Taking the limits as n — oo gives
1 1 |y, [P5 (@)
c= —||unll. - )= dx
el = iy [ KO o
|un|p: (a2)

_ P _ Bl 7 7
o(1) = lun e ga) /RN K)o da,
which lead to
(5 = = )l -
c=(-— Un [P epmny, 88 M — 00.
p  pilaz) DoY)
From Step 1, we have

‘un|p:(a2) |un|l):(a2) _PZ’-(:Q) *(az)
||'Uan%s,p(RN) - /]RN K(x)i dr = ————dzr < sz ||un| %s,p?RN)u

i

which implies
Py (o)

1t e vy = Has >
(=)

Then we have

f(ag)
o> (1 1 ) ap;?('azip
= « 2 )
p Ps (042)
which yields a contradiction with ¢ < ¢%. Thus,

|un|p: (al)

lim K(z) dx > 0.

n—oe JpN [

|un‘p§(a2)
|z >2

Similarly, we deduce that lim, e [pr K() dz > 0.
Step 3. From condition (H1) and Step 2, we obtain

[ P (0 pian)

) |u
. < - . n
0< nli)H;o RN K(J?) |£C‘a1 dz < ”K”L (RY) nh—>Hclo RN |fE|a1 ’
|un‘PZ(a2) [t Py (a2)
0 < lim K(x) dr < [|K||peeryy lim / ———duz,
n—o00 JpN |:17‘O‘2 n—oo JpN |aj|a2
which lead to
|, Py (o) |y, pi(az)
lim dzr >0 and lim dz > 0.
n—oo JpN |aj|0‘1 n—oo JpN ‘x|0‘2

It follows from Holder’s and Hardy’s inequalities that

ay ps—og

[ < (e ([ o an) Tz f

Then we have

ps—ag

. =
Ps dx)

lim [un|P dz > 0.

n—oo RN
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From Lemma there exist {2,} C RY and o,, € RT such that
N —ps

Up =0n " Up(on®+2,) > U#0 in Li

(RY),

HanHDs,P(RN) = ||U7LHDS~P(RN)

/ |ﬂn|p: dr = / |,
RN RN

lim I,(d,) = lim I(u,)=c and I’ (@) =0,

n—00 n—oo

.
Ps dz.

We claim that
where

- 1. . 1 Zn \ | |Ps (@)
i) = Mgy~ o [ i ) B
(n) = Winllpenam) = 5y Jon U o Sl e

1 i, |Ps(@2)
- / K(x + Zl) ‘uniz dz.
pi(az) Jey on/ |+ 2|
This is so because

(T (@), )| = [0 (un), 0n)| < 1o (un) (o @)1 [ @nllDen@ny = 0n(1), @ € DIP(RY),

N—ps

where @, = O'»ZTQD(:D%:’L) and [|on || psreyy = ||@ll pspryy. This leads to I’ (ii,) — 0. Thus,
{@,} is a (PS). sequence of I,.

Step 4. To show that {;—"L} is bounded in RY, we suppose, on the contrary, that |j—7| — 00 as
n — oo. Note that

[ s,
RN On ‘(E+ Zn oy

~ (o ph(ag)—1 * (o 1
<[ [ K )T ] T [ (e ) ]
= U 70 o 2 w0y ot e
p:(al) #
§C[/ K(erZ")“D_i_ZWd:E]pS( R —0, asn— oo.
RN On xr 0'7: 1
Thus o)
= pi(an)—25
/ K(:c+%)deo(1), as n — oo. (3.2)
RN On X 72
Similarly, we can deduce that
i [Ps(e2)—25
/ K(x—i—%)lwpdx:o(l), as n — oo. (3.3)
RN On T+ «

From the fact that i, — @ in D*P(RY) and (3.2))-(3.3), it follows that @ is a weak solution of the
equation

(~Ayu=0, zecR.
Since (—A)$u = 0 only has trivial solution in D*P(R™). This yields a contradiction with Lemma
Therefore, we obtain that {Z=} is bounded in RV
Step 5. Using Lemma and the fact that {2~} is bounded in RY, we obtain

N—ps

Up :=0n " up(opz) >0 #0 in LY

(RY),

”an”DSvP(RN) = HunHDS’P(]RN)a
[ o= [ u,
RN RN

lim Io(@,) = lim I(u,) =c and I (i,) = 0,

n—0o0 n—oo

.
Ps dz.

