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INCOMPRESSIBLE LIMIT FOR NON-ISENTROPIC COMPRESSIBLE

EULER-NAVIER-STOKES TWO-PHASE FLOW MODEL IN R3

CHOL-UNG RIM, HAKHO HONG

Communicated by Jesus Ildefonso Diaz

Abstract. This article concerns the incompressible limit for the two-phase flow model con-
sisting of the compressible isothermal Euler equations coupled with compressible non-isentropic

Navier-Stokes equations through a drag forcing term. For the 3D Cauchy problem, we rigorously

justify the incompressible limits, which mean that the solutions converge to that of a compress-
ible Euler/incompressible Navier-Stokes system and a compressible Euler/non-homogeneous in-

compressible Navier-Stokes system as Mach number goes to zero, under the small and large

temperature variations, respectively.

1. Main results

The two-phase fluid system consisting of the compressible isothermal Euler equations coupled
with the non-isentropic compressible Navier-Stokes equations through a drag forcing term in the
whole space R3 is as follows

nt + div(nw) = 0,

(nw)t + div(nw ⊗ w) +∇n = −σn(w − u),

ρt + div(ρu) = 0,

(ρu)t + div(ρu⊗ u) +∇P = div S(u) + σn(w − u),

[ρ(e+
|u|2

2
)]t + div[ρu(e+

|u|2

2
) + Pu]

= κ∆θ + div(S(u)u) + σn(w − u)u,

(1.1)

for t > 0 and x ∈ R3. Here, the unknown functions are the densities n(x, t) > 0 and ρ(x, t) > 0.
The velocities of the particle and fluid are w(x, t) and u(x, t) respectively. While the temperature
is θ(x, t) > 0. Also, the pressure P = P (ρ, θ) and internal energy e = e(ρ, θ) are the smooth
functions of ρ and θ: D(w), and S(u) are the deformation and the viscous stress tensors given by

D(w) =
1

2

(
∇w +∇Tw

)
and S(u) = 2µD(u) + λ div uI, (1.2)

respectively, where T represents the transpose of a matrix, I is the identity matrix, and µ and λ are
the constant shear and bulk viscosity coefficients, respectively, satisfying µ > 0 and 3λ + 2µ ≥ 0
which follow from the 2nd law of thermodynamics, κ ≥ 0 denotes the heat-conductivity, and σ > 0
is the drag coefficient.
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System (1.1) is the non-isothermal version of the coupled Euler/Navier-Stokes two-phase flow
model

nt + div(nw) = 0,

(nw)t + div(nw ⊗ w) +∇n = −σn(w − u),

ρt + div(ρu) = 0,

(ρu)t + div(ρu⊗ u) +∇P (ρ) = div S(u) + σn(w − u),

(1.3)

which can be formally derived from the barotropic compressible Navier-Stokes-Vlasov-Fokker-
Planck equation with a local alignment force as follows (see [7]):

ft + ξ · ∇xf = divξ((ξ − u)f) +
1

η
divξ((ξ − w)f +∇ξf),

ρt + divx(ρu) = 0,

(ρu)t + divx(ρu⊗ u) +∇xP (ρ) = div S(u) + σn(w − u), ξ, x ∈ R3, t > 0,

(1.4)

where f = f(ξ, x, t) is the distribution function associated with the particles, η > 0, and n and
nw are the macroscopical density and momentum defined by

n(x, t) :=

∫
R3

f(ξ, x, t)dξ, nw(x, t) :=

∫
R3

ξf(ξ, x, t)dξ. (1.5)

The physical motivation of Euler or Navier-Stokes two-phase flow models shows that the individual
particle velocity ξ is tracked statistically at the kinetic level (Vlasov-Fokker-Planck equation (1.4)1)
and integrating (1.5) over velocity ξ yields macroscopic equations for the particle density n(x, t)
and velocity

w(x, t) =

∫
R3 ξf(ξ, x, t)dξ∫
R3 f(ξ, x, t)dξ

.

Moreover, the isothermal compressible Euler (or Navier-Stokes) equations are coupled with the
isentropic (or non-isentropic) compressible Navier-Stokes equations through a drag forcing term
σn(w − u).

Recently, Li-Wang-Wang [20] applied the Chapman-Enskog expansion (see Chapman-Colwing
[5]) for the fluid-particle model (1.4) around the local Maxwellian

n(x, t)√
(2π)3

e−
|ξ−w(x,t)|2

2

to obtain the two-phase flow equations

nt + div(nw) = 0, x ∈ R3, t > 0,

(nw)t + div(nw ⊗ w) +∇n = η div(nD(w))− σn(w − u)− η

∫
R3

ξ ⊗ ξ · ∇xGdξ,

ρt + div(ρu) = 0,

(ρu)t + div(ρu⊗ u) +∇P (ρ) = div S(u) + σn(w − u),

(1.6)

where the term G is governed by the microscopic part. In the limiting case η → 0, the system
(1.6) converges to the coupled Euler/Navier-Stokes two-phase flow model (1.3).

The kinetic-fluid system (1.4) is used to describe the interactions between particles and fluid.
Recently, this type of the kinetic-fluid system has attracted growing attention due to a very large
range of applications, for example, biotechnology and medicine, and in the study of sedimentation
phenomena, compressibility of droplets of the spray, and diesel engines, etc [10, 1, 13]. For the
Euler/Navier-Stokes system (1.1), Choi [7] proved the global existence of a unique strong solution
in both the whole space R3 and the periodic domain T3, and obtained the exponential decay rate
in T3. Later, with some additional conditions on the initial data, Tang-Zhang [25], Wu-Zhang-
Zou [28], and Zhang et al. [30] obtained the optimal algebraic decay rates in time of the global
solutions in the whole space with Sobolev regularity. Wu-Zhou [29] extended L2-estimate in [28]
to Lp-estimate with p > 1. Recently, Huang-Wang [18] proved the global existence of strong
solution to 1-D Euler-Navier-Stokes system by using the standard continuity argument for small
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H1 data while the second order derivative can be large. See also similar results [8, 14] for the Euler-
Navier-Stokes system (1.1) in a bounded domain. Also, for the pressureless Euler/Navier-Stokes
system (i.e., system (1.1) without ∇n in (1.1)2), Choi-Kwon [9] proved the global existence of a
unique strong solution and obtained the exponential decay rate in T3. Recently, Li- Wang-Zhang
[21] showed that the finite-energy classical solutions to the Cauchy problem of this pressureless
Euler/Navier-Stokes system do not exist for any small time. The interested reader can refer to
the review papers [12, 27] for the vicous two-fluid equations, while for the fluid-particles models,
one can refer to [22, 4, 2, 19, 20] and the references therein. The main novelty of this paper is
to justify the existence and low Mach number limit of the smooth solutions for the compressible
Euler/full compressible Navier-Stokes system (1.1) by the pure elementary energy method.

For the incompressible limit analysis that we have in mind, it is convenient to introduce the
nondimensional form of the system (1.1). For that purpose, we consider the following nondimen-
sionalization:

t̂ =
t

T∞
, x̂ =

x

L∞
, n̂ =

n

n∞
, ŵ =

w

U∞
, ρ̂ =

ρ

ρ∞
, û =

u

U∞
, P̂ =

P

P∞
,

θ̂ =
θ

θ∞
, ê =

e

e∞
µ̂ =

µ

µ∞
, λ̂ =

λ

µ∞
, κ̂ =

κ

κ∞
, σ̂ =

σ

σ∞
,

where T∞ L∞, n∞, U∞, ρ∞, P∞, θ∞, e∞, µ∞, σ∞, and κ∞ denote the reference hydrodynami-
cal quantities (time, length, particle density, mean velocity, fluid density, pressure, temperature,
energy, viscosity, drag coefficient and heat-conductivity). Moreover, we denote by

Sr :=
L∞

T∞U∞
, Ma :=

U∞√
P∞/ρ∞

, Re :=
U∞ρ∞L∞

µ∞
,

the Strouhal, Mach, and Reynolds numbers corresponding to hydrodynamics, and by

Ln :=
1

U2
∞
, L1σ :=

σ∞L∞

U∞
, L2σ :=

σ∞L∞n∞
U∞ρ∞

,

the parameters corresponding to drag. Using the above scalings, we can rewrite (1.1) for the
renormalized unknowns (still denoted by as (n,w, ρ, u, P )) follows :

Srnt + div(nw) = 0,

Sr(nw)t + div(nw ⊗ w) + Ln∇n = −L1σσn(w − u),

Srρt + div(ρu) = 0,

Sr(ρu)t + div(ρu⊗ u) +
1

M2
a

∇P =
1

Re

(
µ∆u+ (µ+ λ)∇div u

)
+ L2σσn(w − u)

Sr(ρe)t + div(ρue) + P div u = κ∆θ +
M2

a

Re

(
2µD(u) : D(u) + λ(div u)2

)
.

(1.7)

The main purpose of this article is to investigate the low Mach number limit of the system (1.7).
Therefore, we setMa = ϵ for small positive constant ϵ > 0 and put Sr = Re = Ln = L1σ = L2σ = 1
for the sake of simplicity. Then, we obtain from (1.7) that

nϵt + div(nϵwϵ) = 0,

(nϵwϵ)t + div(nϵwϵ ⊗ wϵ) +∇nϵ = −σnϵ(wϵ − uϵ),

ρϵt + div(ρϵuϵ) = 0,

(ρϵuϵ)t + div(ρϵuϵ ⊗ uϵ) +
1

ϵ2
∇P ϵ = µ∆uϵ + (µ+ λ)∇div uϵ + σnϵ(wϵ − uϵ),

(ρϵeϵ)t + div(ρϵuϵeϵ) + P ϵ div uϵ = κ∆θϵ + ϵ2
(
2µD(uϵ) : D(uϵ) + λ(div uϵ)2

)
.

. (1.8)

Accordingly, the parameter ϵ essentially represents the maximum Mach number of the fluid.
The limit of solutions of (1.8) as ϵ goes to 0 is usually called as low Mach number limit. The
purpose of the low Mach number approximation is to justify that the compression, due to fluid
pressure variations, can be neglected. This is a common assumption when discussing the fluid
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dynamics of highly subsonic flows. So, we assume that the fluid pressure is a small perturbation
of a given constant state P̄ , i.e.

P ϵ = P̄ +O(ϵ). (1.9)

Notation. In this paper, Lp(R3) and W k
p (R3) denote the usual Lebesgue and Sobolev spaces on

R3, with norms ∥ · ∥Lp and ∥ · ∥Wk
p
, respectively. When p = 2, we denote W k

p (R3) by Hk(R3)

with the norm ∥ · ∥Hk and ∥ · ∥H0 = ∥ · ∥ will be used to denote the usual L2−norm. The
notation ∥(A1, A2, . . . , Al)∥Hk means the summation of ∥Ai∥Hk from i = 1 to i = l. For an integer
m, the symbol ∇m denotes the summation of all terms Dα with the multi-index α satisfying
|α| = m. Then, ∇k+1 means ∇∇k = ∇

∑
|α|=kD

α. We omit the spatial domain R3 in integrals

for convenience.
Our first result is to show the incompressible limit for the system (1.8) in 3D with κ > 0 and

the initial data

(nϵ, wϵ, ρϵ, uϵ, θϵ)(x, 0) = (nϵ0, w
ϵ
0, ρ

ϵ
0, u

ϵ
0, θ

ϵ
0)(x) → (n̄, 0, ρ̄, 0, θ̄) as |x| → ∞, (1.10)

when the temperature has a small variation, i.e.

θϵ = θ̄ +O(ϵ), (1.11)

where n̄, ρ̄, θ̄ are the given positive constants and P̄ = P (ρ̄, θ̄). If we assume (1.9) and (1.11), then
it holds that

ρϵ = ρ̄+O(ϵ) and eϵ = ē+O(ϵ),

where ē = e(ρ̄, θ̄), and formally, as the Mach number tends to zero, the system (1.8) become

nt + div(nw) = 0,

(nw)t + div(nw ⊗ w) +∇n = −σn(w − u),

div u = 0,

ut + (u · ∇)u+
1

ρ̄
∇Π =

µ

ρ̄
∆u+

σ

ρ̄
n(w − u)

(1.12)

for a pressure function Π, which is considered by [6], where he investigated the global existence
and large-time behavior of classical solutions to the system (1.12) in the periodic domain T3. The
system (1.12) is a two-phase model with the compressible Euler equations and the incompressible
Navier-Stokes equations coupled through a drag forcing term, and it is rigorously derived in [3] as
the hydrodynamic limit of the Vlasov/incompressible Navier-Stokes system with strong noise and
local alignment.

