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EXISTENCE AND MULTIPLICITY OF SOLUTIONS FOR MIXED LOCAL
AND NONLOCAL KIRCHHOFF TYPE PROBLEMS

WENJING CHEN, YUNCHUAN DAI

ABSTRACT. We study the mixed local and nonlocal Kirchhoff problem

, (z) — u()l? ) e
(/\Vu| da:—l—//R2N T gl dz dy)( Apu+ (—A)5u)

= f(z,u) + )\|u|p “Zu, in Q,
u=0, inRYN \ Q,

where Q C RY is a bounded smooth domain, N >3,0<s<1<p< N, p* = Np/(N —p) and
A > 0. M is a continuous function that vanishes at the origin. f is a Carathéodory function
that is odd in its second variable. When M (t) is comparable to t*~! with 1 < a < p*/p,
Krasnosel’skii genus theory gives infinitely many pairs of nontrivial weak solutions for A = 0
under subcritical growth assumptions on f. If the lower-order growth exponent exceeds p, we
combine a truncation with Moser iteration. For each positive integer k, we obtain at least k
distinct pairs of nontrivial weak solutions when A is sufficiently small, with the upper bound on
A depending on k. In the Kirchhoff critical case o = p*/p, we prove the Palais-Smale condition
and obtain infinitely many pairs of nontrivial weak solutions for 0 < A < ASP*/p, where A is
the lower bound coefficient of M and S is the mixed Sobolev constant.

1. INTRODUCTION

In this article, we study the problem

(/ Vul? do + //RZN = |Nip)s|p dz dy) (—Apu + (—A);u)
= f(x,u) + )\|u\p 24, in Q,

u=0, inRY\Q,

(1.1)

where Q C RY is a bounded open domain with a smooth boundary, N >3, A>0,0< s <1<
p < N, and

pN
=N
The function M € C(R,R) is a Kirchhoff function and f : Q x R — R is a Carathéodory function.
The operator Apu = div(|Vu[P7?Vu) denotes the classical p-Laplacian, while the fractional p-
Laplacian is normalized by

CAYule) = 2 lim |u(z) — u(y)["~*(w(x) — u(y))
(&)l =2 g, RN\ B(x¢) | — y| Nt w

The principal value is used when it exists. For functions in the energy space, the operator is
understood in the weak sense given in Definition This normalization agrees with the first
variation of the nonlocal energy.
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In recent years, much attention has been devoted to mixed local and nonlocal elliptic problems
with critical nonlinearities. The celebrated paper of Brézis and Nirenberg []] initiated the sys-
tematic study of elliptic equations involving critical Sobolev growth. Since then, a large number
of works have investigated local, nonlocal and mixed local-nonlocal problems in bounded domains
and in the whole space. In particular, Biagi, Dipierro, Valdinoci and Vecchi [5] established a
Brézis-Nirenberg type result for mixed local and nonlocal operators in bounded domains. Later,
da Silva, Fiscella and Viloria [I3] studied mixed local-nonlocal quasilinear problems with critical
nonlinearities for p # 2 and obtained existence and multiplicity results depending on the growth of
the lower-order term. For Choquard-type equations involving mixed local and nonlocal operators,
we refer to Anthal, Giacomoni and Sreenadh [2].

The study of equations driven by combined local and nonlocal operators is motivated not only
by purely mathematical questions but also by applications. For p = 2, such operators arise
naturally in models of biological populations whose individuals diffuse by both random walks
and jump processes. For related models and applications, see [22]. For qualitative properties
of solutions, such as maximum principles, regularity and gradient estimates for mixed local and
nonlocal equations, we refer to [4] 6, [14] [I7] and the references therein.

Kirchhoff-type problems originate from the classical model introduced by Kirchhoff [19] as a
generalization of the D’Alembert wave equation. In the last decades, Kirchhoff equations involving
pure local or pure fractional operators have been widely studied; see, for example, [1I [3 111 12|
15, 16, 18, 2], 24] 25] and the references therein. Figueiredo and Corréa [12] studied a p-Kirchhoff
equation by variational methods and obtained a positive solution under suitable assumptions on
M and f. Furtado, Oliveira and Silva [I6] considered a Kirchhoff equation with critical growth
and proved the existence of multiple solutions. Recently, Jiao and Pei [I8] obtained multiplicity
results for a fractional p-Kirchhoff problem with the critical Sobolev exponent.

