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INCOMPRESSIBLE LIMIT FOR NON-ISENTROPIC COMPRESSIBLE
EULER-NAVIER-STOKES TWO-PHASE FLOW MODEL IN R3

CHOL-UNG RIM, HAKHO HONG

Commumnicated by Jesus Ildefonso Diaz

ABSTRACT. This article concerns the incompressible limit for the two-phase flow model con-
sisting of the compressible isothermal Euler equations coupled with compressible non-isentropic
Navier-Stokes equations through a drag forcing term. For the 3D Cauchy problem, we rigorously
justify the incompressible limits, which mean that the solutions converge to that of a compress-
ible Euler/incompressible Navier-Stokes system and a compressible Euler/non-homogeneous in-
compressible Navier-Stokes system as Mach number goes to zero, under the small and large
temperature variations, respectively.

1. MAIN RESULTS

The two-phase fluid system consisting of the compressible isothermal Euler equations coupled
with the non-isentropic compressible Navier-Stokes equations through a drag forcing term in the
whole space R? is as follows

ny + div(nw) =0,
(nw)y + div(nw @ w) + Vn = —on(w — u),
pr + div(pu) = 0,

(pu)t + div(pu @ u) + VP = divS(u) + on(w — u), (1.1)
[p(e + %)] + div]pu(e + %) + Pu]

= rAO + div(S(uw)u) + on(w — u)u,

for t > 0 and = € R3. Here, the unknown functions are the densities n(x,t) > 0 and p(z,t) > 0.
The velocities of the particle and fluid are w(x,t) and u(z, t) respectively. While the temperature
is O(x,t) > 0. Also, the pressure P = P(p,f) and internal energy e = e(p, ) are the smooth
functions of p and 8: D(w), and S(u) are the deformation and the viscous stress tensors given by

D(w) = %(Vw + VTw) and  S(u) = 2uD(u) + A divul, (1.2)

respectively, where T represents the transpose of a matrix, I is the identity matrix, and p and A are
the constant shear and bulk viscosity coefficients, respectively, satisfying p > 0 and 3A + 2 > 0
which follow from the 2nd law of thermodynamics, k£ > 0 denotes the heat-conductivity, and o > 0
is the drag coefficient.
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System (1.1]) is the non-isothermal version of the coupled Euler/Navier-Stokes two-phase flow

model
ny + div(nw) =0,

(nw); + div(nw ® w) + Vn = —on(w — u),
pt + div(pu) = 0,
(pu)¢ + div(pu ® u) + VP(p) = divS(u) + on(w — u),

which can be formally derived from the barotropic compressible Navier-Stokes-Vlasov-Fokker-
Planck equation with a local alignment force as follows (see [7]):

fi € Vof = dive(€ —u)) + L dive((§ = w)f + V).
pt + div,(pu) =0,
(pu); + divy(pu @ u) + Vo P(p) = divS(u) + on(w —u), & 2 € R3 ¢t >0,

(1.3)

(1.4)

where f = f(£,z,t) is the distribution function associated with the particles, n > 0, and n and
nw are the macroscopical density and momentum defined by

net)i= [ feands, et [ efcanic (1.5

The physical motivation of Euler or Navier-Stokes two-phase flow models shows that the individual
particle velocity ¢ is tracked statistically at the kinetic level (Vlasov-Fokker-Planck equation 1)
and integrating over velocity £ yields macroscopic equations for the particle density n(z,t)
and velocity
 Jrs &S (&, t)dE

fRS f(ga $>t)d§ .
Moreover, the isothermal compressible Euler (or Navier-Stokes) equations are coupled with the
isentropic (or non-isentropic) compressible Navier-Stokes equations through a drag forcing term
on(w — u).

Recently, Li-Wang-Wang [20] applied the Chapman-Enskog expansion (see Chapman-Colwing
[8]) for the fluid-particle model around the local Maxwellian

n(z,t) _le—w@ni?
—e 2
(2m)?

w(z,t)

to obtain the two-phase flow equations

ng +div(nw) =0, x €R3 t>0,

(nw)y + div(nw ® w) + Vn = ndiv(nD(w)) — on(w — u) — 77/ E®E-V,GdE, (1.6)
R3 .

pt + div(pu) = 0,
(pu)s + div(pu @ u) + VP(p) = divS(u) + on(w — u),

where the term G is governed by the microscopic part. In the limiting case n — 0, the system
converges to the coupled Euler/Navier-Stokes two-phase flow model .

The kinetic-fluid system is used to describe the interactions between particles and fluid.
Recently, this type of the kinetic-fluid system has attracted growing attention due to a very large
range of applications, for example, biotechnology and medicine, and in the study of sedimentation
phenomena, compressibility of droplets of the spray, and diesel engines, etc [10] [I, 13]. For the
Euler/Navier-Stokes system (L.1)), Choi [7] proved the global existence of a unique strong solution
in both the whole space R? and the periodic domain T?, and obtained the exponential decay rate
in T3. Later, with some additional conditions on the initial data, Tang-Zhang [25], Wu-Zhang-
Zou [28], and Zhang et al. [30] obtained the optimal algebraic decay rates in time of the global
solutions in the whole space with Sobolev regularity. Wu-Zhou [29] extended L2-estimate in [28]
to LP-estimate with p > 1. Recently, Huang-Wang [I8] proved the global existence of strong
solution to 1-D Euler-Navier-Stokes system by using the standard continuity argument for small
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H'! data while the second order derivative can be large. See also similar results [8| [14] for the Euler-
Navier-Stokes system (|1.1]) in a bounded domain. Also, for the pressureless Euler/Navier-Stokes
system (i.e., system without Vn in (L.1),), Choi-Kwon [9] proved the global existence of a
unique strong solution and obtained the exponential decay rate in T3. Recently, Li- Wang-Zhang
[21] showed that the finite-energy classical solutions to the Cauchy problem of this pressureless
Euler/Navier-Stokes system do not exist for any small time. The interested reader can refer to
the review papers [12] [27] for the vicous two-fluid equations, while for the fluid-particles models,
one can refer to [22] @], 2, 19, 20] and the references therein. The main novelty of this paper is
to justify the existence and low Mach number limit of the smooth solutions for the compressible
Euler/full compressible Navier-Stokes system by the pure elementary energy method.

For the incompressible limit analysis that we have in mind, it is convenient to introduce the
nondimensional form of the system . For that purpose, we consider the following nondimen-
sionalization:

; t ~ T . n R w R p . u P P
= 7 r= -, n=—, W= 7, = U= 77, =75
T Lo Noo Uso p Poo Uso Py
. 0 s A
b=, e=— p="t A=2 wi=" 5=,
900 €0 Moo Moo Koo 0o

where T Loo, Toos Usos Pooy Poos Boos €cos fhoos Tcos aNd Ko, denote the reference hydrodynami-
cal quantities (time, length, particle density, mean velocity, fluid density, pressure, temperature,
energy, viscosity, drag coefficient and heat-conductivity). Moreover, we denote by

Loo Uso UsopocLios
: Re := —foore

= b) Ma = B e
ToUx \/Poo/poo Hoo

the Strouhal, Mach, and Reynolds numbers corresponding to hydrodynamics, and by

S,

1 OooLL OooLlioon
_ E — o) oo, ,C — ocodiooltoo
Ugov lo Uoo 20 Uoopoo )
the parameters corresponding to drag. Using the above scalings, we can rewrite (1.1]) for the
renormalized unknowns (still denoted by as (n,w, p, u, P)) follows :

L, :

Syng + div(nw) = 0,
Sy(nw) +div(nw @ w) + L, Vn = —Ly,on(w — u),

Srpt + div(pu) =0,
(1.7)

. 1 1 .
Sy (pu)e + div(pu @ u) + M—C%VP = e (uAu + (p+ A)Vdiv u) + Logon(w — u)

2

M,
Sr(pe)r + div(pue) + Pdivu = kAl + RZ (2;L]D)(u) : D(u) + A(div u)2>

The main purpose of this article is to investigate the low Mach number limit of the system (1.7)).
Therefore, we set M, = € for small positive constant € > 0 and put S, = Re = L,, = L15 = Lo, =1
for the sake of simplicity. Then, we obtain from ((1.7) that

ny + div(n‘w®) =0,
(nw®); + div(n‘w® @ w®) + Vn = —on®(w® — u®),
ps + div(pu®) =0,
) ¢ (puc) (1.8)
(pu®)y +div(pu® @u) + 5 VP = pAu + (p+ A)Vdivu® + on(w — u),
€

(pfe®); + div(puef) + P divu® = kA + € (QuD(uE) s D(uf) + A(div uﬁ)z).