To state our first main result, by setting φϵ = ln
(

nϵ

n̄

)
, we reformulate the Cauchy problem

(1.8) with κ > 0, (1.10) as follows:

φϵ
t + divwϵ + wϵ · ∇φϵ = 0, x ∈ R3, t > 0,

wϵ
t + (wϵ · ∇)wϵ +∇φϵ = −σ(wϵ − uϵ),

ρϵt + div(ρϵuϵ) = 0,

ρϵuϵt + ρϵ(uϵ · ∇)uϵ +
1

ϵ2
∇P ϵ = µ∆uϵ + (µ+ λ)∇ div uϵ + σn̄eφ

ϵ

(wϵ − uϵ),

ρϵeϵt + ρϵuϵ · ∇eϵ + P ϵ div uϵ = κ∆θϵ + ϵ2
(
2µD(uϵ) : D(uϵ) + λ(div uϵ)2

)
,

(1.13)

and

(φϵ, wϵ, ρϵ, uϵ, θϵ)(x, 0) = (φϵ
0, w

ϵ
0, ρ

ϵ
0, u

ϵ
0, θ

ϵ
0)(x) → (0, 0, ρ̄, 0, θ̄) as |x| → ∞, (1.14)

where φϵ
0 = ln

(
nϵ
0

n̄

)
. Then we have the incompressible limit under small temperature variation:

Theorem 1.1. Assume that

Pρ(ρ, θ) > 0, eθ(ρ, θ) > 0 for all ρ > 0, θ > 0, (1.15)

and

(φϵ
0, w

ϵ
0, ρ

ϵ
0 − ρ̄, uϵ0, θ

ϵ
0 − θ̄) ∈ HN (R3),
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inf
x∈R3

ρϵ0(x) > 0, inf
x∈R3

θϵ0(x) > 0, div u0 = 0

hold for an integer N ≥ 3. Moreover, for small positive constant δ0 > 0 independent of ϵ, the
functions (φϵ

0, w
ϵ
0, ρ

ϵ
0, u

ϵ
0, θ

ϵ
0) are assumed to satisfy∥∥(φϵ

0, w
ϵ
0, u

ϵ
0)
∥∥
H3 + ϵ−1

∥∥(ρϵ0 − ρ̄, θϵ0 − θ̄)
∥∥
H3 ≤ δ0. (1.16)

Then the following statements hold.

(1) (Global solutions and uniform estimate) There exists a constant C, independent of ϵ and
δ0, such that the Cauchy problem (1.13), (1.14) admits a unique solution (φϵ, wϵ, ρϵ, uϵ, θϵ)
on [0,∞) satisfying

(φϵ, wϵ, ρϵ − ρ̄, uϵ, θϵ − θ̄) ∈ C([0,∞), HN (R3)),

(∇φϵ,∇ρϵ) ∈ L2(0,∞;HN−1(R3)), (∇uϵ,∇θϵ, wϵ − uϵ) ∈ L2(0,∞;HN (R3))

and

sup
t∈R+

∥∥(φϵ, wϵ, uϵ)(t)
∥∥2
HN + ϵ−2 sup

t∈R+

∥∥(ρϵ − ρ̄, θϵ − θ̄)(t)
∥∥2
HN

+

∫ ∞

0

∥∥∇φϵ
∥∥2
HN−1dτ + ϵ−2

∫ ∞

0

∥∥∇ρϵ∥∥2
HN−1dτ +

∫ ∞

0

∥∥∇uϵ∥∥2
HNdτ

+ ϵ−2

∫ ∞

0

∥∥∇θϵ∥∥2
HNdτ +

∫ ∞

0

∥∥(wϵ − uϵ)
∥∥2
HNdτ

≤ C
(∥∥(φϵ

0, w
ϵ
0, u

ϵ
0)
∥∥2
HN + ϵ−2

∥∥(ρϵ0 − ρ̄, θϵ0 − θ̄)
∥∥2
HN

)
.

(1.17)

(2) (Incompressible limit) There exist the functions (φ,w, u) ∈ L∞(0,∞;HN (R3)),∇u ∈
L2(0,∞;HN (R3)) such that

(φϵ, wϵ, uϵ) → (φ,w, u) (*-weak) in L∞(0,∞;HN (R3)),

∇uϵ → ∇u (weak) in L2(0,∞;HN (R3))

as ϵ→ 0. Furthermore the function pair (n,w, u,Π) for some Π ∈ L∞(0,∞;HN−1(R3))∩
L2(0,∞; HN (R3)), where n = n̄eφ, is the unique smooth global solution on [0,∞) to the
compressible Euler/incompressible Navier-Stokes system (1.12) with the initial data

(nϵ, wϵ, uϵ)(x, 0) = (n0, w0, u0)(x), (1.18)

where (n0, w0, u0) ∈ HN (R3) are the functions such that by setting φ0 = ln
(

n0

n̄

)
, it holds

that

(φϵ
0, w

ϵ
0, u

ϵ
0) → (φ0, w0, u0), (weak) in HN (R3) as ϵ→ 0.

Remark 1.2. (1) For the global existence of solutions, we only assume that the H3-norm of initial
perturbations is small, while the higher-order Sobolev norms can be arbitrarily large (see (1.16)).

(2) The same result as in Theorem 1.1 for the compressible Euler/isentropic Navier-Stokes two-
phase model (1.3) was obtained in [16]. Therefore, Theorem 1.1 can be regarded as a generalization
of [16, Theorem 1.2].

Our second result is to show the incompressible limit for the system (1.8) in 3D with κ = 0 and
the initial data (1.10), in the case of a large temperature variation and ideal polytropic gas law

P = Rρθ, e = cvθ, (1.19)

where the parameters R > 0 and cv > 0 are the gas constant and the heat capacity at constant
volume, respectively. Without the loss of generality, we can assume R = 1 and cv = 1. Then,
using (1.19), we rewrite (1.8)5 with κ = 0 as

(P ϵ)t + div(P ϵuϵ) + P ϵ div uϵ = ϵ2
(
2µD(uϵ) : D(uϵ) + λ(div uϵ)2

)
. (1.20)
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Formally, as the Mach number tends to zero, the system (1.8)1−4 and (1.20) becomes

nt + div(nw) = 0,

(nw)t + div(nw ⊗ w) +∇n = −σn(w − u),

ρt + div(ρu) = 0,

div u = 0,

ρut + ρ(u · ∇)u+∇Π = ∆u+ σn(w − u)

(1.21)

for a pressure function Π, which is a two-phase model consisting of the compressible Euler equations
coupled with the non-homogeneous incompressible Navier-Stokes equations through a drag forcing

term. To state our second result, by setting φϵ = ln
(

nϵ

n̄

)
, we reformulate the Cauchy problem

(1.8)1−4, (1.20), (1.10) as follows:

φϵ
t + divwϵ + wϵ · ∇φϵ = 0, x ∈ R3, t > 0,

wϵ
t + (wϵ · ∇)wϵ +∇φϵ = −σ(wϵ − uϵ),

ρϵt + div(ρϵuϵ) = 0,

ρϵuϵt + ρϵ(uϵ · ∇)uϵ +
1

ϵ2
∇P ϵ = µ∆uϵ + (µ+ λ)∇ div uϵ + σn̄eφ

ϵ

(wϵ − uϵ),

(P ϵ)t + div(P ϵuϵ) + P ϵ div uϵ = ϵ2
(
2µD(uϵ) : D(uϵ) + λ(div uϵ)2

)
,

(1.22)

and

(φϵ, wϵ, ρϵ, uϵ, P ϵ)(x, 0) = (φϵ
0, w

ϵ
0, ρ

ϵ
0, u

ϵ
0, P

ϵ
0 )(x) → (0, 0, ρ̄, 0, P̄ ) as |x| → ∞, (1.23)

where φϵ
0 = ln(

nϵ
0

n̄ ) and P ϵ
0 = P (ρϵ0, θ

ϵ
0). Then we have a result on incompressible limit under large

temperature variation.

Theorem 1.3. Assume that (1.19) with R = cv = 1 and

(φϵ
0, w

ϵ
0, ρ

ϵ
0 − ρ̄, uϵ0, P

ϵ
0 − P̄ ) ∈ HN (R3),

inf
x∈R3

ρϵ0(x) > 0, inf
x∈R3

P ϵ
0 (x) > 0, div u0 = 0

(1.24)

hold for an integer N ≥ 3. Moreover, for a positive constant M0 independent of ϵ, the functions
(φϵ

0, w
ϵ
0, ρ

ϵ
0, u

ϵ
0, P

ϵ
0 ) are assumed to satisfy∥∥(φϵ

0, w
ϵ
0, ρ

ϵ
0 − ρ̄, uϵ0)

∥∥
HN + ϵ−1

∥∥P ϵ
0 − P̄

∥∥
HN ≤M0. (1.25)

Then the following statements hold.

(1) (Local solutions and uniform estimates) For all small ϵ > 0, there exist constants T0 and
C, depending on M0 but independent of ϵ, such that the Cauchy problem (1.22), (1.23)
admits a unique solution (φϵ, wϵ, ρϵ, uϵ, P ϵ) on the time interval [0, T0] satisfying

(φϵ, wϵ, ρϵ − ρ̄, uϵ, P ϵ) ∈ C([0, T0];H
N (R3)), ∇uϵ ∈ L2(0, T0;H

N (R3)) (1.26)

and ∥∥(φϵ, wϵ, ρϵ − ρ̄, uϵ)(t)
∥∥2
HN + ϵ−2

∥∥(P ϵ − P̄ )(t)
∥∥2
HN +

∫ t

0

∥∥∇φϵ
∥∥2
HN−1dτ

+ ϵ−2

∫ t

0

∥∥∇P ϵ
∥∥2
HN−1dτ +

∫ t

0

∥∥∇uϵ∥∥2
HNdτ +

∫ t

0

∥∥(wϵ − uϵ)
∥∥2
HNdτ ≤ C

(1.27)

for all t ∈ [0, T0].
(2) (Incompressible limit) There exist the functions (φ,w, u) ∈ L∞(0, T0;H

N (R3)),∇u ∈
L2(0, T0; H

N (R3)) such that

(φϵ, wϵ, ρϵ − ρ̄, uϵ) → (φ,w, ρ− ρ̄, u) (*-weak) in L∞(0, T0;H
N (R3)),

∇uϵ → ∇u (weak) in L2(0, T0;H
N (R3))

(1.28)
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as ϵ→ 0. Furthermore the function pair (n,w, ρ, u,Π), for some Π ∈ L∞(0, T0;H
N−1(R3))∩

L2(0, T0; H
N (R3)), where n = n̄eφ, is the unique smooth local solution on the time inter-

val [0, T0] of the compressible Euler/non-homogeneous incompressible Navier-Stokes system
(1.21) with the initial data

(nϵ, wϵ, ρϵ − ρ̄, uϵ)(x, 0) = (n0, w0, ρ0 − ρ̄, u0)(x), (1.29)

where (n0, w0, ρ0 − ρ̄, u0) ∈ HN (R3) are the functions such that by setting φ0 = ln
(

n0

n̄

)
,

it holds that

(φϵ
0, w

ϵ
0, ρ

ϵ
0 − ρ̄, uϵ0) → (φ0, w0, ρ0 − ρ̄, u0), (weak) in HN (R3) as ϵ→ 0.

Remark 1.4. (1) The result in Theorem 1.3 holds for the general gas law (1.15) including the
ideal polytropic gas law (1.19).

(2) We can conjecture that for the system (1.8) with κ > 0, the low Mach number limit under
the large temperature variation becomes

nt + div(nw) = 0,

(nw)t + div(nw ⊗ w) +∇n = −σn(w − u),

ρt + div(ρu) = 0,

2P̄ div u = κ∆θ,

ρut + ρ(u · ∇)u+∇Π = ∆u+ σn(w − u),

and the temperature satisfies θ = P̄
Rρ and

ρθt + ρu · ∇θ + P̄ div u = κ∆θ,

which is established by Huang-Wang-Wang [17] in the case of the full compressible Navier-Stokes
equations.

2. Preliminaries

We first recall the following useful Lemmas which we will use extensively.

Lemma 2.1 (Gagliardo-Nirenberg inequality [23, Theorem 1]). Let l, s and k be any real numbers
satisfying 0 ≤ l, s ≤ k, and let p, r, q ∈ [1,∞] and 0 ≤ θ ≤ 1 such that

l

3
− 1

p
=

(s
3
− 1

r

)
(1− θ) +

(k
3
− 1

q

)
θ.

Then, for any u ∈W k
q (R3), we have

∥∇lu∥Lp ≤ C∥∇su∥1−θ
Lr ∥∇ku∥θLq . (2.1)

Here when p = ∞ we require that 0 < θ < 1.

Lemma 2.2 ([11, Theorem 1.4.4.2]). Let Ω = Rd, s1 ≥ s and s2 ≥ s be such that either

s1 + s2 − s ≥ d
( 1

q1
+

1

q2
− 1

q

)
≥ 0, sj − s > d

( 1

qj
− 1

q

)
, j = 1, 2

or

s1 + s2 − s > d
( 1

q1
+

1

q2
− 1

q

)
≥ 0, sj − s ≥ d

( 1

qj
− 1

q

)
, j = 1, 2,

then (u, v) 7→ u · v is a continuous bilinear map from W s1
q1 (Ω)×W s1

q1 (Ω) into W
s
q (Ω).