We do not impose the Ambrosetti-Rabinowitz condition. Under the assumptions below, the
Kirchhoff energy has order pa, whereas the lower-order nonlinearity has growth ¢ < pa. This
inequality yields coercivity when A = 0 and negative energy on small spheres in each finite-
dimensional subspace. Oddness then allows us to apply Krasnosel’skii genus theory.

For A > 0, the critical term prevents this coercivity argument. We truncate that term and
select a finite family of critical points whose energies are uniformly separated from zero. Their
norms have a positive lower bound. This controls the degenerate Kirchhoff coefficient in the
Moser iteration and allows us to remove the truncation for sufficiently small A\, depending on the
prescribed number of solution pairs. When pa = p*, a lower bound on the Kirchhoff coefficient
and the Sobolev inequality give coercivity and compactness under an explicit condition on A.

Throughout this paper, we write R} = [0, 00). We impose the following assumptions.

(A1) M € C(R,R), and there exist constants « € (1, %), 0 < A < B, such that
At < M(t) < Bt forall t € R].

(A2) f: QxR — Risa Carathéodory function, and there exist constants ¢ € (1, ap), 0 < Q1 <
(2, such that

Q197! < f(x,t) < Qut?™! forallt e RS and for a.e. x € (.
(A3) f(z,t) is odd with respect to ¢, that is,
flz,—t) = —f(x,t) forae xz€QandallteR.

Assumption (A1) implies M(0) = 0 and M (¢) > 0 for ¢ > 0. Thus the Kirchhoff coefficient is
degenerate at the origin. Assumptions (A2) and (A3) give two-sided power bounds and oddness.
No Ambrosetti-Rabinowitz condition is required. Our first result concerns the case A = 0.

Theorem 1.1. Assume (A1)—(A3) hold. If A =0, then problem (1.1)) has infinitely many pairs
of nontrivial weak solutions.

Theorem [1.1] extends the multiplicity result obtained in [I1] to the mixed local-nonlocal Kirch-
hoff framework. Due to the lack of compactness caused by the critical Sobolev term, genus theory
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cannot be applied directly to (l.1) when A > 0. To overcome this difficulty, we use a trunca-
tion argument combined with Moser iteration. In this part, the iteration requires the additional
condition g > p. Thus we state the following result.

Theorem 1.2. Assume (A1)—(A3) hold, with p < ¢ < ap. Then, for any positive integer k, there
exists a constant A\, > 0 such that problem (L.1) admits at least k distinct pairs of nontrivial weak
solutions for every X € (0, Ag).

Also we consider the Kirchhoff critical case
*

_p
a=—.

p
We assume that M and f satisfy the following conditions.
(A4) M € C(R,R), and there exist constants 0 < A < B such that

AtPT=P)/P < V(1) < Bt®TP/P for all t € RY

(A5) f: QxR — Ris a Carathéodory function, f(z,t) is odd with respect to ¢, and there
exists ¢ € (p,p*) such that, for every € > 0, there exists C: > 0 satisfying

|f(z,t)] < peltfP~! 4+ qC.|t| for a.e. € Q and all t € R.
(A6) There exist g1 € (p,p*) and ag > 0 such that
F(xz,t) > ap|t|” forae. z€Q andallteR,

F(ac,t)z/o fla,7)dr

Theorem 1.3. Assume (A4)—(AG6) hold. Then problem (1.1)) has infinitely many pairs of non-
trivial weak solutions for every

where

A e[0,ASP/P),
where S is the mized Sobolev constant defined in (2.1]).

The remainder of the paper is organized as follows. In Section 2, we introduce the variational
framework and recall some preliminary results on the Sobolev embedding and Krasnosel’skii genus.
Section 3 is devoted to the proof of Theorem In Section 4, we prove Theorem using a
truncation argument and a Moser iteration scheme. Finally, Section 5 deals with the Kirchhoff
critical case and proves Theorem

2. PRELIMINARIES

In this section, we introduce the variational setting for problem (l.1). For 1 < r < oo, we
denote by L"(€2) the usual Lebesgue space with norm || - ||,. Since the fractional p-Laplacian is
defined through interactions in the whole space RY, it is natural to work in the space

Xo(Q) = {ueW"?([RY):u|g € Wy (Q) and u = 0 a.e. in RN \ Q}.
We endow X (€2) with the norm

p 1/p
||u|\:(/ |Vu|pdx+//R2N — |N+gs| d:cdy) .