Accordingly, the parameter e essentially represents the maximum Mach number of the fluid.
The limit of solutions of as € goes to 0 is usually called as low Mach number limit. The
purpose of the low Mach number approximation is to justify that the compression, due to fluid
pressure variations, can be neglected. This is a common assumption when discussing the fluid
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dynamics of highly subsonic flows. So, we assume that the fluid pressure is a small perturbation
of a given constant state P, i.e.
P =P+ 0O(e). (1.9)
Notation. In this paper, L?(R3) and Wf (R3) denote the usual Lebesgue and Sobolev spaces on
R?, with norms || - ||z» and || - [[wx, respectively. When p = 2, we denote WE(R3) by H*(R?)
with the norm || - ||+ and || - |[zo = | - || will be used to denote the usual L?—norm. The
notation ||(A1, As, ..., A;)| g+ means the summation of || 4;|| g+ from ¢ = 1 to i = [. For an integer
m, the symbol V" denotes the summation of all terms D% with the multi-index « satisfying
|a| = m. Then, V¥*! means VV* = VZ\a|:k D*. We omit the spatial domain R? in integrals
for convenience.
Our first result is to show the incompressible limit for the system in 3D with x > 0 and
the initial data

(n€,we, p,us, 09)(z,0) = (n§, ws, p§, us, 05)(x) — (72,0,p,0,0) as |z| — oo, (1.10)
when the temperature has a small variation, i.e.
0° =0+ O(e), (1.11)

where 7, p,  are the given positive constants and P = P(p, ). If we assume and (L.11)), then
it holds that
p=p+0(e) and e =e+O(e),
where € = e(p, é), and formally, as the Mach number tends to zero, the system become
ny + div(nw) = 0,
(nw); + div(nw @ w) + Vn = —on(w — u),
divu =0, (1.12)

ug + (u-V)u+ iVH = gAu + gn(w —u)

p p p
for a pressure function II, which is considered by [6], where he investigated the global existence
and large-time behavior of classical solutions to the system in the periodic domain T3. The
system is a two-phase model with the compressible Euler equations and the incompressible
Navier-Stokes equations coupled through a drag forcing term, and it is rigorously derived in [3] as
the hydrodynamic limit of the Vlasov/incompressible Navier-Stokes system with strong noise and
local alignment.

To state our first main result, by setting ¢ = In (%)7 we reformulate the Cauchy problem
with k > 0, as follows:
of Fdivw +w - Ve =0, xR t>0,
wy + (w® - V)w + Ve = —o(w — uf),
pi + div(p“uc) = 0,

1.13
pfug + p(u - V)us + ;2VP€ = pAuc + (p+ NV divus + one? (v — u), e
p%§+pﬂf~ve%%P6mvu6:nA0ﬁ+8(mmxuﬂ:D@f)+A@ﬁvwﬁﬂ,
and
(0%, 0", pf,u, 0°) (@, 0) = (9§, w, p§, uf, 05) (x) — (0,0,,0,0)  as |z — oo, (1.14)

where ¢f = In (%) Then we have the incompressible limit under small temperature variation:

Theorem 1.1. Assume that
P,y(p,0) >0, es(p,0)>0 forallp>0,0>0, (1.15)
and
(6, w5 — Py, 05 — 0) € HY (R?),
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inf pG(z) >0, inf 65(z) >0, divug=0
zER3 TER3

hold for an integer N > 3. Moreover, for small positive constant §o > 0 independent of €, the
functions (0§, w§, p§, us§, 05) are assumed to satisfy

1026, w5 ug) || iy + €| (0h = 5,65 = 0)| s < o (1.16)
Then the following statements hold.

(1) (Global solutions and uniform estimate) There exists a constant C, independent of € and

0o, such that the Cauchy problem (1.13)), (1.14) admits a unique solution (@<, we, p¢, uc, %)
on [0,00) satisfying

(‘Pey we, PE — Py u, 0 — é) € C([Ov OO), HN(R3)>7
(Ve©, Vp©) € L*(0,00; HYH(R?)), (Vus, VO, w" —u) € L*(0,00; HY (R?))
and

sup || (5, wS,u) ()| 5 + €% sup || (05— 5,605 = 0) (1)
t€R+ tER+

S A P A /2 P | 2 P,
+e*2/ ;|vaf||;NdT+/ e — )|, wdr

0 0
< (|| s w65 + €106 = 705 — )7 )-

(2) (Incompressible limit) There exist the functions (p,w,u) € L*>(0,00; HY(R?)),Vu €
L?(0,00; HN(R®)) such that
(¢, we,uf) = (p,w,u) (*weak) in L°°(0,00; HY (R?)),
Vut = Vu  (weak) in L*(0,00; HY(R?))

(1.17)

as € — 0. Furthermore the function pair (n,w,u, 1) for some I € L>=(0,00; HN~1(R?))N
L?(0,00; HN(R?)), where n = ne?, is the unique smooth global solution on [0,00) to the
compressible Euler/incompressible Navier-Stokes system (L.12) with the initial data

(n€, we,u®)(z,0) = (no, wo, uo) (), (1.18)

where (ng, wo,ug) € HY(R?) are the functions such that by setting o = In (%), it holds
that
(95, w5, us) — (o, wo,uo), (weak) in HY (R®) as e — 0.
Remark 1.2. (1) For the global existence of solutions, we only assume that the H3-norm of initial
perturbations is small, while the higher-order Sobolev norms can be arbitrarily large (see (1.16))).
(2) The same result as in Theorem [1.1|for the compressible Euler/isentropic Navier-Stokes two-

phase model (1.3) was obtained in [I6]. Therefore, Theorem[I.I]can be regarded as a generalization
of [16, Theorem 1.2].

Our second result is to show the incompressible limit for the system (|1.8)) in 3D with x = 0 and
the initial data ([1.10)), in the case of a large temperature variation and ideal polytropic gas law

P =Rpb, e=c,b, (1.19)

where the parameters R > 0 and ¢, > 0 are the gas constant and the heat capacity at constant
volume, respectively. Without the loss of generality, we can assume R = 1 and ¢, = 1. Then,

using ([1.19), we rewrite (1.8, with x =0 as
(P9, + div(Peus) + P divu = ¢ (2,uID)(u€) - D(u) + A(div u5)2). (1.20)
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Formally, as the Mach number tends to zero, the system 1_ 4 and becomes
ny + div(nw) =0,
(nw); + div(nw @ w) + Vn = —on(w — u),
pt + div(pu) =0, (1.21)
divu = 0,
pur + p(u - Vu+ VII = Au+ on(w — u)

for a pressure function I, which is a two-phase model consisting of the compressible Euler equations
coupled with the non-homogeneous incompressible Navier-Stokes equations through a drag forcing

term. To state our second result, by setting ¢° = In (%), we reformulate the Cauchy problem
(11.8);_,, (1.20), (1.10) as follows:
o; +divw® +w®- Ve =0, = eR3, t>0,
wy + (W€ - V)w® + Ve = —o(w — uf),
i + div(pfuc) = 0,

1.22
pfus + p(u - V)us + 6%VP6 = pAuc + (g + NV divus 4+ one?’ (v — uf), .
(P9)s + div(Pu®) + P divu® = €2 (2,u]D(u€) s D(uf) + A(div ue)Q),
and
(0%, wS, p%,u, PO)(@,0) = (5, wh, G, uf, F5)(x) — (0,0,5,0,P)  as |z — oo, (1.23)

where ¢f = ln(%g) and P§ = P(p§, 05). Then we have a result on incompressible limit under large
temperature variation.
Theorem 1.3. Assume that (1.19) with R =c¢, =1 and

(6, w6 — pyuf, Fs — P) € HY (R?), Lo
inf p§(x) >0, inf PS(z)>0, divug=0 (1.24)
z€R3 z€R3

hold for an integer N > 3. Moreover, for a positive constant My independent of €, the functions
(¢, Wi, p§, u§, BS) are assumed to satisfy

||(<p6,w§, p(e) Nz UB)HHN + 6_1||P(§ - ‘PHHN < M. (1-25)
Then the following statements hold.