Lemma 2.3 ([24, Lemma 2.5]). Let f(φ) and f(φ,w) be smooth functions of φ and (φ,w),
respectively, with bounded derivatives of any order, and ∥φ∥L∞(R3) + ∥w∥L∞(R3) ≤ C. Then for
any integer m ≥ 1, we have

∥∇mf(φ)∥Lp ≤ C∥∇mφ∥Lp ,

∥∇mf(φ,w)∥Lp ≤ C∥∇m(φ,w)∥Lp ,
(2.2)

for any 1 ≤ p ≤ ∞, where C may depend on f and m.
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Lemma 2.4 ([24, Lemma 2.6]). Let α be any multi-index with |α| = k and 1 < p < ∞. Then
there exists some constant C > 0 such that

∥Dα(fg)∥Lp ≤ C(∥f∥Lp1∥∇kg∥Lp2 + ∥∇kf∥Lp3∥g∥Lp4 ),

∥[Dα, f ]g∥Lp ≤ C(∥∇f∥Lp1∥∇k−1g∥Lp2 + ∥∇kf∥Lp3∥g∥Lp4 ),
(2.3)

where f, g ∈ W k
∞(R3), 1 ≤ p2, p3 ≤ ∞ such that 1

p = 1
p1

+ 1
p2

= 1
p3

+ 1
p4
, and [Dα, f ]g =

Dα(fg)− fDαg.

3. Incompressible limit: small temperature variation

In this section, we prove Theorem 1.1. For brevity, we denote (φϵ, wϵ, ρϵ, uϵ, θϵ), P ϵ = P (ρϵ, θϵ)
and eϵ = e(ρϵ, θϵ) in (1.13) by (φ,w, ρ, u, θ), P = P (ρ, θ) and e = e(ρ, θ), respectively.

3.1. A priori estimates. We first recall the following thermodynamical relations (see [15]).
Setting v = ρ−1, it is well-known that by using any given two of the five thermodynamical
variables(v, P, e, θ and S), the remaining three variables are smooth functions of them, where S
is the entropy of the gas. The second law of thermodynamics θdS = de+ Pdv asserts that, if we
choose (v, θ) or (v, S) as independent variables and write (P, e, S) = (P (v, θ), e(v, θ), S(v, θ)) or

(P, e, θ) = (P̂ (v, S), ê(v, S), θ̂(v, S)), respectively, then we can deduce that

Sv(v, θ) = Pθ(v, θ),

Sθ(v, θ) =
eθ(v, θ)

θ
,

ev(v, θ) = θPθ(v, θ)− P (v, θ),

(3.1)

or
êv(v, S) = −P̂ (v, S), êS(v, S) = θ,

P̂v(v, S) = Pv(v, θ)−
θ(Pθ(v, θ))

2

eθ(v, θ)
, P̂S(v, S) =

θPθ(v, θ)

eθ(v, θ)
,

θ̂v(v, S) = −θPθ(v, θ)

eθ(v, θ)
, θ̂S(v, S) =

θ

eθ(v, θ)
.

(3.2)

From (3.1) and (3.2) we deduce that

−ρ2eρ(ρ, θ) = θPθ(ρ, θ)− P (ρ, θ), êS(ρ, S) = θ êρ(ρ, S) =
1

ρ2
P (ρ, θ).

Therefore, we can rewrite (1.13)5 as

θt + u · ∇θ + θPθ(ρ, θ)

ρeθ(ρ, θ)
div u− κ

ρeθ(ρ, θ)
∆θ =

2µϵ2D(u) : D(u)
ρeθ(ρ, θ)

+
λϵ2(div u)2

ρeθ(ρ, θ)
,

St + u · ∇S − κ

ρθ
∆θ =

2µϵ2D(u) : D(u)
ρθ

+
λϵ2(div u)2

ρθ
.

(3.3)

Setting ψ = ρ− ρ̄ and ζ = θ − θ̄, we reformulate the system (1.13)1−4 and (3.3) as

φt + divw = g1,

wt +∇φ+ σ(w − u) = g2,

ψt + ρ̄div u = g3,

ut −
µ

ρ̄
∆u− µ+ λ

ρ̄
∇ div u+

Pρ(ρ̄, θ̄)

ρ̄ϵ2
∇φ+

Pθ(ρ̄, θ̄)

ρ̄ϵ2
∇ζ − σn̄(w − u) = g4,

ζt +
θ̄Pθ(ρ̄, θ̄)

eθ(ρ̄, θ̄)
div u =

κ

ρ̄eθ(ρ̄, θ̄)
∆θ + g5,

(3.4)

where gi(i = 1, . . . , 5) are defined by

g1 = −w · ∇φ, (3.5)

g2 = −(w · ∇)w, (3.6)
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g3 = −ψ div u− u · ∇ψ, (3.7)

g4 = −(u · ∇)u+
h1(ψ, ζ)

ϵ2
∇ψ +

h2(ψ, ζ)

ϵ2
∇ζ + σn̄h3(φ)(w − u)

− h4(ψ)
(
µ∆u+ (µ+ λ)∇ div u

)
,

(3.8)

h1(ψ, ζ) =
Pρ(ρ̄, θ̄)

ρ̄
− Pρ(ρ, θ)

ρ
, h2(ψ, ζ) =

Pθ(ρ̄, θ̄)

ρ̄
− Pθ(ρ, θ)

ρ
, (3.9)

h3(φ) = eφ − 1, h4(ψ) =
1

ρ̄
− 1

ρ
, (3.10)

g5 = −u · ∇ζ − κh5(ψ, ζ)∆ζ +
2µϵ2D(u) : D(u)

ρeθ(ρ, θ)
+
λϵ2(div u)2

ρeθ(ρ, θ)
+ h6(ψ, ζ) div u, (3.11)

h5(ψ, ζ) =
1

ρ̄eθ(ρ̄, θ̄)
− 1

ρeθ(ρ, θ)
, h6(ψ, ζ) =

θ̄Pθ(ρ̄, θ̄)

ρ̄eθ(ρ̄, θ̄)
− θPθ(ρ, θ)

ρeθ(ρ, θ)
. (3.12)

We suppose that (φ,w, ψ, u, ζ) ∈ XN (0, T ) is the solution to the system (3.4) for any constant
T > 0 and an integer N ≥ 3, where XN (I) is defined by

XN (I) = {(φ,w, ψ, u, ζ) ∈ C(I;HN (R3)) | (∇φ,∇ψ) ∈ L2(I;HN−1(R3)),

(∇u,∇ζ, w − u) ∈ L2(I;HN (R3))}

for any interval I ⊂ [0,∞). Also, we assume that

sup
0≤t≤T

∥(φ,w, ϵ−1ψ, u, ϵ−1ζ)(t)∥H3 ≤ δ1 (3.13)

for sufficiently small δ1 > 0 independent of ϵ. By using (3.13), we can choose δ1 > 0 such that

cn̄ ≤ n(x, t) = n̄eφ(x,t) ≤ Cn̄,
ρ̄

2
≤ ρ(x, t) ≤ 3ρ̄

2
and

θ̄

2
≤ θ(x, t) ≤ 3θ̄

2
, (3.14)

where cn̄ and Cn̄ are positive constants depending only on n̄. We first give the following estimate.

Lemma 3.1. Under assumption (3.13), it holds that

d

dt

(
∥w∥2Hl +

1

n̄
∥u∥2Hl + ∥φ∥2Hl +

Pρ(ρ̄, θ̄)

ρ̄2n̄ϵ2
∥ψ∥2Hl +

eθ(ρ̄, θ̄)

θ̄ϵ2
∥ζ∥2Hl

)
+ σ∥(w − u)∥2Hl +

µ

ρ̄n̄
∥∇u∥2Hl +

κ

ρ̄θ̄n̄ϵ2
∥∇ζ∥2Hl

≤ δ1C
(
∥∇φ∥2Hl−1 + ϵ−2∥∇ψ∥2Hl−1

) (3.15)

for any t ≥ 0 and l = 3, . . . , N , where C is the positive constant independent of ϵ, δ1 and t.

Proof. Applying ∇k to (3.4) yields

∇kφt + div∇kw = ∇kg1,

∇kwt +∇k+1φ+ σ∇k(w − u) = ∇kg2,

∇kψt + ρ̄div∇ku = ∇kg3,

∇kut −
µ

ρ̄
∆∇ku− µ+ λ

ρ̄
∇ div∇ku+

P ′(ρ̄, θ̄)

ρ̄ϵ2
∇k+1ψ +

P ′(ρ̄, θ̄)

ρ̄ϵ2
∇k+1ζ − σn̄∇k(w − u) = ∇kg4,

∇kζt +
θ̄Pθ(ρ̄, θ̄)

eθ(ρ̄, θ̄)
div∇ku =

κ

ρ̄eθ(ρ̄, θ̄)
∆∇kθ +∇kg5,

(3.16)
where k = 0, 1, . . . , l.

Multiplying (3.16)2 by ∇kw, and using (3.16)1, (3.5) and (3.6), we have

1

2

d

dt

(
∥∇kw∥2 + ∥∇kφ∥2

)
+ σ

∫
∇k(w − u)∇kw dx = I1k + I2k , (3.17)
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where

I1k = −
∫

∇k(w · ∇φ)∇kφdx, (3.18)

I2k = −
∫

∇k
(
(w · ∇)w

)
· ∇kw dx. (3.19)

Here and after, when the integrals over R3 have not the meaning, we understand it by the duality
pairing between H−1(R3) and H1(R3).

Also, multiplying (3.16)4 and (3.16)5 by ∇ku and eθ(ρ̄,θ̄)

θ̄
∇kζ, respectively, and using (3.16)3

and (3.7)-(3.11), we have

1

2

d

dt

(
∥∇ku∥2 + Pρ(ρ̄, θ̄)

ρ̄2ϵ2
∥∇kφ∥2 + eθ(ρ̄, θ̄)

θ̄ϵ2
∥∇kζ∥2

)
− σn̄

∫
∇k(w − u)∇ku dx

+

∫ (µ
ρ̄
|∇k+1u|2 + (µ+ λ)

ρ̄
|div∇ku|2

)
dx+

κ

ρ̄θ̄ϵ2

∫
|∇k+1ζ|2dx

=
Pθ(ρ̄, θ̄)

ρ̄2
I3k + I4k +

eθ(ρ̄, θ̄)

θ̄
I5k ,

(3.20)

where

I3k = −ϵ−2

∫
∇k(ψ div u+ u · ∇ψ)∇kψ dx, (3.21)

I4k = −
∫

∇k
(
(u · ∇)u

)
· ∇ku dx

I41
k

+ ϵ−2

∫
∇k

(
h1(ψ, ζ)∇ψ

)
· ∇ku dx

I42
k

+ ϵ−2

∫
∇k

(
h2(ψ, ζ)∇ζ

)
· ∇ku dx

I43
k

− σn̄

∫
∇k

(
h3(φ)(w − u)

)
· ∇ku dx

I44
k

−
∫

∇k
(
h4(ψ)

(
µ∆u+ (µ+ λ)∇ div u

))
· ∇ku dx

I45
k

(3.22)

and

I5k = −κϵ−2

∫
∇k[h5(ψ, ζ)∆ζ]∇kζdx

I51
k

− ϵ−2

∫
∇k[u · ∇ζ − h6(ψ, ζ) div u]∇kζ dx

I52
k

+

∫
∇k

[2µD(u) : D(u) + λ
(
div u

)2

ρeθ(ρ, θ)

]
∇kζ dx

I53
k

.

(3.23)

Summing (3.17) and n̄−1 × (3.20), and then, adding the resulting equality for k = 0, 1, . . . , l, we
obtain

1

2

d

dt

(
∥w∥2Hl +

1

n̄
∥u∥2Hl + ∥φ∥2Hl +

Pρ(ρ̄, θ̄)

ρ̄2n̄ϵ2
∥ψ∥2Hl +

eθ(ρ̄, θ̄)

θ̄ϵ2
∥ζ∥2Hl

)
+ σ∥(w − u)∥2Hl +

µ

ρ̄n̄
∥∇u∥2Hl +

κ

ρ̄θ̄n̄ϵ2
∥∇ζ∥2Hl

≤
l∑

k=0

|I1k |+
l∑

k=0

|I2k |+
Pθ(ρ̄, θ̄)

ρ̄2n̄

l∑
k=0

|I3k |+
1

n̄

l∑
k=0

|I4k |+
eθ(ρ̄, θ̄)

θ̄n̄

l∑
k=0

|I5k |,

(3.24)

Next we estimate the right-hand in (3.24). For I10 , using Hölder inequality, (3.14) and (3.13),
from (3.18) we obtain

I10 ≤ C(∥φ∥L6∥∇w∥+ ∥w∥L6∥∇φ∥)∥φ∥L3 ≤ Cδ1∥∇φ∥2.
For I1k(k = 1, . . . , l), using Hölder inequality, (2.3)2 and (3.13), from (3.18) we obtain

I1k = −
∫
[∇k, w]∇φ∇kφdx+

1

2

∫
divw|∇kφ|2dx
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≤ C
(
∥∇w∥L∞∥∇kφ∥+ ∥∇φ∥L∞∥∇kw∥

)
∥∇kφ∥+ C∥∇w∥L∞∥∇kφ∥2

≤ Cδ1

(
∥∇kφ∥2 + ∥∇kw∥2

)
.