We claim that
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where
n ps (1)

. 1 1 x\ |t
1.,(0,) = = ||a, |2 - K(—>7d
i) = Sl = oy o K () S 2
1 fi, |P5 (02)
_ / K(i)de
pilas) Jev  Non/ |z[*
This is so because

(L (), 0] = [(Te(un), u)| < Mo (un)ll e @nyy-1lenllpen@y) = 0n(1), ¢ € D*P(RY),

_N-—ps ~
where ¢, = 0n 7 o(2=) and [[on | psr@yy = @]l psp@yy. This leads to 17, (i,) — 0, as n — oo.

Consequently, {iy,} is a (PS). sequence of I,.
Next, we verify that o, /4 oco. We suppose on the contrary that o, — 0o, as n — oco. By
condition (H2), we have

pi(a1)—24

fi,, [Ps (@) =24, i
[or(E) e e g [ g s )
RN \On ] RN ||

By Holder’s inequality, we obtain

iy P2 ()1
K(2) 1] @] 2] 4
RN On ||
y—1

TR CIDRNG ACARAS
<{ [ G -1 et
RN On |.’17|a1

ps(a1) e
L () - e
RN On ‘l’ 1
pi(a1) —
< C{/ [K(£> — 1]de}ps( v —0, asn — oo.
RN On ||

Similarly, we can deduce that

o |ps(a2)—24 i |ps(a2)—24
lim K(i)m”—wdx T A L0 L (3.5)
n-00 Jpn on || 2 n—oo JpN | ]2
It follows from @, — 4 in D*P(RY) and (3.4)-(3.5) that
Tim (T (i), ) = (I} o (@), 9) = 0, € D™P(RY),
which implies that @ is a weak solution of
B . |u p:(a1)72u |u p:(a2)72u N
(—A)u= ey P x € RY, (3.6)

and the corresponding energy functional to equation (3.6|) is
ps(az)

1 1 |u|Ps (1) 1 lu
Laoo(w) = SNl pep@ry = — / a T /
p pi(ar) Jey |z pi(az) Jev |z

Let ¢q,00 be the mountain pass level of I, . From condition (H1), it is easy to see that
¢ < Cq,00- Putting this together with condition (H1), (3.4)-(3.5) and Brézis-Lieb’s lemma [§], we
obtain

(65}

Cayo0 > €= Io(ly) —
1 1 i, |Ps (@)
=(b- ) [ k()
p o pilar)/ oo Jgy o Now/ falo

1 1 i, |Ps (@2)
+(*— ) lim/ K(E)de
p o pi(ag)/ nooo Jgn o Now/ o z]e
1 1 fi, [P5 (1)
S (AL [,
p o pi(ar)/ nooe Jgn o fzfn

ps(az)

1 1 . |,
+ (f — ) lim ———dx
p  pilaz)/ nooo Jgn ]2




EJDE-2026/76 GROUND STATE SOLUTIONS FOR FRACTIONAL p-LAPLACE EQUATIONS 15

1 1 |u[Ps (@) 1 1 |a|pe(@2)
(L) are (L) [,
p pilea)/ Jen o fz|™ p  pilaz)/ Jpy  |z[*2

— Lono(d) })ug,oo(a),m

= Iy 00()

2 Ca,00s

which yields a contradiction. Hence, we obtain o,, /A 00, as n — oo.

On the other hand, we can show that ¢, 4 0. Otherwise, we suppose that o, — 0, as n — oco.
In view of condition (H1), we can obtain —. Repeating the arguments from line to line
under (3.5), we can deduce that o,, /4 0, as n — oo.

Since {0, } is bounded in RY, up to a subsequence, we can find that & > 0 such that o, — &,
as n — co. Since {22} is bounded in RY, we know that {z,} is bounded in RY. Making use of

On

Lemma [3:4] up to a subsequence, we have

Un(r) - u#0 in L _(RY).

loc

Step 6. We now prove u,, — u in DSP(RY). Since u,, — u # 0 in D¥P(RY), we have

Jim (I, (un), @) = (I (u), @), ¢ € D*P(RY).

It follows that

1 1
c<I,(u)=1I1,(u)— I, (u),u) < lim I,(u,) — —— lim I(/]un,un =c.
o) = o) =~ ) ) € i o) = i (1 () )
This indicates that I, (u) = ¢ and lim,, HunH’l’)S,p(RN) = ||u||%s,p(RN). O
Proof of Theorem[1.5. As we can see that Theorem follows from Lemmas and
immediately. (]
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