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MULTI-POINT CONCENTRATION EXPANSIONS FOR THE

TWO-DIMENSIONAL KELLER-SEGEL FREE ENERGY

JIAPING YANG

Abstract. We study concentration expansions for the two-dimensional Keller-Segel free en-

ergy. The main result concerns semi-discrete quadratic optimal transport interpolations from a

bounded compactly supported density to a prescribed finite atomic measure. Along these paths
the energy admits a logarithmic expansion whose leading coefficient depends only on the masses

assigned to the atoms. This coefficient captures the entropy-attraction balance associated with

a prescribed finite splitting of the mass. Partial-concentration families with a diffuse remainder
are analyzed by the same method. We also quantify how prescribed packet merging changes

the leading coefficient, analyze critical profile relaxation and mesoscopic center coalescence, and

construct explicit one-step JKO competitors.

1. Introduction

The Keller-Segel model was introduced to describe chemotactic aggregation and the onset of
concentration in biological populations [21]. In the two-dimensional parabolic-elliptic setting, the
whole-plane model admits a distinguished mass scale: the value 8π marks the boundary between
the subcritical regime and regimes in which concentration may occur. This threshold appears in
the logarithmic Hardy-Littlewood-Sobolev inequality, in the scaling of the entropy-interaction free
energy, and in the classical virial identity.

Critical-mass theory is linked to the logarithmic HLS inequality and to the entropy-interaction
structure of the free energy [6, 9, 12, 16]. Classical PDE works developed existence, blow-up, and
qualitative properties of Keller-Segel solutions [4, 17, 19, 25]; more recent work addresses stability
refinements, finite-time blow-up constructions, and critical or near-critical concentration dynamics
[8, 11, 14, 18]. In particular, recent finite-time constructions include solutions concentrating at
prescribed finitely many points [8]. The present paper takes a complementary static variational
viewpoint: for prescribed concentration families, it identifies the singular and finite parts of the
free energy near atomic limits.

The Wasserstein gradient-flow formulation offers a variational framework for the model. The
general metric theory of gradient flows and the JKO minimizing-movement scheme were developed
in [1, 20, 23, 26, 27, 28, 29]; Keller-Segel-specific estimates and minimizing-movement arguments
appear in [5, 10, 13, 15]. Here the Wasserstein viewpoint serves to organize explicit concentration
paths. The geometric input is the classical Laguerre-cell description of semi-discrete optimal
transport [2, 3, 22, 24].

We work on R2 and use the convention

c(x) = − 1

2π

∫
R2

log |x− y|ρ(y) dy, −∆c = ρ.

The parabolic-elliptic Keller-Segel equation is

∂tρ = ∆ρ−∇ · (ρ∇c), (1.1)
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and its free energy is

F(ρ) =

∫
R2

ρ log ρ dx+
1

4π

∫∫
R2×R2

ρ(x) log |x− y|ρ(y) dx dy.

Formally,

∂tρ = ∇ ·
(
ρ∇δF

δρ

)
.

We address the associated static variational problem: given a finite atomic splitting of the mass,
we examine how the balance between entropy and logarithmic attraction changes along the corre-
sponding semi-discrete Wasserstein interpolation.

Let µ = ρ dx be a bounded compactly supported density of mass M , and let

ν =

k∑
i=1

miδzi , zi ̸= zj ,

k∑
i=1

mi =M.

If T is the quadratic-cost optimal map from µ to ν, we consider

µs = ((1− s) Id+sT )#µ, 0 ≤ s < 1.

On the Laguerre cell Ai = {T = zi} this map reads

x 7→ zi + (1− s)(x− zi),

so all cells contract with microscopic scale 1− s. The entropy contributes 2M log(1/(1− s)), the
self-interaction of the i-th cell contributes −m2

i (4π)
−1 log(1/(1−s)), and the interactions between

distinct cells remain finite. The main expansion is

F(µs) =
(
2M − 1

4π

k∑
i=1

m2
i

)
log

1

1− s
+ Cρ,T,z + o(1). (1.2)

We denote the leading coefficient by

ΛM (m) := 2M − 1

4π

k∑
i=1

m2
i .

The principal contribution of this paper is the semi-discrete expansion (1.2) for a prescribed
finite atomic splitting. Its logarithmic coefficient depends only on the masses assigned to the atoms,
while the finite part depends on the Laguerre cells and target locations. The sign of this coefficient
leads to the observations recorded below, including the effect of merging packets, critical profile
relaxation, mesoscopic coalescence, the scale-neutral role of 8π, and explicit JKO competitors. The
expansion complements the log-HLS critical-mass theory and the dynamical blow-up literature by
describing the free energy along prescribed concentration paths. Connecting this description with
Keller-Segel trajectories requires stability analysis and information on blow-up-point selection.

We also treat partial concentration in the presence of a diffuse background. If packets of
masses mi concentrate while a bounded compactly supported background σ remains diffuse, the
logarithmic coefficient is

Λc(m) = 2Mc −
1

4π

∑
i

m2
i , Mc =

∑
i

mi.

In the common-scale critical case Λc(m) = 0, the point-dependent finite term is

Eeff(z;m,σ) =
1

2π

∑
1≤i<j≤k

mimj log |zi − zj |+
1

2π

∑
i

mi

∫
R2

log |zi − y|σ(y) dy.

The comparable-scale variant yields the single-packet coefficient

λ(m) = 2m− m2

4π
=
m(8π −m)

4π
,

so 8π is the unique positive scale-neutral packet mass. At this mass the sharp logarithmic HLS
inequality gives a lower bound for the local profile contribution. Relaxing over profiles leaves an
explicit constant per packet and the point-interaction energy. We also allow concentration centers
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to approach each other at mesoscopic rates. The resulting coefficients interpolate between the
coefficient of separated packets and that of merged clusters. If pairwise separation exponents are
prescribed, the logarithmic coefficient acquires an explicit pairwise attraction correction. As the
prescribed mesoscopic coalescence exponents increase, the logarithmic coefficient decreases. For
8π packets, every positive coalescence exponent gives a negative correction to the separated-packet
coefficient.

Throughout, by an atomic endpoint we mean a singular endpoint of the finite-entropy absolutely
continuous class inside Wasserstein space. Atomic measures are not metric boundary points of
(P2(R2),W2); the singularity considered here is the loss of absolute continuity and finite entropy
as a regular density approaches an atomic measure in the Wasserstein distance.

For the prescribed families studied below, boundedness and compact support make the loga-
rithmic self-interactions finite, while separation keeps the finite cross-interactions distinct from the
singular local terms. More general concentration patterns would bring compactness and uniform
integrability into the analysis.

The paper is organized as follows. Section 2 fixes notation and records the semi-discrete density
formula and logarithmic integrability estimates. Section 3 proves the multi-point concentration
expansion. Section 4 treats partial concentration, critical finite terms, scale variations, profile
relaxation, mesoscopic coalescence, and fixed-profile uniform convergence. Section 5 applies the
expansions to the one-step JKO functional and recalls the standard virial identity as a PDE
comparison. Section 6 contains concluding remarks and further directions.