Therefore,
l∑

k=0

|I1k | ≤ Cδ1

(
∥∇φ∥2Hl−1 + ∥∇w∥2Hl−1

)
. (3.25)

For I20 , from (3.19) we obtain

I20 ≤ C(∥w∥L6∥∇w∥+ ∥w∥L6∥∇w∥)∥w∥L3 ≤ Cδ1∥∇w∥2.

For I2k(k = 1, . . . , l), from (3.19) we obtain

I2k = −
∫
[∇k, w]∇w · ∇kw dx+

1

2

∫
divw|∇kw|2dx

≤ C∥∇w∥L∞∥∇kw∥2 ≤ Cδ1∥∇kw∥2.

Therefore,
l∑

k=0

|I2k | ≤ Cδ1∥∇w∥2Hl−1 . (3.26)

For I30 , from (3.21) we obtain

I30 ≤ Cϵ−2(∥ψ∥L6∥∇u∥+ ∥u∥L6∥∇ψ∥)∥ψ∥L3 ≤ Cδ1ϵ
−2∥∇ψ∥2.

For I3k(k = 1, . . . , l), (3.21) we obtain

I3k = ϵ−2

∫
∇k(ψ div u)∇kψ dx− ϵ−2

∫
[∇k, u]∇ψ∇kψ dx+

1

2ϵ2

∫
div u|∇kψ|2dx

≤ Cϵ−2
(
∥ψ∥L∞∥∇k+1u∥+ ∥∇u∥L∞∥∇kψ∥

)
∥∇kψ∥

+ Cϵ−2
(
∥∇u∥L∞∥∇kψ∥+ ∥∇ψ∥L3∥∇ku∥L6

)
∥∇kψ∥+ Cϵ−2∥∇u∥L∞∥∇kψ∥2

≤ Cδ1

(
ϵ−2∥∇kψ∥2 + ∥∇k+1u∥2

)
.

Therefore,
l∑

k=0

|I3k | ≤ Cδ1

(
ϵ−2∥∇ψ∥2Hl−1 + ∥∇u∥2Hl

)
. (3.27)

For I40 , using Hölder inequality, (2.1), (3.14), and (3.13), from (3.22) we obtain

I410 ≤ C∥u∥L6∥∇u∥∥u∥L3 ≤ Cδ1∥∇u∥2,
I420 + I430 ≤ Cϵ−2(∥h1(ψ, ζ)∥L3∥∇φ∥+ ∥h2(ψ, ζ)∥L3∥∇ζ∥)∥u∥L6

≤ Cδ1

(
∥∇u∥2 + ϵ−2∥∇φ∥2 + ϵ−2∥∇ζ∥2

)
,

I440 ≤ C∥h3(φ)∥L3∥(w − u)∥∥u∥L6 ≤ Cδ1

(
∥(w − u)∥2 + ∥∇u∥2

)
,

I450 = −
∫
[µ∇u · ∇(h4(ψ)u) + (λ+ µ) div udiv(h4(ψ)u)]dx

≤ C∥∇u∥(∥h4(ψ)∥L∞∥∇u∥+ ∥u∥L∞∥∇h4(ψ)∥)

≤ Cδ1

(
∥∇u∥2 + ϵ−2∥∇φ∥2

)
,

which implies

I40 ≤ Cδ1

(
∥∇u∥2 + ∥(w − u)∥2 + ϵ−2∥∇φ∥2 + ϵ−2∥∇ζ∥2

)
, (3.28)
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where we assume 0 < ϵ ≤ 1 without loss of generality. For I4k(k = 1, . . . , l), we obtain from (3.22)
that

I41k
(2.3)

≤ C
(
∥u∥L3∥∇k+1u∥+ ∥∇u∥L3∥∇ku∥

)
∥∇ku∥L6

(3.13)

≤ Cδ1

(
∥∇k+1u∥2 + ∥∇ku∥2

)
,

I42k = −ϵ−2

∫
∇k−1

(
h1(ψ, ζ)∇ψ

)
· ∇k+1u dx

(2.3)

≤ Cϵ−2
(
∥h1(ψ, ζ)∥L∞∥∇kψ∥+ ∥∇ψ∥L3∥∇k−1h1(ψ, ζ)∥L6

)
∥∇k+1u∥

(3.13),(2.2)

≤ Cδ1

(
∥∇k+1u∥2 + ϵ−2∥∇kψ∥2 + ϵ−2∥∇kζ∥2

)
I43k = −ϵ−2

∫
∇k−1

(
h2(ψ, ζ)∇ζ

)
· ∇k+1u dx

(2.3)

≤ Cϵ−2
(
∥h2(ψ, ζ)∥L∞∥∇kζ∥+ ∥∇ζ∥L3∥∇k−1h2(ψ, ζ)∥L6

)
∥∇k+1u∥

(3.13),(2.2)

≤ Cδ1

(
∥∇k+1u∥2 + ϵ−2∥∇kψ∥2 + ϵ−2∥∇kζ∥2

)
I44k

(2.3)

≤ C
(
∥h3(φ)∥L∞∥∇k(w − u)∥+ ∥w − u∥L∞∥∇kh3(φ)∥

)
∥∇ku∥

(3.13),(2.2)

≤ Cδ1

(
∥∇k(w − u)∥2 + ∥∇kφ∥2 + ∥∇ku∥2

)
,

I45k = µ

∫
∇k−1

(
div(h4(ψ)∇u)−∇h4(ψ)∇u

)
· ∇k+1u dx

+ (λ+ µ)

∫
∇k−1

(
∇(h4(ψ) div u)−∇h4(ψ) div u

)
· ∇k+1u dx

(2.3)

≤ C
(
∥h4(ψ)∥L∞∥∇k+1u∥+ ∥∇u∥L∞∥∇kh4(ψ)∥+ ∥∇h4(ψ)∥L3∥∇ku∥L6

)
∥∇k+1u∥

(3.13),(2.2)

≤ Cδ1

(
∥∇k+1u∥2 + ∥∇kψ∥2

)
,

which together with (3.28) implies

l∑
k=0

|I4k | ≤ Cδ1

(
∥(∇u,w − u)∥2Hl + ϵ−2∥(∇ψ,∇ζ)∥2Hl−1 + ∥∇φ∥2Hl−1

)
(3.29)

where we assume 0 < ϵ ≤ 1 without loss of generality.
For I50 , using Hölder inequality, (3.13) and (2.1), from (3.23) we obtain

I510 = ϵ−2κ

∫
∇ζ · ∇(h5(ψ, ζ)ζ)dx

≤ Cϵ−2∥∇ζ∥(∥h5(ψ, ζ)∥L∞∥∇ζ∥+ ∥ζ∥L∞∥∇h5(ψ, ζ)∥)

≤ Cδ1ϵ
−2

(
∥∇ζ∥2 + ∥∇ψ∥2

)
,

I520 ≤ Cϵ−2(∥u∥L3∥∇ζ∥+ ∥h6(ψ, ζ)∥L3∥∇u∥)∥ζ∥L6

≤ Cδ1

(
ϵ−2∥∇ζ∥2 + ∥∇u∥2

)
,

I530 ≤ C(∥D(u)∥L3∥D(u)∥+ ∥div u∥L3∥ div u∥)∥ζ∥L6

≤ Cδ1

(
∥∇u∥2 + ∥∇ζ∥2

)
,

which implies

I50 ≤ Cδ1

(
∥∇u∥2 + ϵ−2∥∇ψ∥2 + ϵ−2∥∇ζ∥2

)
, (3.30)
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where we assume 0 < ϵ ≤ 1 without loss of generality. For I5k(k = 1, . . . , l), from (3.23) we obtain

I51k = κϵ−2

∫
∇k−1[div(h5(φ, ζ)∇ζ)−∇h5(ψ, ζ)∇ζ] · ∇k+1ζ dx

(2.3)

≤ Cϵ−2
(
∥h5(ψ, ζ)∥L∞∥∇k+1ζ∥+ ∥∇ζ∥L∞∥∇kh5(ψ, ζ)∥

+ ∥∇h5(ψ, ζ)∥L3∥∇kζ∥L6

)
∥∇k+1ζ∥

(3.13),(2.2)

≤ Cδ1ϵ
−2

(
∥∇k+1ζ∥2 + ∥∇kζ∥2 + ∥∇kψ∥2

)
,

I52k
(2.3)

≤ Cϵ−2
(
∥u∥L3∥∇k+1ζ∥+ ∥∇ζ∥L3∥∇ku∥

)
∥∇kζ∥L6

+
(
∥h6(ψ, ζ)∥L3∥∇k+1u∥+ ∥∇u∥L3∥∇kh6(ψ, ζ)∥

)
∥∇kζ∥L6

(3.13),(2.2)

≤ Cδ1

(
∥∇k+1u∥2 + ∥∇ku∥2 + ϵ−2∥∇k+1ζ∥2 + ϵ−2∥∇k(ψ, ζ)∥2

)
,

I53k
(2.3)

≤ C
(∥∥∥ D(u)
ρeθ(ρ, θ)

∥∥∥
L3
∥∇kD(u)∥+ ∥D(u)∥L3

∥∥∥∇k
( D(u)
ρeθ(ρ, θ)

)∥∥∥)∥∇kζ∥L6

+
(∥∥∥ div u

ρeθ(ρ, θ)

∥∥∥
L3
∥∇k div u∥+ ∥ div u∥L3

∥∥∥∇k
( div u

ρeθ(ρ, θ)

)∥∥∥)∥∇kζ∥L6

(3.13),(2.2)

≤ Cδ1

(
∥∇k+1u∥2 + ϵ−2∥∇k+1ζ∥2 + ϵ−2∥∇k(ψ, ζ)∥2

)
,

which together with (3.30) implies

l∑
k=0

|I3k | ≤ Cδ1

(
∥∇u∥2Hl + ϵ−2∥∇ψ∥2Hl−1 + ϵ−2∥∇ζ∥2Hl

)
. (3.31)

Substituting (3.25)-(3.27), (3.29), (3.31) into (3.24), we have

1

2

d

dt

(
∥w∥2Hl +

1

n̄
∥u∥2Hl + ∥φ∥2Hl +

Pρ(ρ̄, θ̄)

ρ̄2n̄ϵ2
∥ψ∥2Hl +

eθ(ρ̄, θ̄)

θ̄ϵ2
∥ζ∥2Hl

)
+ σ∥(w − u)∥2Hl +

µ

ρ̄n̄
∥∇u∥2Hl +

κ

ρ̄θ̄n̄ϵ2
∥∇ζ∥2Hl

≤ Cδ1

(
∥∇φ∥2Hl−1 + ∥(∇u,w − u)∥2Hl + ϵ−2∥∇ψ∥2Hl−1 + ϵ−2∥∇ζ∥2Hl

)
,

which gives us (3.15), using the smallness of δ1 > 0. The proof of Lemma 3.1 is completed. □

Lemma 3.2. Under assumption (3.13), it holds that

d

dt

l−1∑
k=0

∫
∇kw · ∇k+1φdx+

d

dt

l−1∑
k=0

∫
∇ku · ∇k+1ψ dx+

1

4
∥∇φ∥2Hl−1 +

Pρ(ρ̄, θ̄)

2ρ̄ϵ2
∥∇ψ∥2Hl−1

≤ C
(
∥∇u∥2Hl + ∥w − u∥2Hl + ϵ−2∥∇ζ∥2Hl−1

)
+ Cδ1∥∇φ∥2Hl−1

(3.32)
for any t ≥ 0 and l = 3, . . . , N , where C is the positive constant independent of ϵ, δ1 and t.

Proof. Multiplying (3.16)2 by ∇k+1φ and using∫
∇kwt · ∇k+1φdx =

d

dt

∫
∇kw · ∇k+1φdx−

∫
(div∇kw)2dx+

∫
∇kg1 div∇kw dx

because of (3.16)1, we have

d

dt

∫
∇kw · ∇k+1φdx+ ∥∇k+1φ∥2 −

∫
(div∇kw)2dx = I6k , (3.33)
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where

I6k =

∫
∇k

(
w · ∇φ

)
div∇kw dx−

∫
∇k

(
(w · ∇)w

)
· ∇k+1φdx+ σ

∫
∇k(w − u) · ∇k+1φdx.