(1) (Local solutions and uniform estimates) For all small € > 0, there exist constants Ty and
C, depending on My but independent of €, such that the Cauchy problem (1.22)), (1.23))
admits a unique solution (o, we, p¢, uc, P¢) on the time interval [0,Ty] satisfying

(@67w6,p6 - ﬁ’ uevpe) S C([()?TO];HN(Rg))a vue € L2(07T0;HN(R3)) (126)
and
t
(05, w<, p° — 5, uS) (1) 5 + € 2||(PE = P)()|| 7w + / [N -
, . .Y (1.27)
e [P dr+ [ 96 fudr + [l = wffudr <€
0 0 0
for all t € [0, Tp].

(2) (Incompressible limit) There exist the functions (p,w,u) € L>(0,To; HY(R?)),Vu €
L2(0,To; HN(R?)) such that

(we’we’ Pe - ﬁﬂ ue) - (cp,w,p - ﬁv u) (*_wea’k) n LOO(O7T07 HN(RB))v

1.28
Vut — Vu  (weak) in L*(0, To; HY (R?)) (1.28)



EJDE-2026/78 INCOMPRESSIBLE LIMIT FOR NON-ISENTROPIC FLOW 7

as € — 0. Furthermore the function pair (n,w, p,u, 1), for some Il € L>(0, To; HN ~1(R3))N
L2(0,To; HN(R®)), where n = ne¥, is the unique smooth local solution on the time inter-
val [0, Tp] of the compressible Euler/non-homogeneous incompressible Navier-Stokes system

with the initial data
(n,we, p¢ — p,u’)(z,0) = (ng,wo, po — p, uo)(x), (1.29)
where (ng, wo, po — pyug) € HY (R3) are the functions such that by setting po = In (%),
it holds that
(@5, ws, ps — p,us) — (o, wo, po — pyuo),  (weak) in HY (R®)  as e — 0.

Remark 1.4. (1) The result in Theorem holds for the general gas law (|1.15)) including the

ideal polytropic gas law (|1.19).
(2) We can conjecture that for the system (1.8) with £ > 0, the low Mach number limit under
the large temperature variation becomes

ny + div(nw) = 0,
(nw); + div(nw @ w) + Vn = —on(w — u),
pt + div(pu) =0,
2P divu = kA6,
pur + p(u - V)u+ VII = Au + on(w — u),

and the temperature satisfies 6 = Vn and
PO + pu - VO + Pdivu = kA6,

which is established by Huang-Wang-Wang [17] in the case of the full compressible Navier-Stokes
equations.

2. PRELIMINARIES
We first recall the following useful Lemmas which we will use extensively.

Lemma 2.1 (Gagliardo-Nirenberg inequality [23, Theorem 1]). Let I, s and k be any real numbers
satisfying 0 < 1,8 <k, and let p,r,q € [1,00] and 0 < 0 < 1 such that

£_1:<f_%)(1_9)+<ﬁ—é>0.

3 p  \3 3
Then, for any u € Wtf(R?’), we have
IV ullzr < ClIVoull [ VFul| 7. (2.1)

Here when p = oo we require that 0 < 6 < 1.
Lemma 2.2 ([I1, Theorem 1.4.4.2]). Let Q = R?, s; > s and sy > s be such that either

1 1 1 1 1
31+32—szd(—+——7)20, sj—s>d<f—7), =12

qa 492 g a g

or 1 1 1 1 1
81+82—S>d<*+*—*>20, sj—32d<——f), j=12

a 92 g q 9

then (u,v) = u - v is a continuous bilinear map from WL (2) x W71(Q) into W7 (€2).

Lemma 2.3 ([24, Lemma 2.5]). Let f(v) and f(p,w) be smooth functions of ¢ and (o, w),
respectively, with bounded derivatives of any order, and ||| g w3y + ||w|| L msy < C. Then for
any integer m > 1, we have

V™ f(@)llr < CIV™ ol Ly,
IV f (o, w)l[Le < CIIV™ (0, w)]| e,

for any 1 < p < oo, where C' may depend on f and m.

(2.2)
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Lemma 2.4 ([24, Lemma 2.6]). Let a be any multi-index with |a| = k and 1 < p < co. Then
there exists some constant C' > 0 such that

ID*(f9)llze < CULf e IV gllzes + IV* fllzesllgllzes),

« k—1 k (23)
11D, flglle < CUNVFlleIVF 7 gllez + [[VF fllLes gl rra),
where f,g € WE(R3), 1 < po,p3 < oo such that % = p% + p% = p% + p%, and [D%, flg =

D*(fg) — fD%g.
3. INCOMPRESSIBLE LIMIT: SMALL TEMPERATURE VARIATION

In this section, we prove Theorem |1.1} For brevity, we denote (¢, we, p¢, u¢, 6¢), P¢ = P(p, 6)
and e = e(p€,0°) in (1.13)) by (v, w, p,u,0), P = P(p,0) and e = e(p, 0), respectively.
3.1. A priori estimates. We first recall the following thermodynamical relations (see [15]).
Setting v = p~!, it is well-known that by using any given two of the five thermodynamical
variables(v, P, e, 8 and S), the remaining three variables are smooth functions of them, where S
is the entropy of the gas. The second law of thermodynamics 0dS = de + Pdv asserts that, if we
choose (v,0) or (v,S) as independent variables and write (P, e, S) = (P(v,0),e(v,0),S(v,8)) or
(P,e,0) = (P(v,S5),é(v,S),0(v,S)), respectively, then we can deduce that

Sy(v,0) = Py(v,6),

eg(v,0)

S@(Uae) = 0 ) (31)
ey (v,0) = 0Py(v,0) — P(v,0),
or R
éy(v,8) = —P(v,S), és(v,S) =10,
D 9(P0(U79))2 > 6P9(”79)
v(v,5) v(v,6) eq(v,0) s(v, 5) eo(v,6) (3.2)
A 0Py(v,0) - 0
91} ) = T T 0 ) = .
(v, 5) eg(v,0) s(v, 5) eg(v,0)
From (3.1)) and (3.2) we deduce that
N . 1
7p269(p39) :0P9(p79)7p(p79)7 es(p7S) =0 ep(pvs) = ﬁp(/%o)
Therefore, we can rewrite (1.13)5 as
P, 20€?D :D 2(di 2
6, 4.V + 0P (p,0) .. K Ag = 21 (u) : D(uw)  Ae?(divu) 7
peg(p,0) peg(p,0) peg(p,0) peo(p, 0) (3.3)
2 i 2( Jinr 02 :
S 4w VS LN 2ue”D(u) : D(u) n Ae? (divu) .
po o po
Setting 1 = p — p and ¢ = 6 — 0, we reformulate the system (L.13), , and (3.3) as
pr +divw = g1,
wy + Vo + o(w —u) = ga,
¢t + ﬁleU = 93,
P.(p.0 Po(p. 0 3.4
ut—gAu—&_)\Vdivu—f— pEp’Q)Vgo—i— egp’e)VC—aﬁ(w—u)—gzl, (3.4
p p pe? pe?
9P9(ﬁ7 é)
+ —~ divy = =—Af + g5,
Ct 69([)76) 569(p7 0) %
where g;(i = 1,...,5) are defined by
g1=—w-Vep, (3.5)
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= —¢divu —u- Vi, (3.7)
94:—(u~V>u+’“(¢ Vo 1 120 g 4 o) ) .
— ha(¥) (pAu + (p+ A\)V divu), )

(w C) (pve) _ Pp(pae), hQ(Q/),C): PH([_ZQ) _ PB(pve)’ (39)

p p p p
ha(p) =e? =1, ha(¢) = % - %, (3.10)

Yk 2ue®D(u) : D(u)  Ae?(divu)? v

95 = V(= khs (¥, QAC + peo(p.0) p%f(p, 5) 7+ he(¢, ¢) divu, (3.11)
hs(26,C) = — L bl = 020 OTlp. ) (312)

peo(p.0)  pealp,0)’ pea(p.0)  peo(p,0)

