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CRITICAL GRUSHIN-CHOQUARD PROBLEMS WITH CONCAVE AND
SUPERLINEAR PERTURBATIONS

SHENGBING DENG, YICHEN LING

ABSTRACT. Let m,n > 1,y >0, and Ny =m+ (1+~v)n > 2. Let & C R™ X R" be a bounded
smooth domain intersecting {0} x R™. We study the boundary-value problem

P
—Ayu = Ag(z,u) + < o % dw) [ulP~2u  in Q,

u=0 on 99,

where z = (2,), Ay = Ag + (1 +7)2[|?TAy, d(2) = (Jz20T7) 4 [y[2)/ ROV 0 < p < Ny,
and p = (2N, —p) /(N —2). We use a nonlocal Brézis-Lieb splitting and variational methods to
prove compactness below the critical energy. For 1 < ¢ < 2 and small A > 0, the problem with
g(z,u) = |u|?2"2u has a nontrivial nonnegative local minimizer of negative energy. A second
nontrivial nonnegative solution is obtained under a quantitative concentration condition. We
verify this condition in an explicit range of ¢ under a whole-space extremal and decay assumption.
For 2 < ¢ < 2% = 2N /(Ny — 2) and large A, there is a nontrivial nonnegative mountain-pass
solution whose energy and norm tend to zero as A — oo. The large-parameter existence result
extends to general subcritical Carathéodory nonlinearities satisfying the stated growth and
superlinearity assumptions.

1. INTRODUCTION

Let z = (z,y) e R™ x R™, m,n > 1, and N = m + n. For v > 0, define
et
By =Byt (L4728, d(z) = (JoPO 4 [y ) 77,

The operator degenerates on {0} x R™. Its dilations are &;(z, y) = (tx,t'T7y), and its homogeneous
dimension is Ny = m + (1 4+ v)n > 2. Set
2N, ON, — u
2* — 2l — 2* — v
i NA/ —92’ p e NW —_927

Throughout this paper, we assume

0<p<N,.

m,n>1, ~v>0,

Q C R™ x R™ is bounded and smooth, QN ({0} x R™) # 0. (1.1)

The intersection condition permits anisotropic concentration at an interior point (0,%0). Such
concentration preserves the Dirichlet integral and the critical Choquard energy; see Proposition
3.1.

For A > 0 and ¢ € (1,23) \ {2}, we consider

P
—Aju = Mu|T%u + (/Q % dw>|u\p*2u in £,

u=0 on 0f.
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We also replace the power perturbation by a subcritical Carathéodory function and study

—Ayu=Af(z,u)+ (/Q du(w)|f;# dw) |ulP~%u in Q,

(z —w

u=0 on oN.

(1.3)

The interaction between a lower-order perturbation and critical growth was studied by Brézis
and Nirenberg [9]. Ambrosetti, Brézis and Cerami [4] treated concave and convex powers, while
Cerami, Fortunato and Struwe [10] studied bifurcation and multiplicity. The variational arguments
use mountain-pass theory [5l, B9] and critical compactness methods [24] [25].

Choquard equations originate in the models of Pekar [36] and the analysis of Lieb [21]. Their
nonlocal variational structure was studied in [II, 23], 32], 83| 34]. Gao and Yang [17] considered the
critical Choquard analogue of the Brézis—Nirenberg problem. Related fractional critical problems
were treated in [35] [13].

The Grushin operator belongs to the degenerate elliptic models developed in [38, [I8] [6]. Embed-
ding and regularity results for the associated vector fields appear in [1T], 12} 15| 20, 26} 27, B0, B1].
The corresponding potential estimates extend the classical theory in [I4] 221 [37]. We use the
Grushin Hardy-Littlewood-Sobolev inequality proved in [19].