Noticing that

I6k
(2.3)

≤ C
(
∥w∥L∞∥∇k+1φ∥+ ∥∇φ∥L3∥∇kw∥L6

)
∥∇k+1w∥

+ C
(
∥w∥L∞∥∇k+1w∥+ ∥∇w∥L3∥∇kw∥L6

)
∥∇k+1φ∥

+ C∥∇k(w − u)∥∥∇k+1φ∥
(3.13)

≤ Cδ1

(
∥∇k+1w∥2 + ∥∇k+1φ∥2

)
+ α∥∇k+1φ∥2 + α−1C∥∇k(w − u)∥2

for any α > 0, from (3.33) we obtain

d

dt

∫
∇kw · ∇k+1φdx+

1

2
∥∇k+1φ∥2 ≤ C

(
∥∇k+1w∥2 + ∥∇k(w − u)∥2

)
,

which implies that

d

dt

l−1∑
k=0

∫
∇kw · ∇k+1φdx+

1

2
∥∇φ∥2Hl−1 ≤ C

(
∥∇w∥2Hl−1 + ∥w − u∥2Hl−1

)
. (3.34)

Also, multiplying (3.16)4 by ∇k+1ψ and using∫
∇kut · ∇k+1ψ dx =

d

dt

∫
∇ku · ∇k+1ψ dx− ρ̄

∫
(div∇ku)2dx+

∫
∇kg3 div∇ku dx

from (3.16)3, we have

d

dt

∫
∇ku · ∇k+1ψ dx+

Pρ(ρ̄, θ̄)

ρ̄ϵ2
∥∇k+1ψ∥2

=

9∑
j=7

Ijk + ρ̄

∫
(div∇ku)2dx+ σn̄

∫
∇k(w − u) · ∇k+1ψ dx,

(3.35)

where

I7k =

∫
∇k div(ψu) div∇kψ dx−

∫
∇k

(
(u · ∇)u

)
· ∇k+1u dx

+ ϵ−2

∫
∇k

(
h1(ψ, ζ)∇ψ + h2(ψ, ζ)∇ζ

)
· ∇k+1ψ dx,

(3.36)

I8k = −σn̄
∫

∇k
(
h3(φ)(w − u)

)
· ∇k+1ψ dx

−
∫

∇k
(
h4(ψ)

(
µ∆u+ (µ+ λ)∇ div u

))
· ∇k+1ψ dx

(3.37)

I9k = −µ
ρ̄

∫
∇k∆u∇k+1ψ dx− µ+ λ

ρ̄

∫
∇k+1 div u∇k+1ψ dx

− Pθ(ρ̄, θ̄)

ρ̄ϵ2

∫
∇k+1ζ∇k+1ψ dx.

(3.38)

Next we estimate the right-hand in (3.35). For I7k , from (3.36) we obtain

I7k ≤ Cδ1

(
∥∇k+1u∥2 + ϵ−2∥∇k+1ψ∥2 + ϵ−2∥∇k+1ζ∥2

)
assuming 0 < ϵ ≤ 1 without loss of generality. For I8k , from (3.37) we obtain

I8k

(2.3)

≲
(
∥h3(φ)∥L∞∥∇k(w − u)∥+ ∥(w − u)∥L3∥∇kh3(φ)∥L6

)
∥∇k+1ψ∥

+
(
∥h4(ψ)∥L∞∥∇k+2u∥+ ∥∇2u∥L3∥∇kh4(ψ)∥L6

)
∥∇k+1ψ∥
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(3.13),(2.2)

≲ δ1

(
∥∇k+2u∥2 + ∥∇k+1ψ∥2 + ∥∇k+1φ∥2 + ∥∇k(w − u)∥2

)
.

For I9k , from (3.38) we obtain

I8k ≤ C∥∇k+2u∥∥∇k+1ψ∥+ Cϵ−2∥∇k+1ζ∥∥∇k+1ψ∥

≤ αϵ−2∥∇k+1ψ∥2 + α−1C∥∇k+2u∥2 + α−1Cϵ−2∥∇k+1ζ∥2

for any α > 0. Substituting the estimates on Iik(i = 6, 7, 8) into (3.35), and using the smallness of
δ1 > 0 and α > 0, we obtain

d

dt

∫
∇ku · ∇k+1ψ dx+

P ′(ρ̄)

2ρ̄ϵ2
∥∇k+1ψ∥2

≤ C
(
∥∇k+1u∥2 + ∥∇k+2u∥2 + ∥∇k(w − u)∥2

)
+ Cδ1∥∇k+1φ∥2 + Cϵ−2∥∇k+1ζ∥2,

assuming 0 < ϵ ≤ 1 without loss of generality, which implies that

d

dt

l−1∑
k=0

∫
∇ku · ∇k+1ψ dx+

P ′(ρ̄)

2ρ̄ϵ2
∥∇ψ∥2Hl−1

≤ C
(
∥∇u∥2Hl + ∥(w − u)∥2Hl−1

)
+ Cδ1∥∇φ∥2Hl−1 + Cϵ−2∥∇ζ∥2Hl−1 .

(3.39)

By (3.34) and (3.39), we obtain (3.32). The proof of Lemma 3.2 is complete. □

3.2. Proof of Theorem 1.1. We first prove the existence of a global smooth solutions to the
reformulated system (1.13), (1.10). To this end, we first prove (3.13) by using a priori estimates
in the previous subsection. For N ≥ 3, let 3 ≤ l ≤ N . Then, adding (3.15) and β × (3.32), we
obtain

d

dt
F l(t) +

( µ

ρ̄n̄
− Cβ

)
∥∇u∥2Hl +

( κ

ρ̄θ̄n̄
− Cβ

) 1

ϵ2
∥∇ζ∥2Hl +

(
σ − Cβ

)
∥(w − u)∥2Hl

+
(β
4
− Cδ1

)
∥∇φ∥2Hl−1 +

(
β
Pρ(ρ̄, θ̄)

2ρ̄
− Cδ1

) 1

ϵ2
∥∇ψ∥2Hl−1 ≤ 0,

(3.40)

where β ∈ (0, 1] is a small constant and

F l(t) := ∥w∥2Hl + β

l−1∑
k=0

∫
∇kw · ∇k+1φdx+ ∥φ∥2Hl +

eθ(ρ̄, θ̄)

θ̄ϵ2
∥ζ∥2Hl

+
1

n̄
∥u∥2Hl + β

l−1∑
k=0

∫
∇ku · ∇k+1ψ dx+

Pρ(ρ̄, θ̄)

ρ̄2n̄ϵ2
∥∇ψ∥2Hl−1 .

(3.41)

By (3.41) and (1.15), we can choose the small β ∈ (0, 1] and δ1 independent ϵ ∈ (0, 1] such that

F l(t) ⋍ ∥(w,φ, u, ϵ−1ψ, ϵ−1ζ)(t)∥2Hl (3.42)

uniformly for all t ≥ 0, and

µ

ρ̄n̄
− Cβ ≥ µ

2ρ̄n̄
,

κ

ρ̄θ̄n̄
− Cβ ≥ κ

2ρ̄θ̄n̄
, σ − Cβ ≥ σ

2
,

β

4
− Cδ1 ≥ β

8
, β

Pρ(ρ̄, θ̄)

2ρ̄
− Cδ1 ≥ β

Pρ(ρ̄, θ̄)

4ρ̄
.

(3.43)

Integrating (3.40) over t ∈ [0,∞), and using (3.42), (3.43) and (1.15), we have

sup
t∈R+

∥∥(φ,w, u)(t)∥∥2
Hl + ϵ−2 sup

t∈R+

∥∥(ψ, ζ)(t)∥∥2
Hl +

∫ ∞

0

∥∥∇φ∥∥2
Hl−1dτ

+

∫ ∞

0

∥∥(∇u,w − u)
∥∥2
Hldτ + ϵ−2

∫ ∞

0

∥∥∇ψ∥∥2
Hl−1dτ + ϵ−2

∫ ∞

0

∥∥∇ζ∥∥2
Hldτ

≤ C
(∥∥(φ,w, u)(0)∥∥2

Hl + ϵ−2
∥∥(ψ, ζ)(0)∥∥2

Hl

) (3.44)
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for l = 3. . . . , N . Therefore,

∥(w,φ, u, ϵ−1ψ, ϵ−1ζ)(t)∥2H3 ≤ C∥(w,φ, u, ϵ−1ψ, ϵ−1ζ)(0)∥2H3 . (3.45)

Using (1.16) and (3.45), we obtain (3.13). This in turn allows us to take l = N in (3.44) and we
obtain (1.17).

Now, the existence of global solution is proved by the standard continuity argument for a local
solution using a priori estimates (3.45). Also, the uniqueness of global solution is proved by the
argument to estimate the norms on the difference of two solutions. So, we omit the details for
brevity.

We prove the low Mach number limit. Let the solution to the Cauchy problem (1.13), (1.14)
satisfying (1.17) by (φϵ, wϵ, ρϵ, uϵ, θϵ). Then, using (1.17) and (1.16), there exist the functions
(φ,w, u) ∈ L∞(0,∞;HN (R3)),∇u ∈ L2(0,∞;HN+1(R3)) such that

(φϵ, wϵ, ρϵ, uϵ, θϵ) → (φ,w, ρ̄, u, θ̄) (*-weak) in L∞(0,∞;HN (R3)),

∇uϵ → ∇u (weak) in L2(0,∞;HN (R3)),

(φϵ, wϵ, ρϵ, uϵ, θϵ) → (φ,w, ρ̄, u, θ̄) (strong) in L2(0,∞;HN−1
loc (R3)),

(3.46)

as ϵ→ 0.
Now, we will prove that the function pair (n,w, u,Π) for some Π ∈ L∞(0,∞;HN−1(R3))

∩L2(0,∞;HN (R3)), where n = n̄eφ, is the unique smooth local solution for the compressible
Euler/incompressible Navier-Stokes system (1.12), (1.18).

By using n = n̄eφ and (3.46), we obtain from (1.13)1,2 that

nt + div(nw) = 0,

(nw)t + div(nw ⊗ w) +∇n = −σn(w − u),

which implies (1.12)1,2. By (1.13)3 and (3.46), we obtain div u = 0, which implies (1.12)3.

Multiplying (1.13)4 by v ∈ [C∞
0 (R3)]3,div v = 0, and integrating it over R3, we have∫

ρϵuϵt · v dx+

∫
ρϵ(uϵ · ∇)uϵ · v dx = µ

∫
∆uϵ · vdx+ σ

∫
nϵ(wϵ − uϵ) · vdx. (3.47)

By using (3.47), (3.46) and the result of De Rham [26, Proposition 1.1], there exists a function
Π ∈ L∞(0,∞;HN−1(R3))∩L2(0,∞;HN (R3)) satisfying (1.12)4. It is easy to show that the initial
condition (1.18) holds. The uniqueness of solutions to the system (1.12), (1.18) is proved by the
argument to estimate the norms on the difference of two solutions. The proof of Theorem 1.1 is
completed.

4. Incompressible limit: large temperature variation

In this section, we prove Theorem 1.3. To this end, we first reformulate the system (1.22) as a
new system. For brevity, we denote (φϵ, wϵ, ρϵ, uϵ, θϵ, P ϵ) in (1.22) by (φ,w, ρ, u, θ, P ).

4.1. Reformulated system. Setting ψ = ρ− ρ̄ and χ = P − P̄ , we reformulate (1.22) as

φt + divw + w · ∇φ = 0,

wt +∇φ+ σ(w − u) + (w · ∇)w = 0,

ψt + ρ̄div u+ u · ∇ψ = G1(ψ, u),

ut − µdiv
( ∇u
ρ̄+ ψ

)
− (µ+ λ)∇

( div u

ρ̄+ ψ

)
+

1

ρ̄ϵ2
∇χ− σn̄(w − u) = G2(ψ, u, χ, φ,w),

χt + 2P̄ div u+ u · ∇χ− ϵ2

ρ̄+ ψ

(
2µD(u) : D(u) + λ(div u)2

)
= G3(u, χ),

(4.1)

where

G1(ψ, u) = −ψ div u, (4.2)
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G2(ψ, u, χ, φ,w) = −(u · ∇)u+
h1(ψ)

ϵ2
∇χ+ σρ̄h2(φ)(w − u)

+ µ∇u∇h1(ψ) + (µ+ λ) div udiv h1(ψ),
(4.3)

h1(ψ) =
1

ρ̄
− 1

ρ
, h2(φ) = eφ − 1, (4.4)

G3(u, χ) = −χdiv u. (4.5)

Also, the initial condition (1.23) is reformulated as

(φ,w, ψ, u, χ)(x, 0) = (φ0, w0, ψ0, u0, χ0)(x) ≡ (φϵ
0, w

ϵ
0, ρ

ϵ
0 − ρ̄, uϵ0, P

ϵ
0 − P̄ )(x). (4.6)

The proof of the local existence theorem for the reformulated system (4.1), (4.6) relies upon
the study of a linearized system and the iteration argument.

4.2. Estimates for the linearized system. In this subsection, we study the linearized system

φt + divw +A1 · ∇φ = 0, x ∈ R3, t > 0,

wt +∇φ+ σ(w − u) + (A1 · ∇)w = 0,

ψt + ρ̄ div u+A2 · ∇ψ = G1,

ut − µdiv
(
A3∇u

)
− (µ+ λ)∇

(
A3 div u

)
+

1

ρ̄ϵ2
∇χ− σn̄(w − u) = G2,

χt + 2P̄ div u+A2 · ∇χ− ϵ2B : D(u)− ϵ2A4 div u = G3,

(φ,w, ψ, u, χ)(x, 0) = (φ0, w0, ψ0, u0, χ0)(x), x ∈ Ω,

(4.7)

where Ai(i = 1, . . . , 4) are the scalar functions and B = (bij) is the matrix function. We first
consider an estimate for the linearized system (4.7).