Since u = 0 a.e. in RV \ Q, the above norm is equivalent to the standard norm in W, *(£2) when
Q) is bounded; see [9].

Definition 2.1. We say that u € X((Q) is a weak solution of (1.1)) if
M(ul) [ [ 19ap2vu-Tode+ [[ Ao - o) dod]
Q R2N

:/f(a:,u)vdx+)\/ JulP” ~2uv da
Q Q
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for all v € Xo(Q2), where

[u(@) — u(y)|"~*(u(x) — u(y))

Au(‘r7y) - |.’1?—y|N+ps

The energy functional associated with problem (1.1)) is
1 A "
T = 20 () = 2 [l do~ [ P da,
p P Ja Q
where
t t
M*(t):/ M(T)dr, F(amt):/ f(z,7)dr.
0 0
Then J) € C1(Xo(2),R), and

(T4 (), v) :M(||uup)[/Q|vu|p*2vu-vudx+//R2N
f)\/Q|u\p**2uvd:c7/gf(m,u)vd:r.

Thus critical points of Jy are weak solutions of problem .

Under (A3), or the oddness assumption in (A5), we have F(x,—t) = F(z,t). Hence J, is even
and J{(—u) = —J}(u). Therefore, every nonzero critical point gives two distinct weak solutions u
and —u. Throughout this paper, a pair of solutions means {u, —u} with « # 0, and distinct pairs
satisfy u; # tu; for i # j.

Aulw,y)(v(z) = v(y)) da dy]

Lemma 2.2. The embedding Xo(2) < L"(Q) is continuous for every 1 < r < p*, and compact
for every 1 < r < p*. Moreover, the Sobolev constant is positive and satisfies

[P

= 11
u€Xo(\{0} ||u

(2.1)

D -
p*

For the Moser iteration in Section 4, we shall use the standard Sobolev inequality in VVO1 ().
Namely, there exists a constant Cs > 0 such that

lu

b < CS/Q \VulP dz for all u € W, (RQ).

Lemma 2.3. Let £, € RY. Then there exists a constant cp > 0 such that

p—2 p—2 2 Cp|€ - 77|;D pr > 2a
(€= = nl"""n, & =) ool
Z CPW Zf]. <p< 2.

For a proof of Lemma we refer the reader to the appendix of [12].
Next, we recall some basic facts on Krasnosel’skii genus; see [20} [23]. Let E be a Banach space
and define

AE)={Z c E\ {0} : Z is closed and symmetric}.
For Z € A(E), the genus of Z is defined as
v(Z) =inf {m >1: there exists a continuous odd map ¢ : Z — R™ \ {0} }.
We set v(0) = 0. If no such integer m exists, then v(Z) = co.

Theorem 2.4. Let E =R™, and let D C E be an open, bounded and symmetric set with 0 € D.
Then v(0D) = m.

Corollary 2.5. If S™~1 is the unit sphere in R™, then v(S™ 1) = m.

If F is infinite dimensional and separable, then the unit sphere of E has infinite genus.
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Theorem 2.6 ([10]). Let E be a Banach space and I € C*(E,R). Assume that I satisfies the
Palais-Smale condition. Suppose also that I is even, bounded from below, and that there exists a
compact set K € A(E) such that

v(K) =k, suplI(u)<I(0).
ueK

Then I possesses at least k distinct pairs of critical points, and their corresponding critical values
are less than I(0).