2. Preliminaries

Let MM (R2) denote the set of nonnegative Borel measures on R2 with total mass M . If
µ ∈ MM (R2) is absolutely continuous, we write µ = ρdx. For measures of the same total mass
M , we define

W2
2,M (µ, ν) := inf

π∈Π(µ,ν)

∫
R2×R2

|x− y|2 dπ(x, y).

If µ/M and ν/M are probability measures, then

W2
2,M (µ, ν) =MW2

2(µ/M, ν/M).

We write

Ent(ρ) =

∫
R2

ρ log ρ dx, W(ρ) =
1

4π

∫∫
ρ(x) log |x− y|ρ(y) dxdy,

so that F = Ent+W. When µ = ρdx is absolutely continuous, we also write F(µ) = F(ρ) and
Ent(µ) = Ent(ρ). We adopt the convention 0 log 0 = 0. Sums indexed by i < j run over unordered
pairs. We use the convention dist(z, ∅) = +∞.

The following notation is used throughout:

ΛM (m) = 2M − 1

4π

∑
i

m2
i , Mc =

∑
i

mi, Λc(m) = 2Mc −
1

4π

∑
i

m2
i .

Here ΛM is used when all mass M collapses to the atomic endpoint, while Λc is used for partial
concentration of mass Mc in the presence of a diffuse remainder.

The term “atomic endpoint” is used in this relative sense throughout; it refers to the energy
domain rather than the metric boundary of (P2(R2),W2).

Assumption 2.1. Unless otherwise stated, the source density ρ is nonnegative, bounded, com-
pactly supported, and has total mass M > 0.

Lemma 2.2. If f, g ∈ L∞(R2) are nonnegative and compactly supported, then∫∫
R2×R2

f(x)| log |x− y||g(y) dxdy <∞.
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Proof. Choose R > 0 so that both supports are contained in BR. The negative singularity is
integrable in two dimensions since ∫

B1(0)

| log |z||dz <∞.

For |x − y| ≥ 1, the logarithm is bounded by a constant depending on R. Boundedness and
compact support of f and g complete the proof. □

Let

ν =

k∑
i=1

miδzi , mi > 0, zi ̸= zj (i ̸= j),
∑
i

mi =M. (2.1)

Since µ = ρdx is absolutely continuous, Brenier’s theorem [7] yields a quadratic-cost optimal map
T from µ to ν. In the semi-discrete case, this map is described by Laguerre cells. More precisely,
there exist weights αi ∈ R such that, up to negligible boundaries,

Ai = {x : |x− zi|2 − αi ≤ |x− zj |2 − αj for all j},

T (x) = zi for x ∈ Ai,

∫
Ai

ρ(x) dx = mi.

Geometrically, the cells Ai form a weighted Voronoi, or Laguerre, partition of the source support.
The weights αi are chosen so that the ρ-mass of Ai is exactly the prescribed atom mass mi. Along
the interpolation (2.2), each point in Ai moves on the straight segment from x to the target point
zi; near s = 1, the whole cell is therefore compressed around zi at the common scale 1− s. This
compression mechanism is the geometric input from semi-discrete optimal transport used in the
energy expansion.

The cell boundaries are contained in finitely many affine lines and hence are Lebesgue negligible.
This standard semi-discrete representation is reviewed, for example, in [2, 3, 22, 24].

For 0 ≤ s < 1, we set

Xs(x) = (1− s)x+ sT (x), µs = (Xs)#µ. (2.2)

Writing a = 1− s, on Ai one has

Xs(x) = zi + a(x− zi). (2.3)

Lemma 2.3 (Density formula). Under Assumption 2.1, let T be the optimal map from µ = ρdx
to ν. For every 0 ≤ s < 1, Xs is one-to-one outside negligible sets, and µs is absolutely continuous.
If ρs is the density of µs and a = 1− s, then

ρs(Xs(x)) = a−2ρ(x) (2.4)

for Lebesgue a.e. x ∈ Ai, i = 1, . . . , k.

Proof. Let T = ∇φ at the differentiability points of a convex Brenier potential φ. Define

ψs(x) =
1− s

2
|x|2 + sφ(x).

Then ψs is (1 − s)-strongly convex. More explicitly, if p ∈ ∂ψs(x) and q ∈ ∂ψs(y), the strong
monotonicity of the subdifferential gives

(p− q) · (x− y) ≥ (1− s)|x− y|2.
At points where ψs is differentiable, p = Xs(x) and q = Xs(y). Hence, on the common differentia-
bility set, Xs(x) = Xs(y) implies x = y. Since a convex function is differentiable Lebesgue almost
everywhere, Xs is injective on a set of full Lebesgue measure.

We next compute the Jacobian on each cell. The Laguerre cell boundary satisfies

∂Ai ⊂ ∪j ̸=i{x : |x− zi|2 − αi = |x− zj |2 − αj}.
Each set on the right is an affine line since the quadratic terms cancel. Hence the cell boundaries
have zero Lebesgue measure. In the interior of Ai the map is

Xs(x) = zi + a(x− zi), a = 1− s,
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so DXs = aI2 and |detDXs| = a2. The injectivity established above implies that the images of
the full-measure portions of the cells overlap only on negligible sets. Applying the area formula
on each cell and summing over i yields, for every bounded Borel function h,∫

h(y)ρs(y) dy =
∑
i

∫
Ai

h(Xs(x))ρ(x) dx =
∑
i

∫
Xs(Ai)

h(y)a−2ρ(X−1
s y) dy.

This proves (2.4). □

3. Multi-point concentration along semi-discrete transport

We begin with the single-packet scaling identity and then turn to the semi-discrete multi-point
expansion.

Remark 3.1. For a single concentrating packet, the standard scaling already reveals the critical
mass. If

ρa(x) = a−2ρ(x/a),

then a change of variables yields∫
ρa log ρa =

∫
ρ log ρ+ 2M log

1

a
,

W(ρa) = W(ρ)− M2

4π
log

1

a
.

Thus

F(ρa) = F(ρ) +
(
2M − M2

4π

)
log

1

a
.

In particular, M = 8π is the leading-order critical value for one-point concentration.

Theorem 3.2 (Multi-point semi-discrete expansion). Assume Assumption 2.1. Let ν be the
atomic measure (2.1), T be the optimal map from µ = ρdx to ν, and µs be given by (2.2). Then,
as s ↑ 1,

F(µs) = ΛM (m) log
1

1− s
+ Cρ,T,z + o(1), (3.1)

where

Cρ,T,z =

∫
R2

ρ log ρdx+
1

4π

k∑
i=1

∫∫
Ai×Ai

ρ(x) log |x− y|ρ(y) dxdy

+
1

2π

∑
1≤i<j≤k

mimj log |zi − zj |.
(3.2)

The constant Cρ,T,z is finite. The coefficient of the logarithmic divergence depends only on the
mass vector m = (m1, . . . ,mk). The finite term depends on the Laguerre cell decomposition and
on the target locations.