Theorem 4.1. Let 0 < T <∞. Assume that (φ0, w0, ψ0, u0, χ0) ∈ HN (R3) for an integer N ≥ 3.
Also, suppose that

A1, A2 ∈ L1(0, T ;HN (R3)), B, A3, A4 ∈ L2(0, T ;HN (R3))

G1, G3 ∈ L1(0, T ;HN (R3)), G2 ∈ L2(0, T ;HN−1(R3)),
(4.8)

and
0 < c0 ≤ A3(x, t) ≤M0, (4.9)

where c0 and M0 are positive constants independent of x and t. Let

(φ,w, ψ, u, χ) ∈ C([0, T ];HN (R3)),

(∇φ,∇χ) ∈ L2(0, T ;HN−1(R3)), (∇u,w − u) ∈ L2(0, T ;HN (R3))
(4.10)

and (φ,w, ψ, u, χ) be a solution of system (4.7). Then there exist positive constants C0 and c0,
independent of ϵ and t, such that

∥(φ,w, ψ, u, ϵ−1χ)(t)∥2HN +

∫ t

0

∥∇φ∥2HN−1dτ + ϵ−2

∫ t

0

∥∇χ∥2HN−1dτ

+

∫ t

0

∥∇u∥2HNdτ +

∫ t

0

∥
(
w − u

)
∥2HNdτ

≤ C0

(
∥(φ,w, ψ, u, ϵ−1χ)(0)∥2HN +

∫ T

0

∥G1∥HNdτ +

∫ T

0

∥G2∥2HN−1

+ ϵ−1

∫ T

0

∥G3∥HNdτ
)(

1 + ec0Fϵ(T )Fϵ(T )
)

(4.11)

for all t ∈ [0, T ], where

Fϵ(t) =

∫ t

0

(
1 + ∥(A1, A2)∥HN + ∥A3∥2HN

)
dτ

+

∫ t

0

(
∥G1∥HN + ∥G2∥2HN−1 + ϵ−1∥G3∥HN + ϵ2∥(B, A4)∥2HN

)
dτ.

(4.12)
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Proof. Applying ∇k to (4.7) yields

∇kφt + div∇kw +∇k
(
A1 · ∇φ

)
= 0,

∇kwt +∇∇kφ+ σ∇k(w − u) +∇k
(
(A1 · ∇)w

)
= 0,

∇kψt + ρ̄div∇ku+∇k
(
A2 · ∇ψ

)
= ∇kG1,

∇kut − µdiv∇k
(
A3∇u

)
− (µ+ λ)∇k+1

(
A3 div u

)
+

1

ρ̄ϵ2
∇k+1χ− σn̄∇k(w − u) = ∇kG2,

∇kχt + 2P̄ div∇ku+∇k(A2 · ∇χ)− ϵ2∇k(B : D(u))− ϵ2∇k(A4 div u) = ∇kG3,

(4.13)

where k = 0, 1, . . . , N .
Multiplying (4.13)2 by ∇kw and using (4.13)1, we have

1

2

d

dt

(
∥∇kw∥2 + ∥∇kφ∥2

)
+ σ

∫
∇k(w − u)∇kw dx = J1

k ,

J1
k = −1

2

∫
divA1|∇kφ|2dx−

∫ [
∇k, A1

]
∇φ∇kφdx

+
1

2

∫
divA1|∇kw|2dx+

∫
[∇k, A1]∇w · ∇kw dx,

(4.14)

where we used

∇k
(
A1 · ∇φ

)
= A1 · ∇k+1φ− [∇k, A1]∇φ,

∇k
(
(A1 · ∇)w

)
= (A1 · ∇)∇kw − [∇k, A2]∇w.

Multiplying (4.13)3 by ∇kψ yields

1

2

d

dt
∥∇kψ∥2 =

∫
∇kG1∇kψ dx− ρ̄

∫
div∇ku∇kψ dx+ J2

k ,

J2
k =

1

2

∫
divA2|∇kψ|2dx+

∫
[∇k, A2]∇ψ∇kψ dx,

(4.15)

where we used

∇k
(
A2 · ∇ψ

)
= A2 · ∇k+1ψ − [∇k, A2]∇ψ.

Also, multiplying (4.13)4 by ∇ku and using (4.13)5, we have

1

2

d

dt

(
∥∇ku∥2 + 1

2ρ̄P̄ ϵ2
∥∇kχ∥2

)
+

∫
A3

(
µ|∇k+1u|2 + (λ+ µ)|div∇ku|2

)
dx

− σn̄

∫
∇k(w − u)∇ku dx

=

∫
∇kG2 · ∇ku dx+

1

2ρ̄P̄ ϵ2

∫
∇kG3∇kχdx

+
1

4ρ̄P̄ ϵ2

∫
divA2|∇kχ|2dx+

1

2ρ̄P̄ ϵ2

∫
[∇k, A2]∇χ∇kχdx

+ µ

∫ [
∇k, A3

]
∇u : ∇ku dx+ (µ+ λ)

∫ [
∇k, A3

]
div udiv∇ku dx

+
1

2ρ̄P̄

∫ (
∇k(B : D(u)) +∇k(A4 div u)

)
∇kχdx,

(4.16)

where we used

∇k
(
A2 · ∇χ

)
= A2 · ∇k+1χ− [∇k, A2]∇χ,

∇k
(
A3∇u

)
= A3∇k+1u−

[
∇k, A3

]
∇u,
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∇k
(
A3 div u

)
= A3∇k div u−

[
∇k, A3

]
div u.

Taking (4.14) + (4.15) + 1
n̄ × (4.16), we obtain

1

2

d

dt

(
∥∇kw∥2 + ∥∇kφ∥2 + ∥∇kψ∥2 + 1

n̄
∥∇ku∥2 + 1

2ρ̄P̄ n̄ϵ2
∥∇kχ∥2

)
+

1

n̄

∫
A3

(
µ|∇k+1u|2 + (λ+ µ)|div∇ku|2

)
dx+ σ∥∇k(w − u)∥2

= J1
k + J2

k + J3
k + J4

k + J5
k ,

(4.17)

where

J3
k =

1

4ρ̄n̄P̄ ϵ2

∫
divA2|∇kχ|2dx+

1

2ρ̄n̄P̄ ϵ2

∫
[∇k, A2]∇χ∇kχdx

+
µ

n̄

∫ [
∇k, A3

]
∇u : ∇ku dx+

µ+ λ

n̄

∫ [
∇k, A3

]
div udiv∇ku dx,

J4
k =

1

2ρ̄n̄P̄

∫ (
∇k(B : D(u)) +∇k(A4 div u)

)
∇kχdx− ρ̄

∫
div∇ku∇kψ dx,

J5
k =

∫
∇kG1∇kψ dx+

1

n̄

∫
∇kG2 · ∇ku dx+

1

2ρ̄n̄P̄ ϵ2

∫
∇kG3∇kχdx.

(4.18)

Summing (4.17) for k = 0, 1, . . . , N and using (4.9), we obtain

1

2

d

dt

(
∥w∥2HN + ∥φ∥2HN + ∥ψ∥2HN +

1

n̄
∥u∥2HN +

1

2ρ̄P̄ n̄ϵ2
∥χ∥2HN

)
+
µc0
n̄

∥∇u∥2HN + σ∥(w − u)∥2HN

≤
N∑

k=0

J1
k +

N∑
k=0

J2
k +

N∑
k=0

J3
k +

N∑
k=0

J4
k +

N∑
k=0

J5
k .

(4.19)

Using Hölder inequality and (2.3), we obtain from (4.14) and (4.15) that

N∑
k=0

J1
k ≤ C

N∑
k=0

(
∥∇A1∥L∞∥∇kφ∥+ ∥∇φ∥L∞∥∇kA1∥

)
∥∇kφ∥

+ C

N∑
k=0

(
∥∇A1∥L∞∥∇kw∥+ ∥∇w∥L∞∥∇kA1∥

)
∥∇kw∥

≤ C∥A1∥HN

(
∥φ∥2HN + ∥w∥2HN

)
(4.20)

and
N∑

k=0

J2
k ≤ C

N∑
k=0

(
∥∇A2∥L∞∥∇kψ∥+ ∥∇ψ∥L∞∥∇kA2∥

)
∥∇kψ∥

≤ C∥A2∥HN ∥ψ∥2HN ,

(4.21)

respectively. Also, we obtain from (4.18) that

N∑
k=0

J3
k ≤ C

ϵ2

N∑
k=0

(
∥∇A2∥L∞∥∇kχ∥+ ∥∇χ∥L∞∥∇kA1∥

)
∥∇kχ∥

+ C

N∑
k=0

(
∥∇A3∥L∞∥∇ku∥+ ∥∇u∥L∞∥∇kA3∥

)
∥∇ku∥

≤ C
(
∥A2∥HN ∥ϵ−1χ∥2HN + ∥A3∥HN ∥u∥2HN

)
,

(4.22)
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N∑
k=0

J4
k

≤ C

N∑
k=0

(
∥B∥L∞∥∇k+1u∥+ ∥∇u∥L∞∥∇kB∥

)
∥∇kχ∥

+ C

N∑
k=0

(
∥∇A4∥L∞∥∇k+1u∥+ ∥∇u∥L∞∥∇kA4∥

)
∥∇kχ∥+ C

N∑
k=0

∥∇k+1u∥∥∇kψ∥

≤ Cϵ
(
∥B∥HN + ∥A4∥HN

)
∥∇u∥HN ∥ϵ−1χ∥HN + C∥∇u∥HN ∥ψ∥HN ,

(4.23)

and

N∑
k=0

J5
k ≤ C

N∑
k=0

(
∥∇kG1∥∥∇kψ∥+ ϵ−2∥∇kG3∥∥∇kχ∥

)
+
∣∣∣ ∫ G2 · u dx

∣∣∣
+ C

N∑
k=1

∥∇k−1G2∥∥∇k+1u∥

≤ C∥G1∥HN ∥ψ∥HN + ϵ−2∥G3∥HN ∥χ∥HN + C∥G2∥HN−1

(
∥u∥HN + ∥∇u∥HN

)
≤ C

(
∥G1∥HN + ∥G2∥HN−1 + ϵ−1∥G3∥HN

)(
1 + ∥(ψ.u, ϵ−1χ)∥2HN

)
+ α∥∇u∥2HN + Cα−1∥G2∥2HN−1

(4.24)

for all α > 0.
Substituting (4.20)-(4.24) into (4.19), we obtain

d

dt

(
∥w∥2HN + ∥φ∥2HN + ∥ψ∥2HN +

1

n̄
∥u∥2HN +

1

2ρ̄P̄ n̄ϵ2
∥χ∥2HN

)
+
µc0
n̄

∥∇u∥2HN + 2σ∥(w − u)∥2HN

≤ C∥(A1, A2, A3)∥HN ∥(φ,w, ψ, u, ϵ−1χ)∥2HN

+ Cϵ2∥(B, A4)∥2HN ∥ϵ−1χ∥2HN + C∥(ψ, u, ϵ−1χ)∥2HN

+ C
(
∥G1∥HN + ∥G2∥2HN−1 + ϵ−1∥G3∥HN + 1

)(
1 + ∥(ψ.u, ϵ−1χ)∥2HN

)
.

(4.25)

On the other hand, noticing that∫
∇kwt · ∇k+1φdx =

d

dt

∫
∇kw · ∇k+1φdx− ∥∇k+1w∥2 +

∫
∇kw · ∇k+1

(
A1 · ∇φ

)
dx,∫

∇kut · ∇k+1χdx

=
d

dt

∫
∇ku · ∇k+1χdx− 2P̄∥∇k+1u∥2 +

∫
∇ku · ∇k+1

(
A2 · ∇χ

)
dx

− ϵ2
∫

∇ku · ∇k+1
(
B : D(u) +A4 div u

)
dx−

∫
∇ku · ∇k+1G3 dx .

Using (4.13)1 and (4.13)5, and multiplying (4.13)2 and (4.13)4 by ∇k+1φ and ∇k+1χ, respectively,
we have

d

dt

∫
∇kw · ∇k+1φdx+

d

dt

∫
∇ku · ∇k+1χdx+ ∥∇k+1φ∥2 + 1

ρ̄ϵ2
∥∇k+1χ∥2

= J6
k + J7

k + ∥∇k+1w∥2 + 2P̄∥∇k+1u∥2,
(4.26)
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where

J6
k = −

∫ [
σ∇k(w − u) +∇k

(
(A1 · ∇)w

)]
· ∇k+1φdx+

∫
div∇kw∇k

(
A1 · ∇φ

)
dx,

J7
k =

∫
∇kG2 · ∇k+1χdx+ σρ̄

∫
∇k(w − u) · ∇k+1χdx

+ µ

∫
div∇k

(
A3∇u

)
· ∇k+1χdx+ (µ+ λ)

∫
∇k+1

(
A3 div u

)
∇k+1χdx

+

∫
div∇ku · ∇k

(
A2 · ∇χ

)
dx+

∫
∇ku · ∇k+1G3 dx

− ϵ2
∫

div∇ku · ∇k
(
B : D(u) +A4 div u

)
dx.