3. PrROOF oF THEOREM [L.1]

In this section we consider the case A = 0. The corresponding functional is

1 *
To(w) = M (Jull) = [ Fla)da,
p Q
Lemma 3.1. Assume(A1)—(A3) hold. Then Jy is coercive and bounded from below on Xo(£2).
Proof. By (A1)—(A3) and the Sobolev embedding, there exists C' > 0 such that

1 plul® A
Jo(u) > 7/ At dt — C/ lul? dz > —||u||P* — C||ul|?
PJo Q pa
for all u € Xo(Q). Since ¢ < ap, it follows that Jy is coercive and bounded from below. O

Lemma 3.2. Assume (A1)—(A3) hold. Then Jy satisfies the Palais-Smale condition in Xo(€2).
Proof. Let {u,} C Xo(2) be a (PS).-sequence for Jy, that is,
Jo(un) — ¢, J)(un) =0 in Xo(Q)*

as n — oo. By Lemma Jo is coercive and bounded from below. Hence {u,} is bounded in
Xo(9). Passing to a subsequence if necessary, there exists u € Xo(€2) such that

u, = u in Xo(9),
up —u in L7(Q), 1<r<p*,
un(x) = u(z) for ae. z €.
Moreover, up to a subsequence, we can assume that
|lun]|? — to > 0.

If ty = 0, then ||u,| — 0, and therefore u,, — 0 strongly in Xo(2). Hence the proof is complete
in this case. We now assume that to > 0. Since M is continuous and satisfies (A1), there exist
constants mg > 0 and ng € N such that

M (JJup||P) > mo >0 for all n > nyg.
Since ¢ < p*, the compact embedding Xo(Q2) — L9(Q) gives
up, — u in LI(Q).
By (A2) and the oddness of f, there exists C' > 0 such that
|f(z,t)| < CJt|2" for ae. 2 € Qand all t € R.
Thus, by Holder’s inequality,
| / Iz, un) (un — w) dm‘ < C/ [t |7 g, — u| d < C’||un||g_1|\un —uflq — 0.
Q Q
Since J)(un) — 0 in Xo(2)*, we have (J)(un), un — u) = o(1). Consequently,

M(len )| [ 1902V, - Vi, )

+ / /Rm Ay, (0, 9) (10 = ) () = (= w) () da dy| = o(1).
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Since M (J|un||P) > mo > 0 for all large n, it follows that
/Q |V, |P~2Vu, - V(u, — u) dz + //RzN Au, (@, 9) (un — u)(@) — (un — u)(y)) dzdy = o(1).
On the other hand, since u,, — u in Xy(€2), we have
/Q |VulP~2Vu - V(u, —u)dz — 0,

and
//w Au(z,y) ((un — u) () — (un — u)(y)) dzdy — 0.
Indeed, the mappings :
v /Q |Vu|P~2Vu - Vo dz

UH//RQN u(@,y)(v(z) —v(y)) dz dy

are continuous linear functionals on X¢(£2). Therefore,

and

I, = / (IVun [P*Vu, — |VulP~*Vu) - (Vu, — Vu) dz
Q

and
_ / /}R - (Au o)~ Aul,9)) (1 — 1)) — (s — 0) ) iy,

Then I, + H, — 0. By the monotonicity of the local and nonlocal p-Laplacian operators, both
I, >0 and H, > 0. Hence
I, —0, H,—D0.
We now prove that u, — u strongly in X((2). We distinguish two cases.
If p > 2, Lemma gives

I, > cp/ |Vu, — Vul? dz,

() = (un —w)(y)|?
H, >cp//RZN \:cf her= dx dy.

Since I, + H,, — 0, we obtain ||u,, — u|| — 0.
If 1 < p < 2, then Lemma [2.3] and Holder’s inequality imply

/ |V, — VulP de
Q

/2 (2-p)/2
< C’[/ (IVu, P2V, — |VuP~2Vu) - (Vu, — Vu) dx]p (/ ([Vun [P + [Vul?) dx) :
Q Q

< CIP/2,

Here we have used the boundedness of {u,} in Xo(£2). Similarly,
|(un — w)(z) = (un —w)(y)|”
//Rw oz — g|V+ps dx dy
< C[//R%’ (Aun (x,y) — Au(x,y)) ((un —u)(z) — (up — u)(y)) dz dy
un () = un (Y)P + [u(z) — uly)P (2-p)/2
X {//sz - dx dy}

|z — y|NHes

T’/2

< CHP/?.