Proof. Set a = 1−s. We decompose the energy into entropy, self-interaction, and cross-interaction
terms. By Lemma 2.3 and the change of variables on each cell,

Ent(µs) =

k∑
i=1

∫
Xs(Ai)

ρs(y) log ρs(y) dy (3.3)

=

k∑
i=1

∫
Ai

ρ(x) log(a−2ρ(x)) dx (3.4)

= Ent(ρ) + 2M log
1

a
. (3.5)

For the self-interaction terms, define

Iij(a) =

∫∫
Ai×Aj

ρ(x)ρ(y) log |Xs(x)−Xs(y)|dx dy.
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Then W(µs) = (4π)−1
∑

i,j Iij(a). If i = j, then, by (2.3),

Xs(x)−Xs(y) = a(x− y).

Consequently

Iii(a) =

∫∫
Ai×Ai

ρ(x)ρ(y){log a+ log |x− y|}dxdy

=

∫∫
Ai×Ai

ρ(x)ρ(y) log |x− y|dx dy −m2
i log

1

a
.

(3.6)

The finite part of (3.6) is finite by Lemma 2.2.
It remains to handle the cross-interaction terms. When k = 1, the cross-interaction sum is

empty. We may therefore assume k ≥ 2 and, for i ̸= j, write

Xs(x)−Xs(y) = zi − zj + aBij(x, y), Bij(x, y) = (x− zi)− (y − zj).

Let K = supp ρ. Since K is compact, there exists CK <∞ such that

|Bij(x, y)| ≤ CK , x, y ∈ K, i ̸= j.

Let d = mini ̸=j |zi − zj | > 0. If CK > 0 and 0 < a < d/(2CK), then

|zi − zj + aBij(x, y)| ≥ |zi − zj | − aCK ≥ 1

2
|zi − zj |. (3.7)

If CK = 0, the same lower bound is immediate. Also,

|zi − zj + aBij(x, y)| ≤ |zi − zj |+ CK . (3.8)

Equations (3.7) and (3.8) imply that

|log |zi − zj + aBij(x, y)|| ≤ Cij

for all sufficiently small a and all x, y ∈ K. Hence Cijρ(x)ρ(y) is an integrable dominating function
on Ai × Aj . Since the integrand converges pointwise to log |zi − zj |, the dominated convergence
theorem yields

Iij(a) = mimj log |zi − zj |+ o(1), i ̸= j. (3.9)

Since the energy sum contains both (i, j) and (j, i), the cross terms produce the unordered-pair
contribution in (3.2). Combining (3.5), (3.6), and (3.9) yields (3.1). The constant Cρ,T,z is finite
by Lemma 2.2 for the self-interaction terms and since zi ̸= zj for the cross-interaction terms. □

Corollary 3.3. Under the hypotheses of Theorem 3.2, the following hold.

(i) The sign of ΛM (m) determines the leading behavior: F(µs) tends to −∞, approaches
the finite limit Cρ,T,z, or tends to +∞, according as

∑
im

2
i is larger than, equal to, or

smaller than 8πM . For k equal packets, the supercritical condition is M > 8πk; this is
the threshold for the prescribed equal splitting, rather than a global critical mass for (1.1).

(ii) The expansion can be expressed in terms of the distance to the atomic endpoint:

F(µs) = ΛM (m) log
W2,M (µ, ν)

W2,M (µs, ν)
+ Cρ,T,z + o(1), s ↑ 1.

(iii) If two packets of masses mi and mj are merged while the total mass is kept fixed, then

ΛM (. . . ,mi +mj , . . .)− ΛM (. . . ,mi,mj , . . .) = −mimj

2π
< 0. (3.10)

The identity therefore shows that merging the two packets lowers the logarithmic coefficient
and increases the leading attractive contribution.

(iv) For s sufficiently close to 1, the map s 7→ F(µs) is twice differentiable, and

d2

ds2
F(µs) =

ΛM (m)

(1− s)2
+O(1). (3.11)

If ΛM (m) < 0, this second derivative tends to −∞. Consequently, no uniform finite
lower bound on the convexity of F along displacement interpolations can hold on any class
containing such tails of supercritical concentration paths.
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Proof. The three leading alternatives follow immediately from Theorem 3.2. Since µs is the
constant-speed Wasserstein geodesic from µ to ν,

W2,M (µs, ν) = (1− s)W2,M (µ, ν),

and the distance form follows upon substituting this identity into (3.1). Formula (3.10) follows
from

(mi +mj)
2 −m2

i −m2
j = 2mimj .

For the second derivative, we do not differentiate the remainder in (3.1); instead we use the explicit
decomposition from the proof of Theorem 3.2. The entropy and self-interaction terms contribute
the exact singular part

ΛM (m) log
1

1− s
.

It remains to control the cross terms. For i ̸= j, write

wij(s, x, y) = zi − zj + (1− s)Bij(x, y), Gij(s, x, y) = log |wij(s, x, y)|.
Bounds (3.7)–(3.8) show that |wij | is bounded above and bounded away from zero for s close to
1 and x, y ∈ supp ρ. Since Bij is bounded,

∂sGij = −wij ·Bij

|wij |2
,

and

∂2sGij =
|Bij |2

|wij |2
− 2

(wij ·Bij)
2

|wij |4
are uniformly bounded. The dominated convergence theorem justifies differentiation under the
integral sign, so the cross part contributes O(1) to the second derivative. This proves (3.11); the
final assertion follows for ΛM (m) < 0. □

Remark 3.4 (Relation with Keller-Segel dynamics). The coefficient ΛM (m) describes the leading
singular energy variation along the semi-discrete interpolation. The concentration analysis for
Keller-Segel trajectories also uses dynamical information, notably the virial identity and stability
estimates.

Remark 3.5. In Theorem 3.2, boundedness and compact support ensure finite entropy and
logarithmic self-interaction, while compact support and separation provide the domination needed
for the cross terms. The cellwise density formula follows from the semi-discrete transport structure.
The same argument applies to the partial-concentration families with fixed separated centers and
to the mesoscopic regimes of Section 4, where inter-center distances remain larger than packet
radii. Packet-scale collisions, noncompact tails, and loss of mass at infinity require additional
compactness and uniform integrability estimates.

4. Partial concentration and critical finite terms

We now consider explicit families in which part of the mass concentrates while a diffuse back-
ground persists. The formulas in this section separate the contribution of the concentrating packets
from the background interaction.

Assumption 4.1. Let z1, . . . , zk ∈ R2. Let ηi ≥ 0 be bounded compactly supported densities
with masses mi > 0. Let σ ≥ 0 be bounded and compactly supported. Assume

zi ̸= zj (i ̸= j), dist(zi, suppσ) > 0 for each i. (4.1)

The separation hypothesis keeps the finite term explicit and prevents overlap among the con-
centrating packets and between the packets and the diffuse background. For a > 0, we define

ρa(x) = σ(x) +

k∑
i=1

a−2ηi

(x− zi
a

)
. (4.2)

Set Mc =
∑

imi and Mr =
∫
σ.
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Theorem 4.2 (Partial-concentration expansion). Under Assumption 4.1, as a ↓ 0,

F(ρa) = Λc(m) log
1

a
+ Cη,σ,z + o(1), (4.3)

where

Cη,σ,z = F(σ) +
∑
i

∫
ηi log ηi +

1

4π

∑
i

∫∫
ηi(u) log |u− v|ηi(v) dudv

+
1

2π

∑
1≤i<j≤k

mimj log |zi − zj |+
1

2π

∑
i

mi

∫
R2

log |zi − y|σ(y) dy.
(4.4)

The coefficient Λc involves only the concentrating mass Mc, not the total mass Mc +Mr.