(4.27)

Using Hölder inequality and (2.3), we obtain from (4.27) that

N−1∑
k=0

J5
k ≤ C

(
∥w − u∥HN−1 + ∥A1∥HN−1∥w∥HN

)
∥φ∥HN

≤ C∥w − u∥2HN + C(1 + ∥A1∥HN )∥(φ,w)∥2HN

(4.28)

and
N−1∑
k=0

J6
k ≤ C

(
∥G2∥HN−1 + ∥w − u∥HN−1 + ∥A3∥HN ∥∇u∥HN

)
∥χ∥HN

+ C∥u∥HN ∥A2∥HN−1∥χ∥HN + C∥u∥HN−1∥G3∥HN + Cϵ2∥(B, A4)∥HN−1∥u∥2HN

≤ C∥(∇u,w − u)∥2HN + C(1 + ∥A3∥2HN + ∥A2∥HN−1)∥(χ, u)∥2HN

+ C
(
∥G2∥HN−1 + ∥G3∥HN

)(
1 + ∥(χ, u)∥2HN

)
+ Cϵ2∥(B, A4)∥HN−1∥u∥2HN .

(4.29)

Summing (4.26) for k = 0, 1, . . . , N − 1, and using (4.28) and (4.29), we obtain

d

dt

N−1∑
k=0

(∫
∇kw · ∇k+1φdx+

∫
∇ku · ∇k+1χdx

)
+ ∥∇φ∥2HN−1 +

1

ρ̄ϵ2
∥∇χ∥2HN−1

≤ C∥(∇u,w − u)∥2HN + C
(
1 + ∥(A1, A2)∥HN + ∥A3∥2HN

)
∥(φ,w, χ, u)∥2HN

+ C
(
∥G2∥HN−1 + ∥G3∥HN

)(
1 + ∥(χ, u)∥2HN

)
+ Cϵ2∥(B, A4)∥HN−1∥u∥2HN .

(4.30)

We can assume 0 < ϵ ≤ 1 without loss of generality. And we choose β ∈ (0, 1] to be suitably
small. Then, adding (4.25) and β × (4.30), we obtain

d

dt
E(t) + β∥∇φ∥2HN−1 +

β

ρ̄ϵ2
∥∇ψ∥2HN−1

+
(µc0
n̄

− Cβ
)
∥∇u∥2HN + (2σ − Cβ)∥w − u∥2HN

≤ C
(
1 + ∥(A1, A2, G1, ϵ

−1G3)∥HN + ∥A3∥2HN + ∥G2∥2HN−1

)
∥(φ,w, ϵ−1χ, u, ψ)∥2HN

+ C
(
∥G1∥HN + ∥G2∥2HN−1 + ϵ−1∥G3∥HN

)
+ Cϵ2∥(B, A4)∥2HN ∥(u, ϵ−1χ)∥2HN ,

(4.31)

where

E(t) := ∥w∥2HN + β

N−1∑
k=0

∫
∇kw · ∇k+1φdx+ ∥φ∥2HN

+
1

n̄
∥u∥2HN + β

N−1∑
k=0

∫
∇ku · ∇k+1χdx+

1

2ρ̄P̄ n̄ϵ2
∥χ∥2HN + ∥ψ∥2HN .

(4.32)

By (4.32) and (1.2), we can choose a small β ∈ (0, 1] independent of ϵ ∈ (0, 1] satisfying

E(t) ⋍ ∥(w,φ, u, ψ, ϵ−1χ)(t)∥2HN (4.33)
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uniformly for all t ∈ [0, T ].
Integrating (4.31) over t ∈ [0, T ], and using (4.33), (1.2) and the smallness of β, we have

∥(w,φ, u, ψ, ϵ−1χ)(t)∥2HN +

∫ t

0

∥∇φ∥2HN−1dτ

+

∫ t

0

∥∇u∥2HNdτ +

∫ t

0

∥w − u∥2HNdτ + ϵ−2

∫ t

0

∥∇χ∥2HN−1dτ

≤ C∥(w,φ, u, ψ, ϵ−1χ)(0)∥2HN + C

∫ t

0

(
∥G1∥HN + ∥G2∥2HN−1 + ϵ−1∥G3∥HN

)
dτ

+ C

∫ t

0

Fϵ(τ)∥(w,φ, u, ψ, ϵ−1χ)∥2HNdτ,

(4.34)

where Fϵ(t) is the function defined in (4.12). Applying Gronwall inequality to (4.34) yields

∥(w,φ, u, ϵ−1ψ)(t)∥2HN ≤ CΛ1(T )e
CΛ2(T ), (4.35)

where

Λ1(T ) = ∥(w,φ, u, ψ, ϵ−1χ)(0)∥2HN +

∫ T

0

(
∥G1∥HN + ∥G2∥2HN−1 + ϵ−1∥G3∥HN

)
dτ.

By (4.34) and (4.35), we obtain (4.11). The proof of Theorem 4.1 is complete. □

Next, applying Theorem 4.1, it is easy to obtain the existence and uniqueness of the smooth
solution for the linearized system (4.7) by the standard methods. We will omit the proof for
brevity.

Theorem 4.2. Let 0 < T < ∞. Assume that (4.8) and (φ0, w0, ψ0, u0, χ0) ∈ HN (R3) for an
integer N ≥ 3. Then, there exists a unique solution (φ,w, ψ, u, χ) of the linearized system (4.7)
satisfying (4.10) and (4.11).

4.3. Proof of Theorem 1.3. We first prove the existence of the local smooth solutions to the
reformulated system (4.1), (4.6) using Theorem 4.1. To this end, we define the set

ZM (0, t0) =
{
(φ,w, ψ, u, χ) ∈ XN (0, t0) | ∥(φ,w, ψ, u, χ)∥2XN (0,t0)

≤M,

0 < m−1
0 ≤ ρ̄+ ψ(x, t), P̄ + χ(x, t) ≤ m0

}
for a positive constant m0 > 1 and an integer N ≥ 3, where

M = 4C0∥φ0, w0, ψ0, u0, ϵ
−1χ0∥2HN , C0 is the constant determined in (4.11),

XN (0, t0) = {(φ,w, ψ, u, χ) ∈ C([0, t0];H
N (R3)) : ∇u ∈ L2(0, t0;H

N (R3))},
(4.36)

and

∥(φ,w, ψ, u, χ)∥2XN (0,t0)
= ∥(φ,w, ψ, u, ϵ−1χ)(t)∥2HN +

∫ t0

0

∥∇φ∥2HN−1dτ

+ ϵ−2

∫ t0

0

∥∇χ∥2HN−1dτ +

∫ t0

0

∥∇u∥2HNdτ +

∫ t

0

∥w − u∥2HNdτ.

(4.37)
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For fixed (φj−1, wj−1, ψj−1, uj−1, χj−1) ∈ ZN (0, t0), j = 1, 2, . . . , we consider the linearized system

φt + divw + wj−1 · ∇φ = 0, x ∈ R3, t > 0,

wt +∇φ+ σ(w − u) + (wj−1 · ∇)w = 0,

ψt + ρ̄div u+ uj−1 · ∇ψ = G1(ψ
j−1, uj−1),

ut − µdiv
( ∇u
ρ̄+ ψj−1

)
− (µ+ λ)∇

( div u

ρ̄+ ψj−1

)
+

1

ρ̄ϵ2
∇ψ − σn̄(w − u)

= G2(ψ
j−1, uj−1, χj−1, φj−1, wj−1),

χt + 2P̄ div u+ uj−1 · ∇χ− 2µϵ2D(uj−1)

ρ̄+ ψj−1
: D(u)− λϵ2 div uj−1

ρ̄+ ψj−1
div u

= G3(u
j−1, χj−1),

(φ,w, ψ, u, χ)(x, 0) = (φ0, w0, ψ0, u0, χ0)(x), x ∈ Ω.

(4.38)

where (φ0, w0, ψ0, u0, χ0) = (φ0, w0, ψ0, u0, χ0), G1(ψ
j−1, uj−1), G2(ψ

j−1, uj−1, χj−1, φj−1, wj−1),
and G3(u

j−1, χj−1) are defined by (4.2) and (4.3), respectively.
By using Lemma 2.2, we obtain from (4.2) and (4.5) that

G1(ψ
j−1, uj−1) = −ψj−1 div uj−1 ∈ L1(0, t0;H

N (R3)),∫ t0

0

∥G1(ψ
j−1, uj−1)∥HNdτ ≤ C sup

0≤t≤t0

∥ψj−1∥HN

∫ t0

0

∥∇uj−1∥HNdτ ≤ CM
√
t0

(4.39)

and

G3(u
j−1, χj−1) = −χj−1 div uj−1 ∈ L1(0, t0;H

N (R3)),∫ t0

0

ϵ−1∥G1(ψ
j−1, uj−1)∥HNdτ ≤ C sup

0≤t≤t0

∥ϵ−1χj−1∥HN

∫ t0

0

∥∇uj−1∥HNdτ ≤ CM
√
t0,

(4.40)

respectively. By using Lemma 2.2 and (2.2), we have∫ t0

0

∥(uj−1 · ∇)uj−1∥2HN−1dτ

≤ C sup
0≤t≤t0

∥uj−1∥2HN−1

∫ t0

0

∥∇uj−1∥2HN−1dτ ≤ CMt0,

ϵ−2

∫ t0

0

∥h1(ψj−1)∇χj−1∥2HN−1dτ

≤ Cϵ−2 sup
0≤t≤t0

∥χj−1∥2HN−1

∫ t0

0

∥∇ψj−1∥2HN−1dτ ≤ CMt0,∫ t0

0

∥h2(φj−1)(wj−1 − uj−1)∥2HN−1dτ

≤ C sup
0≤t≤t0

∥φj−1∥2HN−1

∫ t0

0

∥wj−1 − uj−1∥2HN−1dτ ≤ CMt0∫ t0

0

∥µ∇uj−1∇h1(ψj−1) + (µ+ λ) div uj−1 div h1(ψ
j−1)∥2HN−1dτ

≤ C sup
0≤t≤t0

∥ψj−1∥2HN

∫ t0

0

∥∇uj−1∥2HN−1dτ ≤ CMt0

for (φj−1, wj−1, ψj−1, uj−1, χj−1) ∈ ZN (0, t0), j = 1, 2, . . . . Therefore, we obtain from (4.3) that

G2(ψ
j−1, uj−1, χj−1, φj−1, wj−1) ∈ L2(0, t0;H

N−1(R3)),∫ t0

0

∥G2(ψ
j−1, uj−1, wj−1)∥2HN−1dτ ≤ CMt0.

(4.41)
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Also, we have

A1 = wj−1 ∈ L1(0, t0;H
N (R3)),

∫ t0

0

∥A1∥HNdτ ≤ CM
√
t0,

A2 = uj−1 ∈ L1(0, t0;H
N (R3)),

∫ t0

0

∥A2∥HNdτ ≤ CM
√
t0,

(4.42)

and

A3 =
(
ρ̄+ ψj−1

)−1

∈ L2(0, t0;H
N (R3)),

0 ≤ c0 ≤ A3(x, t) ≤M0,

∫ t0

0

∥A3∥2HNdτ ≤ CM
√
t0

(4.43)

for small t0 > 0. Moreover,

B =
2µD(uj−1)

ρ̄+ ψj−1
∈ L2(0, t0;H

N (R3)),

∫ t0

0

∥B∥2HNdτ ≤ CM,

A4 =
λ div uj−1

ρ̄+ ψj−1
∈ L2(0, t0;H

N (R3)),

∫ t0

0

∥A4∥2HNdτ ≤ CM.

(4.44)

By using (4.39)-(4.44) and Theorem 4.2, there exists a unique solution (φj , wj , ψj , uj , χj) ∈
XN (0, t0) to the linearized system (4.38) satisfying

∥(φj , wj , ψj , uj , ϵ−1χj)(t)∥2HN +

∫ t

0

∥∇φj∥2HN−1dτ + ϵ−2

∫ t

0

∥∇χj∥2HN−1dτ

+

∫ t

0

∥∇uj∥2HNdτ +

∫ t

0

∥wj − uj∥2HNdτ

≤ C0

(
∥(φ0, w0, ψ0, u0, ϵ

−1χ0)∥2HN +

∫ t0

0

∥Gj−1
1 ∥2HNdτ +

∫ t0

0

∥Gj−1
2 ∥2HN−1dτ

+

∫ t0

0

∥ϵ−1Gj−1
3 ∥2HNdτ

)(
1 + ec0F

j−1
ϵ (t0)F j−1

ϵ (t0)
)

(4.45)

for all t ∈ [0, t0], where G
j−1
1 = G1(ψ

j−1, uj−1), Gj−1
2 = G2(ψ

j−1, uj−1, χj−1, φj−1, wj−1), Gj−1
3 =

G3(u
j−1, χj−1) and

F j−1
ϵ (t0) =

∫ t0

0

(
1 + ∥(A1, A2)∥HN + ∥A3∥2HN

)
dτ

+

∫ t0

0

(
∥Gj−1

1 ∥HN + ∥Gj−1
2 ∥2HN−1 + ϵ−1∥Gj−1

3 ∥HN + ϵ2∥(B, A4)∥2HN

)
dτ.