Since I, — 0 and H,, — 0, we have that ||u, — u|| — 0. In both cases, u, — u strongly in Xy(€2).
Hence Jj satisfies the Palais-Smale condition. O
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Proof of Theorem[1.1 Let k € N be fixed. Choose a k-dimensional subspace
Ey = span{p1,...,0r} C C5C(Q).
Since all norms are equivalent on Ej, there exists a constant Cj > 0 such that
/Q |u|?dx > Cllul|? for all u € Ej.
By (A1)-(A3), we have
To(u) < %nunm _ Cyllult for all u € By,

where C}, is a positive constant that may change from line to line.
Since g < pa, there exists ¢ > 0 sufficiently small such that

E /P
pa

- CLt? <O.
We set

Ky =A{u€ Ey : ||lul| =1}
Then K}, is compact, symmetric, 0 ¢ Ky, ¢, and

sup Jo(u) < 0= Jyp(0).
’U.GK;CYZ

Moreover, since Ej, is isomorphic to R¥, the set K}, ¢ is homeomorphic to Sk=1. Hence Y(Kke) = k.
By Lemmas and Jo is even, bounded from below and satisfies the Palais-Smale condition.
Therefore, Theorem implies that Jy has at least k distinct pairs of nontrivial critical points.
Since k is arbitrary, problem with A = 0 has infinitely many pairs of nontrivial weak solutions.
O

4. PROOF OF THEOREM
In this section, we assume in addition that
p <q<ap.

This restriction is used in the Moser iteration below. Since A > 0, the term A|u|?” ~2u has critical
Sobolev growth, and therefore the compactness argument used for Theorem [I.1] cannot be applied
directly. We overcome this difficulty by a truncation argument. Let K > 0. Define gx : 2 xR — R

by
or(e,) = {f(m) [t < K,

fx,t) + AKP ~9|t]9=2t, |t| > K.
Let

GK(x,t):/O gk (x,T)dT.

Since f(x,t) is odd with respect to ¢, the function gk (z,t) is also odd with respect to ¢, and
Gk (z,t) is even with respect to t. Moreover, for all ¢ > 0 and a.e. x € Q,

Q7! < gie(a,t) < Qot™ Y,
where N )
Q2= Q2+ AK? 79,
We consider the truncated problem
M([|ull?) (=Apu + (=A)ju) = gr (2, u), in Q,
u=0, inRY\Q.

The corresponding energy functional is

IK,)\( ) 7M* |uH /GK SU U



8 W. CHEN, Y. DAI EJDE-2026/80

Then I ) € C1(X((2),R), Ik is even, and its critical points are weak solutions of the truncated
problem. By Lemmas and with f replaced by gk, the functional I  is coercive and
satisfies the Palais-Smale condition. Theorem therefore applies to the truncated problem.
Hence, for every positive integer k, the truncated problem has at least k distinct pairs of nontrivial
weak solutions. For the fixed integer k, we choose k distinct pairs of critical points obtained by
the genus minimax construction and denote them by

U = {ul, ..., +ub}.

The dependence of each ug\ on K is suppressed. The points are selected at the first & genus
minimax levels, as described below.

Lemma 4.1. For each fized positive integer k, there exist constants dy,ds > 0 such that the
following estimates hold for every ux € Uy i x. The constants may depend on k, the fized problem
data and the chosen subspace Ey, but are independent of K, A and the selected critical point:

d1©2_1/q < ||u)\|| < dzéé/(PQ—‘Z).

Proof. Fix a k-dimensional subspace Fj C Xo(€2) independently of K and A. Since all norms are
equivalent on Ey, there exists C > 0 such that

/ lu|? dz > Cgllul|?  for all u € Ej.
Q
For u € Ey, by (Al) and the lower estimate on Gk, we have
B\ ipa q
Trea(u) < —Jlu[P* = Cillull?,
pa
where Cj, > 0 may change from line to line. Since ¢ < pa, we can choose ¢ > 0 such that

B
ag := Cpld — — P > 0.
pe

Set

K}C’g = {u € Fy: ||u|| = f}
Then

sup Ix(u) < —ax <O0.

uE Ky o

Let
Y, ={A C Xo(Q) : Ais compact, symmetric, 0 ¢ A and v(A4) > j},

and define

K, . .
c:.’” = inf supl u), =1,...,k.
! A€y, ueg KA, g

Since v(K,¢) = k, we have Ky, € ¥, for j =1,..., k. Consequently,

KA
C.