We suppose that (¢, w, 9, u,() € Xn(0,T) is the solution to the system (3.4) for any constant
T > 0 and an integer N > 3, where X (I) is defined by

Xn(D) = {(p.w,v,u,¢) € C(LHN(R?)) | (V. Vo) € L2(EHYH(R?)),
(Vu, V¢, w —u) € L* (L HY (R®))}
for any interval I C [0,00). Also, we assume that

sup |[|(¢,w, e Mp,u, e Q) (t)] gs < 01 (3.13)
0<t<T

for sufficiently small 6; > 0 independent of €. By using (3.13]), we can choose §; > 0 such that

-
en < nlat) =ne?0 < Coy L <pw) <L and

N D

<Oz, t) < %, (3.14)

[\

where ¢ and Cj are positive constants depending only on . We first give the following estimate.
Lemma 3.1. Under assumption (3.13)), it holds that

By(p,9)

( 0)
(IIwHHz+ —lullz: + lll7: + ﬁz— 1013+

G

+ofl(w — )l +ﬁ7_2||VU||Hz + —— V¢l (3.15)

,9, 5
<61 C(IVelZn + e Vel
foranyt>0andl=3,...,N, where C is the positive constant independent of €,61 and t.
Proof. Applying V* to yields
VEe, + div VFw = VFgy,
VEw, + Vo + oVF(w — u) = VFgs,
VEy, + pdiv VFu = V¥gs,

Vru, — LAVR - @V div VFu + Fp. Q)VkH?// + P, Q)VHlC oV (w —u) = V¥,
P P B ~ pE p
VFG + M divVFu = iAVkG + Vs,
€0 P,e) peg(p 9)

(3.16)
where £ =0,1,...,1[.

Multiplying (3.16), by V*w, and using (3.16),, (3.5) and (3.6]), we have
1d

3% (||kaH2 + \|Vk<p\|2> + U/Vk(w —uw)VFwde = I} + I2, (3.17)
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where

—/Vk(w -V)VFpdr, (3.18)
2= —/Vk((w - V)w) - VEw d. (3.19)

Here and after, when the integrals over R3 have not the meaning, we understand it by the duality
pairing between H ~(R3) and H!(R?). i
Also, multiplying (3.16), and (3.16); by VFu and < ge Vk(, respectively, and using (3.16)),

and . -, we have

1dk2p()k2()k_—/k_k
2 VRl + 2 IVl + IV5¢I2) = on [ V" (w = u)VFudae
Figh+ig? 4 (U+)\) k k+1
+/(5|v ul? + | div V¥ul )dﬂ? IVEHL¢ 2 (3.20)
Pe(pae) ( 79) 5
I3+ 1 I
2k + 1y 1< gk
where
I} = 76*2/vk(¢ divu 4 u - V)V di, (3.21)
It — —/Vk((u-V)u>  VEude +e*2/vk(h1(¢,g)vw) v
e 142
—|—672/Vk(h2(1/1,C)VC> VFudr —on Vk(hg(ga)(w—u)) -VFuda (3.22)
S It
_ vk(h ( ( : ok
4(W)(pAu+ (p+ NV divu V¥udx
IS
and
1= e [ VHlhs(0. ATV HCds
o
—e? / VFu - V¢ — he (1), ¢) divu] VF¢ dem (3.23)
k
2
Q;AD)( ) : D(u )—l—)\(divu)
/v | V*¢dx
pe@(pﬂe) 33
Summing (3.17) and n~! x (3.20), and then, adding the resulting equality for k¥ = 0,1,...,l, we
obtain
1d 1 P,(p,0 eo(p, 0
(ol + Hls + s + o D iz + LD ey
+ ol = )l + IVl + Vel (324
l _ _ 7 l
Po(p, 0 1 eo(p, 0
Y b+ Y+ P )Z|I,§|+%Z|I:\+ 2051,
k k=0 P k=0 k=0 " =0

Next we estimate the right-hand in (3.24). For I}, using Holder inequality, (3.14]) and (3.13)),
from ([3.18)) we obtain

Iy < C(llellzsllVwll + llwlzs[VelDllel e < 051\\Vs0||2-

For I} (k =1,...,1), using Holder inequality, (2.3 .2 and - from we obtain

I} = —/[V w]Vo VFodr + = /dww\V’“gdex
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< C(IVwl= IV*ell + [Vl V0] ) V¥ + ClI V] o | V5
< o (IV¥6)2 + | V5w]?).

Therefore,
l

S < Co (196l + [Vwl3s ). (3.25)
k=0

For 12, from (3.19) we obtain
I5 < C(llwl o[Vl + llwll s [[Vw) [w]lzs < Co1||Vwlf*.

For I}(k=1,...,1), from (3.19) we obtain
1
I} = —/[Vk,w]Vw - VFwdz + 5/divw|vkw|2daj
< Ol Vwl=[VFw|? < Co || VFw||?.

Therefore,
l

IR < Cor|[ Vw3 (3.26)

k=0
For I3, from (3.21)) we obtain
I3 < Ce ([l e [ Vull + llull s [Vl s < Core™?|[ V|2
For I}(k=1,...,1), (3.21) we obtain

i = 6_2/Vk(zpdivu)vkl/)df—6_2/[Vkau]v¢ VE da + ;?/di"“'vkiblw
< O (Il IV Lull + [ Vull oo [ V4911 ) V40
+ 2 (IVulow |59 + 11V 22 V50l o ) [ + O 2|Vl oo [ V4302
< Oy (2| TP + [VF ).

Therefore,

l
S < Cor (Vs + [ Vulln)- (3.27)
k=0

For I#, using Hélder inequality, 7 , and , from we obtain
18 < Cllull sl Vullull o < CoIVal?,
I + Ij* < Ce (|| (@, Oll s VoIl + 12 (&, Ol s [V EID | 2o
< oy (| Vull? + 2| V|2 + €2V,

1 < (@) | w = w)ullzo < €8 (|} (e = )2 + |V,

15— — / [V -V (ha()u) + (A + ) div u div(ha ()] da
< Cl[Vul[([[ha() || [[Vul| + [[ull L= [[Vha(¥)]])
< a1 (| Vull? + 2 Vel?),

which implies
13 < G (IVul + l[(w = W) + e 2Vell? + 2 Ve)?), (3.28)
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where we assume 0 < e < 1 without loss of generality. For I}(k = 1,...,1), we obtain from (3.22)
that
&3)
18 % 0 (1l s 19l -+ 7l 9l ) 9l
< o (I9 1l + [ VFa)?),
12 = —e—Q/Vk—l(hl(w,g)vw) VR Ly d
.3)
< 0 (I @, Oll I V* 0l + 98] 29 by (8, Olle ) |75+
E13),(22)
< oIVl + 2R + 2R 2)
I8 = —e*Z/V’ﬂfl(hQ(@z;,g)vg) VAL dg

2.3)
< 02 (JIha(w, Ol IVFCH + IVl V5 b, ) o ) V5 u]

(3-13).(2.2)
< Oa (V)2 + VR + 2R 2)

NE

AE

172 C (s (@)l IV*(w = )| + e = ull e [V hs ()] |70

B, 22
< 0a (V@ —wl? + V5 + [ VFul?),

5=y / kal(div(hél(w)vu) - Vh4(w)Vu) VR dr

+ (M +p) / vkl (V(h4(w) div u) — Vha(¢) div u) VR Ly dg

< C(Ia@) = IVl + 1Vl o [V Ra ()] + [ Fha () 29|V ] 0 ) | V* ]

3.6
< o (V) + VR),

which together with (3.28)) implies

l
So15 < €8 (Y, w = )3 + € 2T, VO 3 + [Vl ) (3.29)
k=0

where we assume 0 < € < 1 without loss of generality.