Choosing t0 and ϵ to be small such that ec0F
j−1
ϵ (t0)F j−1

ϵ (t0) ≤ 1 and∫ t0

0

∥Gj−1
1 ∥2HNdτ +

∫ t0

0

∥Gj−1
2 ∥2HN−1dτ +

∫ t0

0

∥ϵ−1Gj−1
3 ∥2HNdτ ≤ ∥(φ0, w0, ψ0, u0, ϵ

−1χ0)∥2HN ,

which is possible because of (4.39)-(4.44), we obtain from (4.45) that

∥(φj , wj , ψj , uj , ϵ−1χj)(t)∥2HN +

∫ t

0

∥∇φj∥2HN−1dτ + ϵ−2

∫ t

0

∥∇χj∥2HN−1dτ

+

∫ t

0

∥∇uj∥2HNdτ +

∫ t

0

∥wj − uj∥2HNdτ

≤ 4C0∥(φ0, w0, ψ0, u0, ϵ
−1χ0)∥2HN

(4.46)

for all t ∈ [0, t0]. Also, by (1.24), ρ̄ + ψj(x, 0) = ρ0(x) and P̄ + χj(x, 0) = P0(x), we know that
there exists a positive constant m0 > 1 such that

0 < m−1
0 ≤ ρ̄+ ψj(x, t), P̄ + χj(x, t) ≤ m0
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for small t0 > 0. Therefore, (φj , wj , ψj , uj , χj) ∈ ZN (0, t0) for j = 1, 2, . . . due to (4.36) and
(4.37). Moreover, by using (4.46) and (1.25), we have

{(φj , wj , ψj , uj , χj)}∞j=1 is bounded in L∞(0, t0;H
N (R3)),

{∇uj}∞j=1 is bounded in L2(0, t0;H
N (R3))

(4.47)

for the fixed ϵ > 0. Also, by using (4.47) and (4.41)-(4.42), we obtain from (4.38) that

{∂t(φj , wj , ψj , uj , χj)}∞j=1 is bounded in L2(0, t0;H
N−1(R3)) (4.48)

for the fixed ϵ > 0.
By using (4.47), (4.48) and the compactness result [26, Theorem 2.1 in Ch.III], there exists the

subsequences of {(φj , wj , ψj , uj , χj)} (denoting them as (φj , wj , ψj , uj , χj) still) such that when
j → ∞, it holds that

(φj , wj , ψj , uj , χj) → (φ,w, ψ, u, χ) (*-weak) in L∞(0, t0;H
N (R3)),

∇uj → ∇u (weak) in L2(0, t0;H
N (R3)),

(φj , wj , ψj , ujχj) → (φ,w, ψ, u, χ) (strong) in L2(0, t0;H
N−1
loc (R3)),

(4.49)

where HN−1
loc (R3) denote the space {v | v ∈ HN−1(Ω)} for any bounded domain Ω of R3, and

(φ,w, ψ, u, χ) ∈ L∞(0, t0;H
N (R3)), ∇u ∈ L2(0, t0;H

N (R3)). (4.50)

By using (4.49) and (4.2)-(4.5), we have∫ t0

0

∫
G1(ψ

j−1, uj−1) ζη(t) dx dt→
∫ t0

0

∫
G1(ψ, u) ζη(t) dx dt,∫ t0

0

∫
G2(ψ

j−1, uj−1, χj−1, φj−1, wj−1) · vη(t) dx dt→
∫ t0

0

∫
G2(ψ, u, χ, φ,w) · vη(t) dx dt,∫ t0

0

∫
G3(u

j−1, χj−1) ζη(t) dx dt→
∫ t0

0

∫
G3(u, χ) ζη(t) dx dt

(4.51)
for all ζ ∈ C∞

0 (R3), v ∈ [C∞
0 (R3)]3 and η ∈ C∞

0 (0, t0). Moreover, by using (4.49) and (4.51), it is
easy to check that (φ,w, ψ, u, χ) is a solution to system (4.1)-(4.6). Then, setting

ρ = ρ̄+ ψ and P = P̄ + χ,

and by using (4.1)-(4.6) and (4.50), we know that (φ,w, ρ, u, χ) is a solution to the Cauchy problem
(1.22), (1.23) satisfying (1.26). Also, the estimate (1.27) follows from (4.46) and (4.49). The proof
for the uniqueness of the local solution is proved by the argument to estimate the norms on the
difference of two solutions, so we will omit it for brevity.

Now we prove the low Mach number limit. Let the solution to the Cauchy problem (1.22), (1.23)
satisfying (1.26) and (1.27) by (φϵ, wϵ, ρϵ, uϵ, P ϵ). Then, using (1.27), Lemma 2.2 and (1.13), there
exist the functions (φ,w, ρ− ρ̄, u) ∈ L∞(0, t0;H

N (R3)),∇u ∈ L2(0, t0;H
N+1(R3)) such that

(φϵ, wϵ, ρϵ − ρ̄, uϵ, P ϵ) → (φ,w, ρ− ρ̄, u, P̄ ) (*-weak) in L∞(0, t0;H
N (R3)),

∇uϵ → ∇u (weak) in L2(0, t0;H
N (R3)),

(φϵ, wϵ, ρϵ − ρ̄, uϵ, P ϵ) → (φ,w, ρ− ρ̄, u, P̄ ) (strong) in L2(0, t0;H
N−1
loc (R3)),

(4.52)

as ϵ→ 0, which implies (1.28).
Now, we will prove that the function pair (n,w, ρ, u,Π) for some Π ∈ L∞(0, T0;H

N−1(R3)) ∩
L2(0, T0;H

N (R3)), where n = n̄eφ, is the unique smooth local solution for the compressible
Euler/non-homogeneous incompressible Navier-Stokes system (1.21), (1.29).

By (1.22)1−3 and (4.52), we obtain

nt + div(nw) = 0,

(nw)t + div(nw ⊗ w) +∇n = −σn(w − u),

ρt + div(ρu) = 0,
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which implies (1.21)1−3.
By (1.22)5 and (4.52), we obtain div u = 0, which implies (1.21)4. Multiplying (1.22)4 by

v ∈ [C∞
0 (R3)]3,div v = 0, and integrating it over R3, we have∫

ρϵuϵt · v dx+

∫
ρϵ(uϵ · ∇)uϵ · v dx = µ

∫
∆uϵ · v dx+ σ

∫
nϵ(wϵ − uϵ) · v dx. (4.53)

By using (4.53), (4.52) and the result of De Rham [26, Proposition 1.1], there exists a function
Π ∈ L∞(0, t0;H

N−1(R3))∩L2(0, t0;H
N (R3)) satisfying (1.21)5. It is easy to show that the initial

condition (1.29) holds. The uniqueness of solutions to the system (1.21), (1.29) is proved by a
standard argument. The proof of Theorem 1.3 is complete.
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[4] J. A. Carrillo, R. Duan, A. Moussa; Global classical solutions close to equilibrium to the Vlasov-Fokker-Planck-

Euler system, Kinet. Relat. Models, 4 (2011), 227-258.

[5] S. Chapman, T. G. Colwing; The mathematical theory of nonuniform gases, 3rded. Cambridge Math.Lib.,
Springer-Verlag, New York, 1994.

[6] Y.-P. Choi; Compressible Euler equations interacting with incompressible flow, Kinetic and Related Models, 8
(2015), 335-358.

[7] Y.-P. Choi; Global classical solutions and large-time behavior of the two-phase fluid model, SIAM J. Math.

Anal., 48 (2016), 3090-3122.
[8] Y.-P Choi, J. Jung; Asymptotic analysis for a Vlasov-Fokker-Planck /Navier-Stokes system in a bounded

domain, Math. Models Methods Appl. Sci., 31 (2021), 1-83.

[9] Y.-P. Choi, B. Kwon; The Cauchy problem for the pressureless Euler/isentropic Navier-Stokes equations, J.
Differential Equations, 261 (2016), 654-711.

[10] D. Gidaspow; Multiphase flow and fluidization, Boston, MA: Academic Press Inc, 1994.

[11] P. Grisvard; Elliptic problems in nonsmooth domains, Second Edition, SIAM, 2011.
[12] F. Hao, H.-L. Li, L. Shang, S. Zhao; Recent progress on outflow/inflow problem for viscous multi-phase flow,

Commun. Appl. Math. Comput., 5 (2023), 987-1014.

[13] M. Ishii, T. Hibiki; Thermo-fluid Dynamics of Two-phase Flow, Springer-Verlag, New York, 2006.
[14] J. Jung; Global-in-time dynamics of the two-phase fluid model in a bounded domain, Nonlinear Anal., 223

(2022), 113044.
[15] H. H. Hong, T. Wang; Stability of stationary solutions to the inflow problem foe full compressible Navier-Stokes

equations with a large initial perturbation, SIAM J. Math. Anal., 49 (2017), 2138-2166.
[16] H. H. Hong, K.-H. Jong; Low Mach number limit for the compressible Euler-Navier-Stokes two-phase flow

model in R3, Nonlinear Analysis: RWA, 84 (2025), 104267.
[17] F. M. Huang, T.-Y. Wang, Y. Wang; Diffusive wave in the low Mach limit for compressible Navier-Stokes

equations, Advances in Mathematics, 319 (2017), 348-395.
[18] X. S. Huang, Y. Wang; Global existence and optimal time decay rate to one-dimensional two-phase fluid model,

arXiv:2307.01992.
[19] H.-L. Li, L.-Y. Shou; Global well-posedness of one-dimensional compressible Navier-Stokes-Vlasov system, J.

Differential Equations, 280 (2021), 841-890.
[20] H.-L. Li, T. Wang, Y. Wang; Wave phenomena to the three-dimensional fluid-particle model, Arch. Ration.

Mech. Anal., 243 (2022), 1019-1089.
[21] H.-L. Li, Y. Wang, Y. Zhang; Non-existence of classical solutions to a two-phase flow model with vacuum,

arXiv:2402.02531.
[22] A. Mellet, A. Vasseur; Asymptotic analysis for a Vlasov-FokkerPlanck/compressible Navier-Stokes system of

equations, Comm. Math. Phys., 281 (2008), 573-596.
[23] L. Nirenberg; On elliptic partial differential equations, Ann. Scuola Norm. Sup. Pisa, 13 (1959), 115-162.
[24] X. Pu, B. Guo; Global existence and semiclassical limit for quantum hydrodynamic equations with viscosity

and heat conduction, Kinet. Relat. Models., 9 (2016) 165-191.
[25] H. Tang, Y. Zhang; Large time behavior of solutions to a two phase fluid model in R3, J. Math. Anal. Appl.,

503 (2021), 125296.
[26] R. Temam; Navier-Stokes Equations, Theory and Numerical Analysis, North-Holland Publishing Company-

Amsterdam · New York · Oxford, 1979.



EJDE-2026/78 INCOMPRESSIBLE LIMIT FOR NON-ISENTROPIC FLOW 27

[27] H. Wen, L. Yao, C. Zhu; Review on mathematical analysis of some two-phase flow models, Acta Math. Scientia,

38B (2018), 1617-1636.

[28] G. Wu, Y. Zhang, L. Zhou; Optimal large-time behavior of the two-phase fluid model in the whole space, SIAM
J. Math. Anal., 52 (2020), 5748-5774.

[29] Z. Wu, W. Zhou; Pointwise space-time estimates of two-phase fluid model in dimension three, J. Evolution

Equ., 24 (2024), Paper No.11.
[30] Y. Zhang, J. Wang, C. Xiao, L. Ma; Global existence and time decay rates of the two-phase fluid system in

R3, Z. Angew. Math. Phys., 72 (2021), 180.

Chol-Ung Rim
Department of Mathematics, University of Sciences, Pyongyang, DPR Korea

Email address: rimcu@star-co.net.kp

Hakho Hong
Institute of Mathematics, State Academy of Sciences, Pyongyang, DPR Korea

Email address: hhhong@star-co.net.kp


	1. Main results
	2. Preliminaries
	3. Incompressible limit: small temperature variation
	3.1. A priori estimates
	3.2. Proof of Theorem ??

	4. Incompressible limit: large temperature variation
	4.1. Reformulated system
	4.2. Estimates for the linearized system
	4.3. Proof of Theorem ??
	Acknowledgements

	References