50 < sup Ik a(u) < —ag <O0.

u€Kp
Each ch’)‘ is a negative critical value by the genus minimax principle; see [23]. If ch’)‘ =... =
cﬁi = ¢ with r > 1, the critical set

Ce={u € Xo(Q) : IxA(u) = ¢, Ik ,(u) =0}

satisfies y(C.) > r + 1. Every nonempty finite symmetric set avoiding zero has genus one. Hence
a repeated level contains infinitely many distinct pairs of critical points. If there is no repeated
level, the first £ levels already give k distinct pairs. Thus the family Uy i x can be selected so that

IK’)\(U)\) < —ay for every uy € Uk:,K,)\'
On the other hand, by (A1), the upper estimate on Gk, and the Sobolev embedding, there exists
C > 0, independent of K and A, such that

A ~
Tica(w) 2 Zfjull*® = OQalulfor all u € Xo(®)
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Taking u = u)y, we obtain
A ~
EIIUAIIW = CQallull” < T a(ur) < —ag <0.

In particular,
2P < CQalun
and hence
unl < (lﬂc)l/(pa_q)@;/(m—q)_

A
Thus the upper estimate holds with

dy — (%) 1/(1701*!1).

For the lower estimate, using again
Tiea(un) = —CQaflus

and Ix »(uy) < —ag, we obtain CéQHUA”q > ay. Therefore,
ap\ e~y
lull > (Z) @

The proof is complete by taking dy = (%’“)l/q. O

Proof of Theorem[I.3 Let k € N be fixed. We shall prove that there exist K > 0 and Ay > 0 such
that every solution uy € Uy, k,x of the truncated problem satisfies

lual|zoe () < K for all A € (0, A\g).
Then, for such A, the truncation is inactive, namely
g (x,uy) = f(z,un) + Nua|? "2uy,

and therefore u) is a weak solution of the original problem. For simplicity, write u = uy. Constants
denoted by C' below may depend on k and the fixed problem data, but are independent of K, A,

L,  and the selected critical point. Let L > 0 and define
ur, = min{u®, L}, zp = ui(ﬁ_l)zﬁ,

where 5 > 1. Since z;, € Xo(f2), it can be used as a test function in the weak formulation of the
truncated problem. Hence

M(Hu||p){/Q|Vu\p_2Vu~VzL d:c—l—//RZN Ay (z,y)(zn(x) —zL(y))dxdy} :/QgK(a:,u)zde.

We first observe that the function ¢ +— min{t*, L}?(#~1¢+ is nondecreasing on R. Therefore,

(u(z) —u(y))(ze(z) = 22(y)) 2 0 for ace. (z,y) € R*Y,
which implies
Au(z,y)(z0(2) — 2(y)) >0 for ae. (z,y) € R*Y.

Moreover,
Vzr, = ui(ﬁ_l)VIﬁ +p(B— 1)u+ui(ﬂ_1)_1VuL,
/Qp(ﬁ — 1)[VuP?Vu - Vugutuh "V dr > 0.
Consequently,
M) [ 90 PV e < [ gtV da.
By Lemma and (Al), we h?we !
M(JulP) = Al > Ade G, e/,



10 W. CHEN, Y. DAI EJDE-2026/80

Using also the estimate gx (2, u)u™ < Qa(u™)4, we obtain

/ Ivu+|pu1£(5—1) de < Cé;ﬂ(a—l)/q/(u+)qu1£(5—1) dz,
Q Q

where C' > 0 is independent of L, K, A\, § and u. Setting wy = u+u€71, we have

IV |P < CB°|Vut|PubP Y,
Let Cs > 0 be a Sobolev constant such that

be < CS/Q [VolPdz for all v € W, P(9).
Then
lws|E. < CBP / IVt Pun® Y dy
Q

< Cﬂp@é%*ﬁ(afl)/Q/(u-i-)quZI’J(ﬁfl) e

Q

_ Cﬁp@;+l>(a71)/4/<u+)q—pw1£ dz.