For I§, using Holder inequality, and (2.1)), from we obtain
I = 2 [ V¢ Dhs(w,00)do
< O 2|V (s (4, Ol [ VEH + 16l o VA (1 ) )
< Cor 2 (VI + 7w,
1§ < Ce(ull s [VEI + 6w, ) Lo Vul) ¢
< Oy (VI + Vul?),
1§ < C(Dw) 2 [D(w) | + | div ull ] div uf ¢ o
< 0, (IVull? + V¢IP?),

which implies

1§ < C8 (|| Vul? + 2|y + 2V ¢?), (3.30)
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where we assume 0 < e < 1 without loss of generality. For I?(k = 1,...,1), from (3.23)) we obtain

' = ke ? / Vk_l[div(hs(go, ¢Q)V{) — Vhs(¥,¢)V(] - VL de

£3)
? 06’2(||h5(¢,C)||Loo||V'““CII +IVCllzee [V s (v, G)|

+ 1Vhs (0, Olles 7€l e ) IV

- (2]
Core (V2 + [VRCI2 + VR0)?),

]
122 e (lull 9+ 19 s 95l ) 19 2o

+ (o, Ol V™ ull + 1Vl o IV o, 1 ) 195 1o
ED.E
< C

539 (

) (nvk“un? I9Eul? + IVEGR + 2 TE, OI1)),

DG + D[94 () [ 19

Hpee (p,0) L

pea(p, 0
(o e vl v |7 (S )19l
-g’- Cé (IIV’““ull2 + 2 VEHIC)? 4 €2 VR, <)||2),

which together with (3.30]) implies

l

S 11 < 0o (IVulldy + €2Vl + e 2IVEIRa ) (3.31)
k=0
Substituting (3.25)-(3.27), (3.29)), (3.31) into (3.24)), we have
1d Py(p,9) eo(p,0)
2dt(llwl\Hz += IIuIIHz +llellzn + 527 ol + =53 IICII%L)

+oll(w — )l + HVUHHz T e S IVCI

< C51<HV80||H171 + 1[(Vuyw — u>||Hz T+ Vel + e IVC ),
which gives us , using the smallness of 4; > 0. The proof of Lemma is completed. O
Lemma 3.2. Under assumption , it holds that

P()

dt / Viu VHpde+ & Z / Vhu VU dr + Vel + IVl

< c(nwnHz o — ulff + e*chnHH) + 81Vl
(3.32)
foranyt>0andl=3,...,N, where C is the positive constant independent of €,01 and t.

Proof. Multiplying (3.16), by V#T1¢ and using
d
/kat Vo de = 7 /ka VR o dr — /(div VEw)?dx + / VF g1 div VFw da
because of (3.16),, we have

o VEw - Vo de + | VFH | - /(div VEw)2da = I¢, (3.33)
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where

If = /Vk (w : Vg@) div VFw dx — /Vk ((w : V)w) VR o da + U/Vk(w —u) -V pde.
Noticing that

6 2.
Ik S

O (ol 75 0l + [Vl o V¥l ) 75+

+ O (Il 195 w] + [ Vol VFwll s ) |75
+ OV (w — IV
B.13) k+1 2 k+1 2 k+1 2 -1 k 2
< o (V5 Ml + V5 6)2) + a TE ] + 0 OV (w — )|
for any o > 0, from (3.33) we obtain
d 1
G [V T dn s IV < O IVl + 9w - ),

which implies that

d 1

7o / Vew - Vo da + Vel fis < C(IIVelim + llw = ullfi- ). (3.34)

k=0
Also, multiplying (3.16]), by V**1¢ and using
d
/Vkut VY de = = /Vku VR LY da — ﬁ/(div VEu)2dx + / V¥ g3 div VFu dx

from ([3.16)),, we have

i Vku~Vk+11/;dz+ Ppgp79)||vk+1w”2
dt pe2

9 (3.35)
=y I+ ﬁ/(div VFu)’dz + on / VF(w —w) - VM d,
§=7
where
7= /vk div(yu) div Ve do — /Vk((u~V)u> VR dae
(3.36)
be? / V* (b, OV + a9, QOVC) - Ty do,
I¥ = —aﬁ/vk (hg((p)(w — u)) VLY da
(3.37)
- /Vk (h4(w) (,uAu + (p+ A)Vdiv u)) VAL da
- /VkAqu“wda: — LJEA /vk“divuvk“zp dx
pJ P (3.38)

Py(p,0) k1 o k41
Next we estimate the right-hand in (3.35). For I}, from (3.36) we obtain
17 < 8 (V5 ull? + 2V | 4 2 VETIC2)

assuming 0 < € < 1 without loss of generality. For I,f, from ({3.37)) we obtain

7 <

k (||h3(<P)||L°° ||Vk(w — u)|| + ||(w _ U)||L3||th3(<p)||1;6) ||Vk+11/1||

+ (||h4(w>||L°°||Vk+2uH + ||v2u||L3Hth4('l/})”L6)||vk+1¢||
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E13).@2
S o (V5 2l 4 [V + VRl VR w - w)2).

For I}, from (3.38) we obtain
L < OIVHF2ul[| V|| + Ce 2|V V|
< Qe TR + a1 CIVHR? + 0~ O[T

for any o > 0. Substituting the estimates on If (i = 6,7, 8) into (3.35), and using the smallness of
01 > 0 and « > 0, we obtain

d P(p
%/vku . V’H_I’L/deb + 2[)(62) ||Vk+1¢||2

< (Tl + 1952l + V5w — w)?) + C8 [ TH g + O VR,

assuming 0 < € < 1 without loss of generality, which implies that

P( p)
- / vEu 196
k=0 (3.39)
< IVl + i w - u)\l?p-l) 08 [Vl + O VC s
By (3.34) and -, we obtain . The proof of Lemma is complete. O

3.2. Proof of Theorem We first prove the existence of a global smooth solutions to the

reformulated system (1.13]), (1.10). To this end, we first prove (3.13)) by using a priori estimates
in the previous subsection. For N > 3, let 3 <[ < N. Then, adding (3.15) and 8 x (3.32)), we
obtain

CF () + (55 — oIl + (=5 - €5) SIVC + (o= 0B) lw — w3

(3.40)
B Po(p,
+ (8- )19t + (47220 - 05) ZIvule <o,
where 3 € (0,1] is a small constant and
-1 €9<ﬁ é)
)= [l + 8 [ Vhuw- V¥4 g+ ol + LB ¢l
h=0 (3.41)

1 = P,(p,0)
dzlulBt 8y [V v sde+ LD vul .
n P p3ne
By (3.41) and (1.15)), we can choose the small 8 € (0, 1] and ¢; independent e € (0, 1] such that

FHt) 2 (w, @ u e, e 1O (1)1 3 (3.42)
uniformly for all ¢ > 0, and

Lozt — 02—, o-0B27,

on ~ 2pn  pon ~ 2p0n’
g i (3.43)
é —o5, 28, pBPO) g 5 pPP0)
8 2p 4p
Integrating over t € [0,00), and using (3.42)), (3.43) and (1.15)), we have
sup [y u) ()3 + €2 sup [0 OO+ [ IVelfsar
teRL teRL 0
4 [N fdr 2 [ Vlfdr e [TV G4
0 0 0

< ([l @yw, O[3 + 2 @, OO, )
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for I =3...., N. Therefore,
||(w7 P, U, 6717/4 671()(0 H%ﬂ‘ < CH(U), P, U, 6711/)7 671<)(0)”§—13 : (345)
Using (|1.16) and (3.45]), we obtain (3.13). This in turn allows us to take I = N in (3.44) and we
(1.17)

obtain

Now, the existence of global solution is proved by the standard continuity argument for a local
solution using a priori estimates . Also, the uniqueness of global solution is proved by the
argument to estimate the norms on the difference of two solutions. So, we omit the details for
brevity.