Proof. We decompose the free energy. We choose Ri > 0 so that supp ηi ⊂ BRi
(0). The i-th

packet is supported in BaRi(zi). By (4.1), there exists a0 > 0 such that for 0 < a < a0 these balls
are mutually disjoint and disjoint from suppσ. Hence the entropy splits exactly:

Ent(ρa) = Ent(σ) +
∑
i

∫
BaRi

(zi)

a−2ηi

(x− zi
a

)
log

[
a−2ηi

(x− zi
a

)]
dx

= Ent(σ) +
∑
i

∫
ηi log ηi + 2Mc log

1

a
.

(4.5)

For the self-interaction of packet i, the change of variables x = zi + au, y = zi + av gives

1

4π

∫∫
a−2ηi

(x− zi
a

)
log |x− y|a−2ηi

(y − zi
a

)
dx dy

=
1

4π

∫∫
ηi(u) log |u− v|ηi(v) dudv −

m2
i

4π
log

1

a
.

(4.6)

For interactions between different packets, if i ̸= j, then x = zi + au and y = zj + av yield

log |x− y| = log |zi − zj + a(u− v)|.

The profiles have fixed compact supports and the points zi are separated, so the lower and up-
per bounds used in the proof of Theorem 3.2 hold uniformly for the rescaled profiles. Dominated
convergence therefore applies. Each unordered pair is counted twice in the double integral. Equiv-
alently, its total contribution to the energy is

1

2π
mimj log |zi − zj |+ o(1).

Summing over i < j yields the fourth term in (4.4).
Finally, for the interaction between packet i and the background,

1

4π

[ ∫∫
ηi,a(x) log |x− y|σ(y) dx dy +

∫∫
σ(x) log |x− y|ηi,a(y) dxdy

]
=

1

2π

∫∫
ηi,a(x) log |x− y|σ(y) dxdy,

where ηi,a(x) = a−2ηi((x− zi)/a). Setting x = zi + au, this becomes

1

2π

∫∫
ηi(u) log |zi + au− y|σ(y) dudy.

Since dist(zi, suppσ) > 0 and ηi is compactly supported, the logarithm is uniformly bounded for
small a and converges pointwise to log |zi − y|. The dominated convergence theorem yields

1

2π
mi

∫
log |zi − y|σ(y) dy + o(1).

Adding (4.5), (4.6), the packet-packet terms, and the packet-background terms proves (4.3). □
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Corollary 4.3. For the family (4.2), the logarithmic coefficient is negative, zero, or positive
according to ∑

i

m2
i ≷ 8πMc.

It is a coefficient for the prescribed concentration family rather than a threshold for solution tra-
jectories of (1.1).

4.1. Critical finite parts. We now assume that

Λc(m) = 0, that is,
∑
i

m2
i = 8πMc. (4.7)

For z /∈ suppσ, set

Φσ(z) =

∫
R2

log |z − y|σ(y) dy.

Define

Eeff(z;m,σ) =
1

2π

∑
1≤i<j≤k

mimj log |zi − zj |+
1

2π

∑
i

miΦσ(zi) (4.8)

and

Cprof(η, σ) = F(σ) +
∑
i

∫
ηi log ηi +

1

4π

∑
i

∫∫
ηi(u) log |u− v|ηi(v) dudv.

Corollary 4.4. Under Assumption 4.1 and condition (4.7), the family (4.2) satisfies

F(ρa) = Cprof(η, σ) + Eeff(z;m,σ) + o(1), a ↓ 0.

After cancellation of the logarithmic divergence, the point-dependent finite term is given by the
explicit logarithmic expression (4.8).

Proof. This follows from Theorem 4.2 with Λc(m) = 0. In this case Cη,σ,z = Cprof(η, σ) +
Eeff(z;m,σ). □

The above formula gives the finite part for a separated concentration family. The condition
Λc(m) = 0 is a common-scale cancellation condition. If relative packet scales are allowed to vary,
additional finite terms appear; see Proposition 4.7 and Corollary 4.8.

Proposition 4.5. Fix δ > 0 and consider separated configurations satisfying

|zi − zj | ≥ δ (i ̸= j), dist(zi, suppσ) ≥ δ.

Then Eeff is smooth in z on this set, and

∇ziEeff(z;m,σ) =
mi

2π

∑
j ̸=i

mj
zi − zj

|zi − zj |2
+
mi

2π

∫
R2

zi − y

|zi − y|2
σ(y) dy. (4.9)

If the point derivative vanishes at an interior separated configuration, then∑
j ̸=i

mj
zi − zj

|zi − zj |2
+

∫
R2

zi − y

|zi − y|2
σ(y) dy = 0, i = 1, . . . , k. (4.10)

Proof. On the separated configuration set, |zi − zj | ≥ δ and |zi − y| ≥ δ for y ∈ suppσ. Therefore
the maps

zi 7→ log |zi − zj |, zi 7→ log |zi − y|
are smooth, and their derivatives are bounded by constants depending only on δ on the relevant
set. Since σ ∈ L1

c(R2), dominated differentiation yields

∇ziΦσ(zi) =

∫
R2

zi − y

|zi − y|2
σ(y) dy.

For the unordered-pair term, differentiating

1

2π
mimj log |zi − zj |
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with respect to zi gives
mimj

2π

zi − zj
|zi − zj |2

.

Adding the background derivative yields (4.9). Since mi > 0, the vanishing of the point derivative
is equivalent to (4.10). □

Remark 4.6 (Critical finite terms in the whole plane). The finite term Eeff is not coercive in
general. If two points collide, the pairwise logarithmic term tends to −∞, and in the whole plane
compactness may also be lost at infinity. Hence (4.10) should be interpreted as the point-derivative
equation within a separated configuration regime. In the special case mi = 8π for i = 1, . . . , k and
σ = 0,

Eeff(z; 8π, 0) = 32π
∑

1≤i<j≤k

log |zi − zj |,

which, for k ≥ 2, admits no finite minimizing configuration without confinement or background.

4.2. Comparable packet scales. The next variant records the effect of changing the relative
microscopic scales of the packets. For a packet of mass m, set

λ(m) := 2m− m2

4π
=
m(8π −m)

4π
. (4.11)

Proposition 4.7. Let Assumption 4.1 hold, and fix numbers ri > 0. Define

ρ(r)a (x) = σ(x) +

k∑
i=1

(ari)
−2ηi

(x− zi
ari

)
.