Q
Since p < ¢ < p*, Holder’s inequality gives

[yl de < Jut g
Q

a*

where
pr+p—q
Clearly, p < o* < p*. By the Sobolev embedding and Lemma [£.1]

[ 57 < Cllullr? < Qg7

. p*p
[0

Thus

lwellf. < CB7Q3]

where )
a— _
pla—l)  a-p
q bax—gq
If ut € LP*7(Q), then wy, < (uT)?. Letting L — oo and using Fatou’s lemma, we obtain

lu* 125, < CBPQg||lu |15

c=1+

Hence L/ (8)
~ p
lwt e < (€5°Q5) " ut par-
Now we set .
0= p—* > 1.
«

For 8 = 0, we have fa* = p*, so the preceding estimate applies. It then applies successively with
B=0"i=1,2,..., and yields

o~ \1/(p0)
et llpe < (CO™CE) la[lgir,e
Iterating this inequality from ¢ = 1 to ¢ = m, we find that

m m i ~o3m L
HU+||0mp* < CZi:l #92i=1 ;ng 2 g

u+||p*‘
Since 6 > 1,

2
Letting m — oo, we obtain

~o 0—1))
[t || oo ) < CQY/ PO ut e
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Using Lemma [4.1] once again,
lat e < Cllull < Q™.
Therefore,
[u* || Lo (@) < CQY,
where
LA S
n= :
p(0—1) pa—gq
Since gg (x,t) is odd with respect to t, if u is a solution of the truncated problem, then —u is also
a solution. Applying the preceding estimate to —u, we also obtain

lu™||Loe () < 0@5

Thus
~ Y
ullzo) < CQY = € (Qa+ AK? 1)
We now choose K > 0 sufficiently large so that

() oo

Then we define y
Ak = w > 0.
For every A € (0, \g), we have
C(Q+axr 1) < K.
Therefore, ||u|z) < K for every u € U, k,x. Consequently,
g (x,u) = fla,u) + Nul” ~?u,

and hence every u € Uy k) is a weak solution of the original problem. Since Uy g » contains k
distinct pairs of nontrivial solutions, problem (1.1)) admits at least &k distinct pairs of nontrivial
weak solutions for every A € (0, \x). This completes the proof. O

5. PROOF OF THEOREM [L.3]

In this section we consider the Kirchhoff critical case @ = p*/p. The corresponding energy
functional is still denoted by

Jx(u) = fM* (JJel|?) /|u\p da:—/qu
Lemma 5.1. Assume (A4), (A5). Then Jy is coercive and bounded from below on Xo(§) for
0< A< ASP/P,
Proof. By (A5), for every € > 0, there exists C. > 0 such that
|F'(z,t)| <elt]P + Ct]? for ae. x €Q andallteR.

Using (A4), the Sobolev inequality and the definition of S, we obtain

A « A
Iaw) = Tl =%

*

= Cllull” = Cllul?

1 x “
> (A=A Julp” —Clfull — Olull®.
Since A—\S™P /P > (0 and p < q < p*, it follows that .J, is coercive and bounded from below. O

Lemma 5.2. Assume (A4), (Ab). Then Jy satisfies the Palais-Smale condition on Xo(Q) for
0< A< ASP'/P.
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Proof. Let {un,} C Xo(2) be a Palais-Smale sequence for Jy. Lemma gives boundedness.
Passing to a subsequence, we have

u, =~ u in Xo(Q),
u, > u in L"(Q) (1<r<p*),
up(x) = u(x) for a.e. x €,
|lun]|P — to > 0.

If tg = 0, then w,, — 0 in X(Q2) and there is nothing to prove. Assume ¢y, > 0. By continuity and
(A4),

My = M(||un||”) = M(to) > 0.
In particular, mg < m,, < m; for all sufficiently large n, with constants mg,m; > 0.

We first prove the almost everywhere convergence of the gradients. Put w,, = u,, — u and, for
6 > 0, define
Ts(t) = max{—4, min{¢,d}}.
The Lipschitz property of T gives
[1Ts(wn)ll < llwall,  1Ts(wn)llp < lwall, — 0.