We prove the low Mach number limit. Let the solution to the Cauchy problem (L.13),

satisfying (1.17)) by (¢, we, p¢, u¢,0¢). Then, using (1.17) and (1.16]), there exist the functions
(o, w,u) € L°(0,00; HN(R?)), Vu € L?(0, 00; HNT1(R3)) such that
(

WS, pf uc, ) = (9, w, pyu, 0) (F-weak) in L0, 00; HY(R?)),
Vu¢ — Vu (weak) in L*(0, 00; HY (R?)), (3.46)
(5w, p%,u, 0°) = (o, w, p,u, 0) (strong) in L*(0, 00; Hiyo ' (R?)),

as € — 0.
Now, we will prove that the function pair (n,w,u,II) for some II € L*>(0,00; HN~1(R3))
NL%(0,00; HN (R?)), where n = me?, is the unique smooth local solution for the compressible

Euler/incompressible Navier-Stokes system ([1.12)), (1.18]).
By using n = ne¥ and (3.46), we obtain from (1.13), , that
ny + div(nw) = 0,
(nw)y + div(nw @ w) + Vn = —on(w — u),

which implies (1.12), ,. By (L.13); and (3.46)), we obtain divu = 0, which implies (1.12)),.
Multiplying (L.13), by v € [C§°(R?)]?,divv = 0, and integrating it over R*, we have

/peug ~vdx + //oe(u6 -Vu -vdr = ,u/Au6 -vdx + J/ne(wE —uf) - vdz. (3.47)

By using (3.47), and the result of De Rham [26], Proposition 1.1], there exists a function
I € L°°(0,00; HN~H(R?))NL2(0, 0o; HN (R?)) satisfying (T.12),. It is easy to show that the initial
condition holds. The uniqueness of solutions to the system (1.12)), (1.18)) is proved by the
argument to estimate the norms on the difference of two solutions. The proof of Theorem is
completed.

4. INCOMPRESSIBLE LIMIT: LARGE TEMPERATURE VARIATION

In this section, we prove Theorem To this end, we first reformulate the system ([1.22)) as a
new system. For brevity, we denote (¢¢, w¢, p¢, u, 8¢, P¢) in (1.22) by (p,w, p,u, 8, P).

4.1. Reformulated system. Setting ¢¥» = p — p and y = P — P, we reformulate as
pr+divw+w- Ve =0,
we + Ve +ow—u)+ (w-V)w=0,
Y+ pdivatu- Vi = G (b, u),

uy — pdiv (%) —(n+ )\)v( (4.1)

divu
Pty

’ (ZM]DD(u) : D(u) + A(div u)2) = Gs(u, x),

1
) + ﬁ?VX - UFL(w - U) = GQ(¢7U7X7307U})7

€

Xt +2Pdivu +u-Vy — —
p+

where

G1(¢,u) = =y divu, (4.2)
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Golth o pr10) = (- Wyt X 4 (o) ) 0
+ uVuVhy () + (ju + ) divudiv by (1),
M) = < = = Ialp) = " 1. (4.4)
Gs(u, x) = —xdivu. (4.5)
Also, the initial condition is reformulated as
(00,11, ), 0) = (120, o, Yo, o, X0) () = (7w oy — s, P§ — P)(a).  (46)

The proof of the local existence theorem for the reformulated system (4.1f), (4.6]) relies upon
the study of a linearized system and the iteration argument.
4.2. Estimates for the linearized system. In this subsection, we study the linearized system
o +divw+ A -Vo=0, zeR> t>0,
wt + Vo +o(w—u)+ (A - V)w = 0,
Yy + pdivu + As - Vb = Gy,
. . 1 _ (4.7)
uy — pdiv (AgVU) —(n+ )\)V(Ag div u) + —Vx - on(w —u) = Ga,
pe
Xt +2Pdivu + Ay - Vx — B : D(u) — 24, divu = Gs,
((pawaqz[}au?X)(x’O) = (()007w051/}07u07xo)(m)7 HARS Qv
where A;(i = 1,...,4) are the scalar functions and B = (b;;) is the matrix function. We first
consider an estimate for the linearized system (4.7)).
Theorem 4.1. Let 0 < T < co. Assume that (g, wo, Yo, uo, Xo) € HY (R®) for an integer N > 3.
Also, suppose that
Ay, Ay € L0, T; HY(R®)), B, As, Ay € L*(0,T; HY (R?))

4.8
Gi,G3 € L'(0,T; HY(R?)), G2 € L*(0,T; HY"1(R?)), (4.8)
and
0 < cog < As(w,t) < Mo, (4.9)
where ¢y and My are positive constants independent of x and t. Let
p,w, P, u,x) € C([0,T); HY (R?)),
( ) € C([0,T]; H™ (R?)) (4.10)

(Vo,Vx) € L*(0,T; HNHR?)),  (Vu,w —u) € L*(0,T; HY (R?))

and (p,w, ¥, u,x) be a solution of system (4.7). Then there exist positive constants Cy and co,
independent of € and t, such that

t t
(0, w, 9, u, e X) () 13w +/ IIle\qu—ldTJre’Q/ IVl dr
0 0

t t
+ [ IVulydr + [ (w0 dr
0 0

, . (4.11)
< Co(low v, 0, OO + [ [Gallndr+ [ Galfyn-
0 0
T
et [ lGallyvar) (1+ 0P D E(T))
0
for all t € [0,T], where
t
F)= [ (14100 A2 as + Al )r
0 (4.12)

t
[ (1l + G By + € Gl + (B Ad) [ )
0
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Proof. Applying V¥ to yields
VEor 4 div VFw + V¥ (A; - V) =0,
VFw, + YV + oVE (w — u) + VE ((A1 : V)w) -0,
Vi + pdiv VP + VF (A3 - V) = VAGY,
VFu, — pdiv V* (AgVU) — (4 N VrHL <A3 div u) (4.13)

1
* pe? — VMl — onV*(w —u) = V*Gy,
V¢ 4+ 2P div VFu + VF(As - V) — VE(B : D(u)) — 2VF(Agdivu) = VFEGs,

where £ =0,1,..., N.
Multiplying (#13)), by V*w and using (£13)),, we have

331 (1950l + I9%01) 4 o [ 94w~ 0¥ wds = 7}

J} :—§/divA1|V’“go|2dx—/ [vk,Al}wv’f@dx (4.14)

1
+3 /divA1|V’“w|2dw+ /[vk,Al]Vw - VEw de,
where we used

v <A1 : w) = A, - VEHL, VR AV,
v’@((A1 : V)w) — (A1 - V)VFw — [VF, As]Vaw
Multiplying ([4.13); by V¥4 yields

thw Fy|? = /valv Ydr—p /dkauvwdeer,
(4.15)
_ i/divA2|ka| dx+/[vk,A2]vw Y da,

where we used

vk (A2 : w) = Ay VL [VE, A,)Vy.
Also, multiplying (4.13), by VFu and using ([13))5, we have
1d k 2 k / k+1,,12 : k, 12
331 (1901 o I9R) + [ s (W0 (3ot )] v TP o

- aﬁ/vk(w —u)V*udz

/v’“GQ VEudr + /Vngvkxdm

p62

1 : k.12

(4.16)

27D /[V , Ao VXV da

u/[vk,Ag}Vu:Vkudx—f—(,u—i—)\)/[vk,/lg} div u div VFu da

1 .
+ 2P (Vk(]B% :D(u)) + VF(Ay div u))VkX dx,
where we used

VE(Az - V) = Az - VEHy = [VF, 4]0y,

vk (AgVU) — AV — [v’a Ag} Vu,
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VE(Agdiva) = A5V* dive - [VF, A3 diva.
Taking (4.14) + ([£.15) + £ x (4.16)), we obtain

(||vkw|\2 +[IVR0]2 + | VR + = ||vku|\2 +

k
th ZﬁPﬁEQHV Xl )
+ %/Ag (M|Vk+1u|2 + ()\—l—,u)|divvku|2>dx+U||Vk(w—u)H2
=R+ BT+ T+ T3,
where
1
3_ 4
Ti 4pnPe>
+@/[vk,A]vu vkudx+“+A/{vk,A3} divu div VFu dz,
n
1
4 = —
I 2pn P
1
Jp = /VklekwdaH— %/Vng-Vkudx—i—

/diVAQ\ka|2dx+ /[thg]vxv’dex

1
2pn Pe2

1

—— [ VFG3V X da.
2pnPe? / 3VoXar
Summing (4.17) for £ =0,1,..., N and using (4.9)), we obtain