Then, as a ↓ 0,

F(ρ(r)a ) = Λc(m) log
1

a
+ Cη,σ,z +

k∑
i=1

λ(mi) log
1

ri
+ o(1), (4.12)

where Cη,σ,z is the constant in (4.4).

Proof. Only the entropy and the self-interaction of each packet change. For the entropy of packet
i, ∫

(ari)
−2ηi

(x− zi
ari

)
log

[
(ari)

−2ηi

(x− zi
ari

)]
dx

=

∫
ηi log ηi + 2mi log

1

a
+ 2mi log

1

ri
.

For its self-interaction,

1

4π

∫∫
ηi(u) log(ari|u− v|)ηi(v) dudv

=
1

4π

∫∫
ηi(u) log |u− v|ηi(v) dudv −

m2
i

4π
log

1

a
− m2

i

4π
log

1

ri
.

The additional finite contribution from the i-th scale is(
2mi −

m2
i

4π

)
log

1

ri
.

The packet-packet and packet-background terms are treated exactly as in Theorem 4.2, because
ari → 0 and all ri are fixed positive constants. Summing over i proves (4.12). □

Corollary 4.8. The value m = 8π is the unique positive zero of λ in (4.11). For a multi-packet
family,

Λc(m) =

k∑
i=1

λ(mi).

If 0 < mi ≤ 8π for every i, then

Λc(m) = 0 ⇐⇒ mi = 8π for every i.
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Proof. The formula for λ is immediate from the entropy and self-interaction contributions of one
packet. Its only positive zero is m = 8π. The identity Λc(m) =

∑
i λ(mi) follows from the

definitions. If 0 < mi ≤ 8π, then each λ(mi) ≥ 0, so the sum can vanish only when every term
vanishes. □

Remark 4.9. Corollary 4.8 provides a static interpretation of the 8π mass scale: a packet of mass
8π is neutral under changes of its microscopic scale. The common-scale condition Λc(m) = 0 is
weaker. It may arise from cancellation between packets with mi < 8π and packets with mj > 8π,
and such a cancellation is destroyed by relative rescaling. In the comparable-scale expansion
(4.12), a packet with mi > 8π has λ(mi) < 0, so decreasing its relative scale lowers the finite part.

The scale dependence is equally transparent for hierarchical concentrations. If the i-th packet
concentrates at scale aγi with fixed exponent γi > 0, then the leading logarithmic part becomes

k∑
i=1

γi

(
2mi −

m2
i

4π

)
log

1

a
.

Only the entropy and the self-interaction terms carry the microscopic scale; packet-packet and
packet-background interactions remain finite under the same separation hypotheses.

4.3. Critical profile relaxation. The fixed-profile finite term still contains the local profile
energies. At the scale-neutral mass 8π, the sharp logarithmic Hardy-Littlewood-Sobolev inequality
[6, 12] gives a lower bound for these local terms. This identifies the profile-relaxed finite term within
the separated critical packet class.

For a nonnegative density η of mass 8π, we define

Sprof(η) =

∫
R2

η log η dx+
1

4π

∫∫
R2×R2

η(x) log |x− y|η(y) dxdy,

whenever the two terms are finite.

Lemma 4.10. Let η ≥ 0 have mass 8π and assume that Sprof(η) is well defined. Then

Sprof(η) ≥ C8π, C8π := 8π(log 8− 1). (4.13)

Equality is attained in the finite-energy class by translations and dilations of

U(x) =
8

(1 + |x|2)2
.

Proof. This is the sharp logarithmic Hardy-Littlewood-Sobolev inequality in the present normal-
ization [6, 12]. The value of the constant follows by evaluating the optimizer U . Since∫

R2

U dx = 8π,

∫
R2

U logU dx = 8π(log 8− 2),

1

4π

∫∫
R2×R2

U(x) log |x− y|U(y) dx dy = 8π,

one obtains Sprof(U) = 8π(log 8− 1). Translations and dilations preserve the mass and the value
of Sprof at mass 8π. □

Proposition 4.11 (Critical profile relaxation). Let Assumption 4.1 hold with

mi = 8π, i = 1, . . . , k.

Put m8π = (8π, . . . , 8π). For every choice of bounded compactly supported profiles ηi of mass 8π,
the family (4.2) satisfies

lim inf
a↓0

{
F(ρa)− Eeff(z;m8π, σ)

}
≥ F(σ) + kC8π. (4.14)

Conversely, for every ε > 0 there exist bounded compactly supported profiles ηi of mass 8π such
that the corresponding family (4.2) satisfies

lim sup
a↓0

{
F(ρa)− Eeff(z;m8π, σ)

}
≤ F(σ) + kC8π + ε. (4.15)
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Thus, within separated critical-packet families, relaxation over the local profiles replaces Cprof(η, σ)
by F(σ) + kC8π.

Proof. When mi = 8π for every i, Corollary 4.8 gives Λc(m) = 0. Corollary 4.4 and the definition
of Cprof yield

F(ρa) = F(σ) +

k∑
i=1

Sprof(ηi) + Eeff(z;m8π, σ) + o(1).

Applying Lemma 4.10 to each profile gives (4.14).
For the converse statement, use the critical log-HLS optimizer U(x) = 8(1 + |x|2)−2. Let

UR =
8π∫
BR

U
U1BR

.

Then UR is bounded, compactly supported, and has mass 8π. Since U has finite entropy and finite
logarithmic interaction, truncation and normalization give

Sprof(UR) → Sprof(U) = C8π.

Indeed, the entropy term converges by dominated convergence. The logarithmic interaction term
also converges by dominated convergence, since | log |x− y||U(x)U(y) is integrable after splitting
the regions |x− y| ≤ 1 and |x− y| > 1. Choosing R large enough and taking ηi = UR for every i,
Corollary 4.4 gives (4.15). □

Proposition 4.11 carries out the profile relaxation within the separated class. For critical 8π
packets, the sharp inequality underlying the classical Keller-Segel critical mass removes the re-
maining dependence on the local profiles.

4.4. Mesoscopic packet coalescence. The preceding results keep the concentration centers
separated at the macroscopic scale. We next allow several centers to approach one another at
an intermediate scale between the packet radius and the macroscopic separation. The resulting
expansion quantifies the change in the logarithmic coefficient as packets merge on this mesoscopic
scale.

Let P be a partition of {1, . . . , k}. For each cluster C ∈ P, choose qC ∈ R2 and βC ∈ (0, 1).
Assume that

qC ̸= qD (C ̸= D), dist(qC , suppσ) > 0 (C ∈ P).

For i ∈ C, choose offsets ξi ∈ R2 satisfying ξi ̸= ξj whenever i ̸= j belong to the same cluster.
Define

zi(a) = qC + aβC ξi, i ∈ C,

and

ρPa (x) = σ(x) +

k∑
i=1

a−2ηi

(x− zi(a)

a

)
. (4.16)

Set MC =
∑

i∈C mi.