Thus Tjs(w,) — 0 in Xo(R2) for each fixed § > 0. By (A5) and the boundedness of u,, in L?" (),

hy = f(z,upn) + )\|un\p*72un, sup ||hnll1 < oo.
n

Testing J; (u,) = o(1) with T5(w,,) and subtracting the pairing with the fixed local and nonlocal
fluxes of u, we obtain

/ (‘Vun|p72Vun - |Vu|p’2vu) VT (wy) d
//R2N n $ y A ( )) (T‘s(w"(x)) - Té(wn(y))) dx dy

= /h Ts(wy,) dx + o(1).
mn Q

Here the pairings with the fluxes of u tend to zero by weak convergence. The nonlocal integrand
is nonnegative. The first factor has the sign of w,(x) — w,(y), and T is nondecreasing. Set

Dy (2) = ([Vu,[P~*Vu, — |VuP~*Vu) - (Vu, — Vu) > 0.
Since VTs(wy) = Vwy, on {|wy,| < 6} and is zero elsewhere almost everywhere, it follows that
lim sup/ D, (z)dx < C9, (5.1)
n=00 J{|wn|<8}

where C' is independent of 4.
Fix h > 0 and R > h. By Lemma there exists dg j, > 0 such that
D, (z) > dgryn if [Vwy(z)] > h and |Vu,(z)| + |Vu(z)| < R.
The L? bounds on the gradients yield
C 1
|{\an| 2h}| |{|wn| >6}|+7+d7 D, (x)dx.
R,h J{|wn|<5}

First let n — oo and use (5.1). Then let § | 0 and R — co. We obtain Vu,, — Vu in measure.
After a further subsequence,

Vun(x) = Vu(z) for a.e. x €.
For the zero extensions to RY, set

up(2) — un(y) _ulz) —u(y)
oY) = L e V) = o e
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Then v,, — v almost everywhere in R? and {v,,} is bounded in LP(R?"). The Brézis-Lieb lemma
[7], applied to the local gradients, the nonlocal difference quotients and the critical term, gives

[unl[? = llwn[I” + [[ull” + o(1), 52)
[unllpe = llwnllpe + llullp +o(1).
Almost everywhere convergence and boundedness also imply
|V, |P~2Vu, — |VulP~2Vu  in LP/P~D(Q;RY),
[on P20, = [0]P20  in Lp/(pfl)(RM)’
[un [P ~2up — ulP 2w in LP/®TD(Q).
Consequently, by (5.2)),
/Q |V, P2V, - Vw, dx + //2N Au, (2,9) (wn(x) — wy(y)) de dy
R
= [[unll” = [[ull” 4+ o(1) = [[wn[|” + o(1),
and
/Q i P2t i = [ — [l + 0(1) = w25 + o(1).
Moreover, (A5) and strong convergence in LP(2) and L4() imply
| /Qf(x,un)wn dz| < C(|lunllp ™ lwnllp + lunlld™ lwally) — 0.
Testing J} (uy,) with w, now yields
M ([[un ) lwnI” = Allw|[5- = o(1). (5.3)

By (A4), the definition of S, and (5.3]), we have
AllunllP" P walP < ASTP/P |7+ o(1).

By (5.2,

[wn[” = to = [lul]” =: 7" > 0.
Passing to the limit, we obtain
AP + ||[u]|P) " =Ppgp < NG /Py

Thus (A — )\S_p*/p)np* < 0. Since A < ASP"/?, we have n = 0. Therefore u, — u strongly in
Xo(9). O

Proof of Theorem[I.3 By Lemmas [5.1] and it follows that Jy is bounded from below, even
and satisfies the Palais-Smale condition on X¢(12).
It remains to verify the genus geometry. Let k € N be fixed and choose a k-dimensional subspace

Ey = Span{@lv i '7@/6} C OOOO(Q)

Since all norms are equivalent on Ej, there exists C > 0 such that
/ |u|® dz > Cillul|®*  for all u € F.
Q

By (A6),
/ F(z,u)dx > apCllu]|® for all u € E.
Q

Using (A4), we obtain

| &

*

Ja(u) < P — qoC|lul|™  for all u € Ey.

Flu

3

Since p < q1 < p*, there exists p > 0 sufficiently small such that

B -
—pP —agCrp™ <O.
p
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Setting Ky , = {u € Ey : |Ju|| = p}, we have

sup Jy(u) < 0= Jx(0).

UGK)CVP

Moreover, v(Kj ,) = k. By Theorem J) has at least k distinct pairs of nontrivial critical points.
Since k is arbitrary, problem (1.1]) has infinitely many pairs of nontrivial weak solutions. O
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