1d

1 2
535 (1l + 12l + 1005 + Flhl + 55 Il
B0 |l + ol (1 = )3

N

<> 0 +Z:Jk+ZJk+ZJk+ZJk

k=0

Using Holder inequality and (| , we obtain from and - that

N

Z ( IV A= [ VE ] + ||W||Loo||v’“A1||) V¥
k=0

N
+C Y (VA 95wl + V] o [V A ) [ 95 ]
k=0

< Ol Al (o3 + el )

and

N N
SR <Y (IV Azl IV 0l + Vel V- As] ) 950

k=0 k=0
< Cll Al 1913~
respectively. Also, we obtain from (4.18)) that

N N

C
> <5 D (VA= IVA X+ 9= [V A4 ) [V
k=0 k=0

N
+C Y (IVAsll o |75 ull + [Vl o= [V* A5 ) | V0]
k=0

< ([ Aallmn e Xl + 1 Asl v luly )

/ (v’f(B :D(w)) + VF (A4 divu)) VFx dz — ﬁ/div VEuVEy d,
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(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)
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N
<O (B~ V5 ull + [Vl < IV*BI ) [V*x]
k=0

(4.23)
N N
+0 3 (19 A= 194l + [ Full< V5 4] 174 + € 3 194l ¥y
k=0 k=0
< Ce(IBllaw + |Aullzs ) [Vl ol xllarn + Il [0l
and
N N
S a0y (IGuIV ol + 29 GalllT5x) +| [ G- ud]
k=0 k=0
N
TNeD D) A [\
k=1 (4.24)

< ClGilla Wl + € 2IGsll v XNy + CllGallga- (IIUIIHN + HVUHHN)

< C(IGilmv +11Gallmv—r + € MGsllan ) (14 (W, e X 3w )
+a|| Vullin + Ca™|Gallf -

for all o > 0.

Substituting (4.20)-(4.24) into (4.19)), we obtain

1

d 2 2 2 1 2 2 )
o (e -+ Dl + 10w 2l + s

HCo
+ B2 Vulfn + 20 (w0 — )

< O|l(Ar, Az, A5) |z | (0w, 0, 1w, €~ X) |2 (4.25)
+ OB, Ag) 2w lle Xl2n + Ol u, e 1) [

+ (Gl + 1 Galfn-: + € IGals +1) (14 (s, X ln )-
On the other hand, noticing that
/kat VAl de = %/ka~vk+1g0dac — || VEF L2 —i—/ka VR (A; - V) da,
/Vkut SV da
= %/v’mvk+1xdx—215||vk+1uu2+/v’fu.v’€+1(A2-vx) da
—62/Vku-Vk+1(IB% : D(u) + Ay divu) da:—/Vku-VkHGg dx .

Using (4.13)), and (£.13))5, and multiplying (£.13), and ([£.13), by V**1p and VF*1y, respectively,

we have

d d 1
a/vkw.karlspd:L,_‘_ a/vku.karlxdx_F “karl(p”Q_'_ ?”vlﬂrlxw

(4.26)
= Jp + J{ + |V | + 2P|V )2,
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where

Jp =
Jl = /Vng VR dx + aﬁ/Vk(w —u) - Vv da
+ u/div vk (AgVu) VR dr + (p+ )\)/VkH (A3 div u) VL dx
+/divvku-vk(A2.vx) da:Jr/kaVk“Gg dz

— & / div VFu - VF (B - D(w) + Ay div u) dz.

Using Hoélder inequality and ([2.3)), we obtain from (4.27) that
N-1

TR <Clw = ullgn— + | Al x s [wl aw) ol

k=0
< Cllw = ullfpn + CA+ Al g~) (@, w) 7~
and
N-1
78 < C(IGall -+ + o = wlzzx—s + |Asl v [Vl s ) I
k=0

+ Cllull g Azl Ix v + Cllull -1 Gsll s + Ce[|(B, Aa) || zrv—1 ul v
< Cll(Vu,w = w)|[Fpw + C(L+ ([ Asll7n + A2l mv-)l O w7~

+C(IGallmv-r + IGsllv ) (1+ ||<x,u>||im) + CE|(B, Al - |l

Summing (4.26]) for £ =0,1,..., N — 1, and using and ( -, we obtain
d
dt /vk v’v+1¢dx+/vk vk+1xdx) IVl + = 2||vx||HN 1
< C\I(Vu,w—

W)l + (1 11(As, Aol + 114 ) 69,0, x,0)

+C(IGsll = +11Gslly ) (1+ 106 0) ) + OB, sl v lul .

21

—/ [0V (w = u) + V¥ ( (41 - V)] ~Vk+1gpdx+/divvkka(A1 V) dx

(4.27)

(4.28)

(4.29)

(4.30)

We can assume 0 < € § 1 Without loss of generality. And we choose 8 € (0,1] to be suitably

small. Then, adding (4 and 8 X , we obtain
FEO+BIVeln-s + 25 IT6lv-

C
n (“no 0/3) IVul|%n + (20 — CB)|lw — ul| %~

(4.31)
< C(1+)|(Ar, Az, G, € Gl + [ As 3w + 1G22, w, € x 1, ) [y
+ C(IG an + 1G2 3w + € |Gl ) + CeII(B, A3 (s X) I
where
Nf
E(t) = |w|Z~ + 8 Z / VEw - Vo da + gl
(4.32)

1
53 [t sl + Wi

By ([@.32) and (T.2), we can choose a Small B € (0, 1] independent of € € (0, 1] satisfying
E(t) = || (wv P, U, 1/’7 671X)(t) ||%IN

(4.33)
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uniformly for all ¢ € [0, 7.
Integrating (4.31)) over ¢ € [0, T], and using (4.33), (1.2]) and the smallness of /3, we have

t
w0, 6, € X)) + /0 R

t t t
+ [ Ivalipvdr + [ o= ulfdr + [ 19xv-idr
0 0 0

. (4.34)
< Cllwsp 0O +C [ (IGallan + 1Galeos +€ | Gall s )ar
0
t
+C [ @l 0, v
0
where F(t) is the function defined in (4.12)). Applying Gronwall inequality to (4.34) yields
| (w, @, u, € 2p) (2)||%n < CAL(T)eCh2T)] (4.35)
where
T
M(T) = w2y O+ [ (IG s + Gl + € [Gallan ).
0
By (4.34) and (4.35|), we obtain (4.11)). The proof of Theorem is complete. O

Next, applying Theorem it is easy to obtain the existence and uniqueness of the smooth
solution for the linearized system (4.7)) by the standard methods. We will omit the proof for
brevity.

Theorem 4.2. Let 0 < T < oo. Assume that (&.8)) and (po,wo, Yo, u0, Xo) € HY(R3) for an
integer N > 3. Then, there exists a unique solution (p,w, ¥, u,x) of the linearized system (4.7))

satisfying (-10) and ([E11).

4.3. Proof of Theorem We first prove the existence of the local smooth solutions to the
reformulated system (4.1)), (4.6) using Theorem To this end, we define the set

ZM(O7tO) = {(‘vaﬂﬁaua X) € XN(OatO) ‘ ||(@7W,¢,U7X)||§(N(o,to) S M?
0<mg' <p+i(a,t), P+x(e,t)<mo}

for a positive constant mgy > 1 and an integer N > 3, where

M = 4Cy||po, wo, Yo, ug, 6_1X0||%_IN, Cy is the constant determined in (4.11)),

XN(OvtO) = {(Lp;’w,'(/%U,X) S C([O,to];HN(R3)) - Vu e LQ(O,to;HN(R3>)}7 (436)

and

to
1w, 9,1, 0y (0,80) = 1003w, 90, 2w, €7 X) (8) [ +/ IVellEn—rdr
0 (4.37)

to to t
T / IV + / IVulZndr + / o — ullZndr.
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For fixed (/=1 w1 7=t w/ =1 xI=1) € Zn(0,t0),5 = 1,2, ..., we consider the linearized system
o +divw+w' - Vp=0, zeR3 t>0,
w + Vo +o(w—u)+ (w ™ V)w =0,
Y+ pdivu + w71 -V = G (7w,
divu

Vu 1 _
m — K W)—&-?Vz/}—an(w—u)

(4.38)

Ae2 divud—!