Proposition 4.12 (Mesoscopic coalescence expansion). Assume that the profiles ηi and the back-
ground σ satisfy the boundedness and compact support hypotheses in Assumption 4.1. With the
moving centers zi(a) defined above, the family (4.16) satisfies

F(ρPa ) = ΛP,β(m) log
1

a
+ Cη,σ,P,q,ξ + o(1), a ↓ 0, (4.17)

where

ΛP,β(m) = Λc(m)− 1

2π

∑
C∈P

βC
∑
i<j

i,j∈C

mimj

=
∑
C∈P

{
(1− βC)

∑
i∈C

λ(mi) + βCλ(MC)
}
,

(4.18)
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and

Cη,σ,P,q,ξ = F(σ) +
∑
i

∫
ηi log ηi +

1

4π

∑
i

∫∫
ηi(u) log |u− v|ηi(v) dudv

+
1

2π

∑
C∈P

∑
i<j

i,j∈C

mimj log |ξi − ξj |+
1

2π

∑
{C,D}⊂P

C ̸=D

MCMD log |qC − qD|

+
1

2π

∑
C∈P

MC

∫
R2

log |qC − y|σ(y) dy.

(4.19)

Proof. Choose Rη > 0 such that all profiles are supported in BRη
(0). Since 0 < βC < 1, the packet

radius aRη is negligible with respect to the intracluster distance aβC |ξi − ξj |. The assumptions
on the cluster centers also keep distinct clusters and the background separated. Hence, for all
sufficiently small a, the supports of the packet densities are mutually disjoint and disjoint from
suppσ. The entropy and packet self-interaction terms are therefore the same as in the proof of
Theorem 4.2; they contribute∑

i

λ(mi) log
1

a
+
∑
i

∫
ηi log ηi +

1

4π

∑
i

∫∫
ηi(u) log |u− v|ηi(v) dudv

together with F(σ).
Consider two packets i, j in the same cluster C. With x = zi(a) + au and y = zj(a) + av,

x− y = aβC
(
ξi − ξj + a1−βC (u− v)

)
.

Thus

log |x− y| = −βC log
1

a
+ log |ξi − ξj + a1−βC (u− v)|.

The second logarithm is uniformly bounded on the fixed profile supports for all small a and
converges to log |ξi − ξj |. Dominated convergence gives the intracluster contribution

1

2π
mimj

[
− βC log

1

a
+ log |ξi − ξj |

]
+ o(1)

for each unordered pair i < j in C.
If i ∈ C, j ∈ D, and C ̸= D, then

x− y = qC − qD + aβC ξi − aβDξj + a(u− v),

which remains uniformly bounded away from zero and converges uniformly on the profile supports
to qC − qD. Hence the intercluster contribution is

1

2π
mimj log |qC − qD|+ o(1).

After summing over i ∈ C and j ∈ D, this gives the second line of (4.19).
Finally, for packet-background interactions,

zi(a) + au→ qC

uniformly in u on the support of ηi, and the distance from qC to suppσ is positive. Dominated
convergence yields

1

2π
mi

∫
R2

log |qC − y|σ(y) dy + o(1).

Summing the preceding contributions gives (4.17). The first expression in (4.18) is obtained by
collecting logarithmic terms. The second follows from

M2
C =

∑
i∈C

m2
i + 2

∑
i<j, i,j∈C

mimj .

□
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Corollary 4.13. For a fixed cluster C,

∂

∂βC
ΛP,β(m) = − 1

2π

∑
i<j

i,j∈C

mimj ≤ 0,

with strict inequality whenever C contains at least two packets. Thus, for a nontrivial cluster, the
logarithmic coefficient decreases from the separated-packet value toward the merged-cluster value
as βC increases. In particular, if mi = 8π for every packet in a nontrivial cluster, then any βC > 0
makes the corresponding cluster contribution negative.

Proof. The derivative follows directly from (4.18). If all masses in a nontrivial cluster are equal
to 8π, then each separated packet has λ(8π) = 0, whereas

−βC
2π

∑
i<j, i,j∈C

mimj < 0.

□

The preceding proposition treats one mesoscopic scale inside each cluster. The next statement
records the corresponding expansion when the separation rate is prescribed pair by pair.

Proposition 4.14 (Pairwise mesoscopic rates). Assume that the profiles ηi and the background σ
satisfy the boundedness and compact support hypotheses in Assumption 4.1. Let zi(a) be moving
centers such that zi(a) → qi as a ↓ 0, with

dist(qi, suppσ) > 0 for each i.

Assume that for every i < j there exist βij ∈ [0, 1) and ζij ∈ R2 \ {0} such that

a−βij
(
zi(a)− zj(a)

)
→ ζij . (4.20)

The pairwise exponents and limiting vectors are induced by the chosen moving centers; no inde-
pendent compatibility condition is imposed. Define

ρpwa (x) = σ(x) +

k∑
i=1

a−2ηi

(x− zi(a)

a

)
. (4.21)

Then, as a ↓ 0,

F(ρpwa ) = Λpw(m,β) log
1

a
+ Cpw

η,σ,q,ζ + o(1), (4.22)

where

Λpw(m,β) =

k∑
i=1

λ(mi)−
1

2π

∑
1≤i<j≤k

βijmimj , (4.23)

and

Cpw
η,σ,q,ζ = F(σ) +

∑
i

∫
ηi log ηi +

1

4π

∑
i

∫∫
ηi(u) log |u− v|ηi(v) dudv

+
1

2π

∑
1≤i<j≤k

mimj log |ζij |+
1

2π

∑
i

mi

∫
R2

log |qi − y|σ(y) dy.
(4.24)

Proof. Let Rη > 0 contain the supports of all profiles. By (4.20) and βij < 1,

|zi(a)− zj(a)| ≥ cija
βij ,

a

aβij
→ 0,

for all sufficiently small a. Hence the packet supports are mutually disjoint. Since dist(qi, suppσ) >
0, they are also disjoint from the background support for small a. The entropy and self-interaction
terms are therefore the same as in Theorem 4.2, and give the coefficient

∑
i λ(mi) together with

the profile terms in (4.24).
For the interaction of packets i < j, set x = zi(a) + au and y = zj(a) + av. Then

x− y = aβij
{
a−βij

(
zi(a)− zj(a)

)
+ a1−βij (u− v)

}
.
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The expression in braces converges uniformly on the fixed profile supports to ζij . Therefore

log |x− y| = −βij log
1

a
+ log |ζij |+ o(1),

uniformly on those supports. Its contribution to the free energy is

1

2π
mimj

(
− βij log

1

a
+ log |ζij |

)
+ o(1).

The packet-background interaction converges, by the same separated dominated-convergence ar-
gument as before, to

1

2π
mi

∫
R2

log |qi − y|σ(y) dy.

Summing over all packets and unordered pairs gives (4.22). □

Corollary 4.15. The coefficient (4.23) is nonincreasing in every pair exponent βij, and

∂

∂βij
Λpw(m,β) = −mimj

2π
< 0.

In particular, if mi = 8π for all i, then

Λpw(m,β) = −32π
∑

1≤i<j≤k

βij ,

so any nonzero pairwise coalescence exponent makes the logarithmic coefficient strictly negative.

Both assertions in the corollary follow immediately from (4.23) and λ(8π) = 0.

4.5. Uniform convergence on separated configuration sets. The expansion is pointwise
in the concentration locations. On compact separated configuration sets the error estimates are
uniform, yielding the following fixed-profile finite-dimensional consequence.

Fix R > 0 and δ > 0, and define the separated compact configuration set

KR,δ :=
{
z = (z1, . . . , zk) ∈ (BR)

k : |zi − zj | ≥ δ (i ̸= j), dist(zi, suppσ) ≥ δ
}
.

We consider only choices of R and δ for which KR,δ is nonempty. For z ∈ KR,δ, set

ρza(x) = σ(x) +

k∑
i=1

a−2ηi

(x− zi
a

)
, (4.25)

for a > 0 small enough that the packets are separated from one another and from suppσ. Define

Ga(z) := F(ρza)− Λc(m) log
1

a
, G0(z) := Cprof(η, σ) + Eeff(z;m,σ).

Proposition 4.16. On the nonempty set KR,δ, endowed with the Euclidean topology,

sup
z∈KR,δ

|Ga(z)− G0(z)| → 0, a ↓ 0. (4.26)

Equivalently, Ga converges uniformly to G0.
Moreover, let τ > 0, set Mtot =Mc +Mr, and let µ0 ∈ MMtot

(R2) have finite second moment.
In the following display W2,M is the transport distance for measures of mass Mtot. Put

ν̄z := σ dx+

k∑
i=1

miδzi .

Then the fixed-profile JKO-renormalized functionals

Ha(z) := Ga(z) +
1

2τ
W2

2,M (ρza dx, µ0)

converge uniformly on KR,δ to

H0(z) := G0(z) +
1

2τ
W2

2,M (ν̄z, µ0).
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Proof. Let Rη > 0 be such that supp ηi ⊂ BRη
(0) for every i. If aRη < δ/4, then all packets in

(4.25) are mutually disjoint and remain separated from suppσ, uniformly in z ∈ KR,δ. The entropy
and self-interaction terms are independent of z except through the fixed masses and profiles, so
their expansions are uniform.

For the packet-packet interactions, setting x = zi + au and y = zj + av, one has

|zi − zj + a(u− v)| ≥ δ/2

for all z ∈ KR,δ and all u, v in the profile supports, provided a is sufficiently small. The same

expression is also bounded above uniformly because zi, zj ∈ BR and the profile supports are
bounded. Hence the logarithms are uniformly bounded and converge uniformly to log |zi − zj |.
The packet-background interactions are treated similarly: |zi + au − y| ≥ δ/2 for y ∈ suppσ,
while the upper bound is uniform because zi and suppσ are bounded. All dominated-convergence
remainders in Theorem 4.2 are therefore uniform in z ∈ KR,δ, which gives (4.26).

It remains to handle the JKO term. We couple σ dx with itself and the i-th packet with miδzi .
Uniformly in z ∈ KR,δ,

W2
2,M (ρza dx, ν̄z) ≤ a2

∑
i

∫
|u|2ηi(u) du.

It follows that ρza dx converges to ν̄z in W2,M uniformly in z. Since KR,δ is bounded and σ is
compactly supported, the measures ν̄z have uniformly bounded second moments. Because µ0 has
finite second moment, the quantities W2,M (ν̄z, µ0) are uniformly bounded. The triangle inequality
also bounds W2,M (ρza dx, µ0) uniformly for all small a. Therefore, using |A2−B2| ≤ (A+B)|A−B|
and the triangle inequality,

sup
z∈KR,δ

∣∣W2
2,M (ρza dx, µ0)−W2

2,M (ν̄z, µ0)
∣∣ → 0.

Combining this with (4.26) yields uniform convergence of Ha to H0. On the compact metric space
KR,δ, uniform convergence also yields the corresponding finite-dimensional variational convergence.

□

Proposition 4.16 is a fixed-profile finite-dimensional consequence of the expansion. Measure-
space variational limits involve concentration-compactness and local log-HLS lower bounds.

5. JKO comparison and standard virial identity

We next apply the expansions to the one-step JKO functional and compare them with the
classical virial identity. Along a prescribed supercritical concentration direction, the Wasserstein
penalty in the JKO functional remains bounded while the free energy tends to −∞, yielding
explicit competitors for which the one-step functional is unbounded below. We then recall the
classical virial identity, which gives the second-moment law for the PDE and serves as a standard
comparison.

5.1. One-step JKO competitors. Let M∗ > 0 and let µ0 ∈ MM∗(R2) have finite second
moment. For τ > 0, define the one-step JKO functional on absolutely continuous candidates
µ = ρ dx ∈ MM∗(R2) by

Jτ (µ | µ0) =
1

2τ
W2

2,M (µ, µ0) + F(µ),

whenever F(µ) is finite. In this subsection, the notation W2,M always refers to the transport
distance at the common mass of the two measures under consideration.

Proposition 5.1. Let µs be the semi-discrete interpolation of Theorem 3.2, with atomic endpoint
ν =

∑
imiδzi . Then, for every τ > 0 and every finite-second-moment reference measure µ0 ∈

MM (R2),

Jτ (µs | µ0) = ΛM (m) log
1

1− s
+ Cρ,T,z +

1

2τ
W2

2,M (ν, µ0) + o(1) (5.1)

as s ↑ 1. In particular, if ΛM (m) < 0, then

Jτ (µs | µ0) → −∞.
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Proof. The free-energy part is given by Theorem 3.2. Since µs → ν inW2,M along the displacement
interpolation and µ0 has finite second moment, the triangle inequality yields

|W2,M (µs, µ0)−W2,M (ν, µ0)| ≤ W2,M (µs, ν) → 0.

The squared transport penalty therefore converges to (2τ)−1W2
2,M (ν, µ0). Adding this to the free-

energy expansion gives (5.1). If ΛM (m) < 0, the logarithmic term tends to −∞ while the penalty
remains finite. Thus the displayed competitors make the functional unbounded below in the
supercritical case. Compactness and selection of minimizing sequences are separate questions. □

Remark 5.2. If M > 8π, the one-atom direction has ΛM (M) < 0. Hence the unrestricted one-
step JKO functional is unbounded below along an explicit absolutely continuous concentrating
sequence. This yields the corresponding unconstrained supercritical competitor family.

Proposition 5.3. Let ρa be the partial-concentration family (4.2), and set

ν̄ = σ dx+

k∑
i=1

miδzi .