ptpi—t

Xt +2Pdivu +u/ - Vy — ivu
= GS(Uj_lan_l)»
(%wﬂﬁ;U,X)(xao) = (9007w07¢0,U0,X0)(1‘), er
where (gpo?wo’wo,uo, XO) = (%007w07¢07U07X0)7 Gl(wj_lyuj_l)v G2(¢j_17 uj_17Xj_17 @j_lij_l)a
and Gz(u/~1,x771) are defined by (4.2) and (4.3), respectively.
By using Lemma [2.2] we obtain from (4.2)) and (£.F) that

G171 u ™) = =i divaed Tt € LY0,to; HY (R?)),
to i - to - (4.39)
[ 16w Dllandr <€ sup [0 s [ 19w s < CM Ve
0 0<t<tg 0
and
Ga(u? =1 X771 = =7~ Vdivu! =t € LY(0,to; HY (R?)),
(4.40)

to . . . to .
/ e MG (w || gprdr < C sup ||6_1Xj_1||HN/ V!~ g dr < CMA/1o,
0 0<t<to 0

respectively. By using Lemma 2.2 and (2.2), we have
to i )
/ 1= )u = | dr
0

. tO .
<C sup [/ / [V =[5 -rdr < CMty,
0

0<t<tg

to ) )
/ I )V 2
0

<0 sup s [ IV s < €Mt
0

0<t<to
A s [
0

. to . .
<C swp @ Ens / i~ — |2 dr < CMtq
0<t<to 0

t() . . . .
/ |Vud " VR (771 4 (- A) dived " div by (90 |3 n o dT
0

<C sup [0 [ VW fdr < Mt
0

0<t<to
for (@=L wi=t =L ui=t xI71) € Zn(0,t0),7 = 1,2,.... Therefore, we obtain from (4.3) that

Go(? 1w T @I Wi € LP(0,to; HY H(R?)),

fo 1 i (4.41)
[ 16w i < Ot
0
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Also, we have

. tO
Ay = w1t e LY0,to; HYN (R?)), / | ALl v dr < C MW/,
0

" (4.42)
Ay = w1 € LY0,to; HY (R?)), / | Az gvdr < C M/,
0
and
) -1
Ay = (ﬁ+ wﬂ—l) e L2(0, to; HY (R?)),
to (4.43)
0 < co < Az(,t) < My, / | 435~ dT < CMVto
0
for small ¢ty > 0. Moreover,
2uD(ui—1 to
B = f‘(i“fl) € L?(0,to; HY (R?)), / IB||%,~dr < CM,
P 0 (4.44)
Ay = MV BN (R A Bndr < OM
4—W6 (707 ( ))v o ” 4HHN7—7 .

By using (4.39))-(4.44) and Theorem there exists a unique solution (@7, w?, ¥ u’,x’) €
Xn(0,t0) to the linearized system (4.38)) satisfying

t t
1 w70, ) (O + / IV [2ndr + 2 / IV |22

t t
+ [ Ivelmar+ [ ) = s
0 0 (4.45)

to X tO .
< Colporwn, o wove o)+ [ 1GE i+ [ IGE By
0 0
to ) J— .
b [0 G ar) (14 e O )
0

for all t € [0, ¢0], where G{_l = Gl(lpj_l,uj_l),Gg_l =G Tt xI T I i), Gé_l =
Ga(w/ =1, ") and

. to
FIM ) = [ (L4 1AL o)+ s By )
0
to . . .
[ (UGT i + 168 Wses + UG N + 1B, A0y
0
Choosing to and € to be small such that ef? () Fi=1(¢5) < 1 and
to ) to . to 1
A A A e [ L[
0 0 0
which is possible because of (4.39))-(4.44)), we obtain from (4.45)) that

t t
17 w97l e ) D) + / IV [2ndr + 2 / IV |2

¢ . Lo ) 4.46
+ [ 19l + [ il r e
0 0

< 4Co || (w0, wo, 1o, to, € x0) |3~

for all ¢t € [0,t0]. Also, by (1.24)), p + ¢ (2,0) = po(z) and P + x?(z,0) = Py(z), we know that
there exists a positive constant mg > 1 such that

0<mg' <p+i(z,t), P+x(x,t) <mo
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for small ty > 0. Therefore (cpj wl Pl ul x7) € Zn(0,tg) for j = 1,2,... due to (4.36) and
- Moreover, by using and -, we have

{(¢’ ,wj,wj,uj,xj) 521 is bounded in L*(0, to; HY (R?)),
{Vuj}]‘?o | is bounded in L?(0,to; HY (R?))
for the fixed € > 0. Also, by using and (| - -, we obtain from (4.38)) that
{0,(@7, w7 u? X7 )}j=1 is bounded in L?(0,to; HN ~ 1(R3)) (4.48)

for the fixed € > 0.

By using (4.47), (4.48) and the compactness result [26] Theorem 2.1 in Ch.III], there exists the
subsequences of {(¢7, w7, ¥, u?,x7)} (denoting them as (¢, w’, ¥’ u/, x7) still) such that when
J — 00, it holds that

(@ w? 7 w? x7) = (i, w, 9, u, x) (F-weak) in L(0,to; HY (R?)),
Vu? — Vu (weak) in L%(0,t0; HY (R?)), (4.49)
(7w 7w xT) = (p,w,4,u,x) (strong) in L*(0, to; Hyy. ' (R?)),

loc

(4.47)

where H)Y*(R?) denote the space {v | v € HN=1(Q)} for any bounded domain Q of R?, and
(¢, w, 1, u,x) € L=(0,t0; HN(R?)),  Vu € L*(0,to; HY (R?)). (4.50)

By using and (| . .7 we have
to
/ [erww adede s [ [ Gawuote) et
0 0

to tO
0 . | | . 0
/ / Ga(ud ™, x3™1) C(t) da dt — / / G (u, x) Cn(t) dardt
’ ’ (4.51)

for all ¢ € C§°(R?), v € [C§°(R?)]? and n € C§°(0, to). Moreover by using and (4.51)), it is
easy to check that (p,w,1,u,x) is a solution to system (4.1| . Then, settlng

p=p+¢ and P=P+y,
and by using (4.1] . 6)) and (4.50)), we know that (¢, w, p,u, x) is a solution to the Cauchy problem

-, - satlsfylng (1.26)). Also, the estimate - follows from (4.46]) and - The proof

for the uniqueness of the local solution is proved by the argument to estlmate the norms on the
difference of two solutions, so we will omit it for brevity.
Now we prove the low Mach number limit. Let the solution to the Cauchy problem (|1.22 -

satisfying (|1 and by (¢¢, we, p¢, ut, P¢). Then, using (|1.27] , Lemmam and ( -l there
exist the functions ((p, w,p— p,u) € L>(0,te; HY (R?)), Vu € LQ(O,tO; HN*1(R?)) such that

(¢, we, p¢ — p,us, P¢) = (o, w, p— p,u, P) (*-weak) in L°°(0,t0; HY (R?)),
Vu¢ — Vu (weak) in L2(0,to; HY (R?)), (4.52)
(¢, we, p¢ — p,us, PY) = (@, w, p— p,u, P) (strong) in L2(0,to; HY 1 (R?)),

loc
as € — 0, which implies .
Now, we will prove that the function pair (n,w, p,u,II) for some II € L>(0, Tp; HY~1(R3)) N
L?(0,Ty; HNV(R?)), where n = e, is the unique smooth local solution for the compressible
Euler /non-homogeneous incompressible Navier-Stokes system , .

By (1.22),_, and (4.52), we obtain

ny + div(nw) = 0,
(nw); + div(nw @ w) + Vn = —on(w — u),
pe +div(pu) =0,
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which implies (1.21]); 5.
By (1.22); and (4.52), we obtain divu = 0, which implies (1.21),. Multiplying (1.22)), by

v € [C§°(R?)]3, dive = 0, and integrating it over R, we have

/peug'vdx+/p6(u6~V)ue~vd:c:M/AueovderU/nE(wsfue)~vdx. (4.53)

By using (4.53)), (4.52) and the result of De Rham [26, Proposition 1.1], there exists a function
II € L>°(0, to; HN71(R3)) N L2(0, to; HY (R3)) satisfying (1.21))5. It is easy to show that the initial

condition (1.29) holds. The uniqueness of solutions to the system ([1.21)), (1.29) is proved by a
standard argument. The proof of Theorem is complete.
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