Set Mtot = Mc +Mr, and let µ0 ∈ MMtot(R2) have finite second moment. In this proposition,
W2,M is understood at the common mass Mtot. Then

Jτ (ρa dx | µ0) = Λc(m) log
1

a
+ Cη,σ,z +

1

2τ
W2

2,M (ν̄, µ0) + o(1). (5.2)

If Λc(m) < 0, then Jτ (ρa dx | µ0) → −∞. If Λc(m) = 0, then

Jτ (ρa dx | µ0) → Cprof(η, σ) + Eeff(z;m,σ) +
1

2τ
W2

2,M (ν̄, µ0). (5.3)

Proof. The free-energy expansion is given by Theorem 4.2. It remains to prove convergence of the
transport penalty. We couple the diffuse part σ dx with itself and the i-th packet with the atom
miδzi . This gives

W2
2,M (ρa dx, ν̄) ≤

∑
i

∫
|x− zi|2a−2ηi

(x− zi
a

)
dx = a2

∑
i

∫
|u|2ηi(u) du→ 0,

where the compact support of the profiles ensures finite second moments. Therefore ρa dx→ ν̄ in
W2,M . By the triangle inequality,

W2,M (ρa dx, µ0) → W2,M (ν̄, µ0),

and hence the distance term converges. Combining this with Theorem 4.2 gives (5.2); the two
stated consequences follow from the sign of Λc and from Corollary 4.4 in the critical case. □

Remark 5.4. Equation (5.3) is an expansion along separated families. Together with Propo-
sition 4.16, it gives a fixed-profile finite-dimensional variational limit on compact configuration
sets. Questions about minimizing sequences involve additional compactness, lower-bound, and
profile-relaxation issues.

5.2. Standard virial comparison. We next recall the classical virial identity in a form that uses
the same Wasserstein-square notation. This standard computation provides a dynamical point of
comparison for the variational expansions above.

Let ρ(t) be a smooth solution of (1.1) with finite second moment and mass M . Its center of
mass

x̄ =
1

M

∫
R2

xρ(t, x) dx

is constant in time. Define

I(t) =

∫
R2

|x− x̄|2ρ(t, x) dx.
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Proposition 5.5. Let ρ be a smooth solution of (1.1) with sufficient spatial decay so that the
integrations by parts below are justified, and assume that ρ has finite second moment and mass
M . Then

d

dt
I(t) = 4M

(
1− M

8π

)
. (5.4)

If M > 8π, such a solution cannot persist beyond

Tmax ≤ I(0)

4M(M/(8π)− 1)
=

W2
2(ρ0/M, δx̄)

4(M/(8π)− 1)
. (5.5)

Equivalently,

Tmax ≤
W2

2,M (ρ0 dx,Mδx̄)

4M(M/(8π)− 1)
.

Proof. We present the computation for smooth, rapidly decaying solutions. Under weaker decay
assumptions, one inserts a radial cutoff in |x|2, performs the same calculation, and lets the cutoff
radius tend to infinity; the finite second moment and the standard integrability of the interaction
term justify the limit.

By translating coordinates, we may assume x̄ = 0. Differentiating I(t) =
∫
|x|2ρ(t, x) dx and

using (1.1), we have
d

dt
I(t) =

∫
|x|2∆ρdx−

∫
|x|2∇ · (ρ∇c) dx.

The diffusion contribution is ∫
|x|2∆ρ dx =

∫
ρ∆|x|2 dx = 4M.

For the drift term, integration by parts gives

−
∫

|x|2∇ · (ρ∇c) dx = 2

∫
x · ∇c(x)ρ(x) dx.

Under the convention for c,

∇c(x) = − 1

2π

∫
x− y

|x− y|2
ρ(y) dy,

and therefore

2

∫
x · ∇c(x)ρ(x) dx = − 1

π

∫∫
ρ(x)ρ(y)

x · (x− y)

|x− y|2
dx dy. (5.6)

Let

A =

∫∫
ρ(x)ρ(y)

x · (x− y)

|x− y|2
dxdy.

Interchanging x and y gives

A =

∫∫
ρ(x)ρ(y)

y · (y − x)

|x− y|2
dxdy.

Adding these two expressions yields

2A =

∫∫
ρ(x)ρ(y)

|x− y|2

|x− y|2
dx dy =M2,

so that A =M2/2. Substituting into (5.6) gives

d

dt
I(t) = 4M − M2

2π
= 4M

(
1− M

8π

)
,

which proves (5.4). If M > 8π, the right-hand side is negative. Since I(t) ≥ 0, a smooth finite-
moment solution cannot persist beyond the time given in (5.5). Finally,

W2
2(ρ0/M, δx̄) =

1

M

∫
|x− x̄|2ρ0(x) dx =

I(0)

M
,

which yields the Wasserstein-square form of the estimate. □
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The identity also extends to the standard finite-second-moment class under the usual regularity
hypotheses by inserting radial cutoffs in the preceding computation and passing to the limit.

The estimate (5.5) concerns the Keller-Segel gradient-flow trajectory. The paths used in Theo-
rem 3.2 are displacement interpolations to atomic endpoints; the virial estimate and the geodesic
expansions therefore describe complementary aspects of concentration.

6. Concluding remarks and further directions

For the prescribed whole-plane families considered above, the concentration expansions separate
the logarithmic divergence from a finite term. The concentrating masses and the local logarithmic
kernel determine the leading coefficient, whereas the finite term records the Laguerre-cell geometry,
the local profiles, and the interactions among packets and with the diffuse background. The JKO
results use these expansions to construct one-step competitors, while the virial identity provides a
standard PDE comparison. This structure also suggests a formal bounded-domain analogue and
raises the open measure-space problem of identifying the finite term for arbitrary concentrating
sequences and relating it to concentration locations.

Finite parts for bounded-domain Green functions. For a smooth bounded domain Ω ⊂ R2,
let GΩ be the Dirichlet Green function,

−∆xGΩ(x, y) = δy, GΩ(x, y) = 0 x ∈ ∂Ω.

Writing

GΩ(x, y) = − 1

2π
log |x− y|+HΩ(x, y), RΩ(x) = HΩ(x, x),

the local singularity gives the same logarithmic coefficient for interior separated concentration
points. For the bounded-domain energy

FΩ(ρ) =

∫
Ω

ρ log ρ dx− 1

2

∫∫
Ω×Ω

GΩ(x, y)ρ(x)ρ(y) dx dy,

the corresponding formal finite part is

EΩ
eff(z;m,σ) = −1

2

∑
i

m2
iRΩ(zi)−

∑
1≤i<j≤k

mimjGΩ(zi, zj)−
∑
i

mi

∫
Ω

GΩ(zi, y)σ(y) dy.

This is the bounded-domain analogue of (4.8): the pairwise logarithm is replaced by the Green
function and the Robin function records the regular part of self-interaction. A full treatment would
require boundary and admissible-displacement estimates not used in the whole-plane arguments
above.

Beyond prescribed separated classes. The profile-relaxation result in Section 4 identifies
the local critical log-HLS constant within separated packet families and suggests a corresponding
measure-space problem in which packet profiles and concentration centers emerge from the limiting
sequence. Formally, the candidate finite term combines the diffuse energy and the local critical
log-HLS constant with pairwise atomic interactions and interactions with the diffuse background.

A rigorous derivation would require compactness estimates that identify the masses, centers,
and local profiles of the emerging atoms, together with local lower bounds for the combined
entropy and logarithmic interaction and control of the interaction with the diffuse remainder.
Such a measure-space theory could also clarify whether the finite-dimensional energy is related to
concentration locations arising in Keller-Segel trajectories or in minimizing sequences for the JKO
functional.
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