Alves and de Holanda [2] studied subcritical Grushin equations. Alves, Gandal, Loiudice and
Tyagi [3] treated local critical problems with power perturbations. Gandal, Loiudice and Tyagi
[16] proved attainment and sharp two-sided decay for local Grushin Sobolev extremals. Their
Euler-Lagrange equation is local. Those results therefore do not supply an extremal for the
critical Choquard quotient considered here. Bifurcation and multiplicity for local critical Grushin
problems were obtained in [28] [29].

For the critical Grushin-Choquard problem with perturbation Au, Kanungo, Mishra and Molica
Bisci [I9] proved bifurcation and multiplicity results. Their Hardy-Littlewood-Sobolev inequality
bounds the nonlocal form. It does not establish attainment or decay for its sharp whole-space
quotient. Bernini and Malanchini [7] studied an entire Grushin-Choquard equation with a positive
mass term. The present concentration problem instead leads to a massless critical equation. We
study the effect of concave powers, superlinear powers and general subcritical perturbations on
existence and compactness.

Let H,(§2) be the completion of C°(Q) under the norm [[ul2 = [, [V,ul® dz, where V. u =
(Vau, (1 +7)|z|"Vyu). Define

Ju(2)]Pu(w) P I”Iu(w)l” . [Jull3
dzd Q) = f :
// Cdz—wy Srn(€) weH, ()\{0} B(u)1/?

The embedding into L% (Q) is not compact. We prove compactness for the perturbed functional
below

-1
¢ = T =Sy (14)
For 1 < ¢ < 2, a weak limit may have negative energy. The compactness threshold becomes
ct - Dq)\2/ (2=9) A second solution requires a path below this level.
We say that (C,) holds if there exist a, b, ¢, Cp, €9 > 0 and nonnegative w. € H(2), 0 < ¢ < &g,
such that

Blw.) =1, |lwel? < Sy () + Coe?,  well > coe®,  ag > 2b.

Section 3 verifies this condition under a whole-space extremal and decay assumption. The
nonlocal truncation error is O(¢¥~#/2), whereas the Dirichlet error is O(sN+~2). Both rates
enter the admissible range of ¢. For 2 < ¢ < 27, a fixed test function instead puts the mountain-
pass level below ¢* when A is large.

We first treat the concave range. The negative-energy solution needs no whole-space profile.
The second solution requires (Cy).

), Ny >2,0<p<N,andl < q<2. Then there exists Ao > 0

Theorem 1.1. Assume (1.1
(0, X), problem (1.2) admits a nontrivial nonnegative weak solution

such that, for every A €
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ux € Hy(Q). It is a local minimizer and

_1
J/\,q(uk) <0, ||“/\||v < CAz=a

for a constant C' > 0 independent of A. In particular, ||ur|y — 0 as A — 0T,

If, in addition, (C4) holds, then Ao can be chosen so that (1.2) also has a nontrivial nonnegative
weak solution vy € Hy () for every A € (0, Xg). This solution is obtained at a mountain-pass level
and satisfies

JA,q(u,\) <0< J)\vq(v)\).
Hence uy and vy are distinct.

Remark 1.2. Condition (C,) is stronger than ([|lwe|2 =S, ,,(€))/|we|Z — 0. The latter limit alone
does not permit the two simultaneous choices required in the mountain-pass estimate. Proposition
3.2 below shows that a normalized whole-space extremal with the sharp decay d(z)2~V gives

lwell3 = Sy,u(2) = O(e®),  lwelf = ce”,
where
a=min{Ny —2,N, —p/2}, b=N,—q(Ny—2)/2.
Thus (C,) follows when g > 2N, /(N,—2+a). If 0 < p < 4, the admissible interval is N, /(N,—2) <

g < 2. It is nonempty exactly when N, > 4. These inequalities do not establish attainment or
decay of the whole-space Grushin-Choquard extremal.

Corollary 1.3. Assume the hypotheses of Theorem 1.1 and the whole-space extremal property

stated in (3.2). If
2N,

N, — 24 min{N,, — 2, N, — u/2}’
then problem (1.2) has the two distinct nonnegative solutions described in Theorem 1.1 for every
sufficiently small A > 0. In particular, this conclusion holds under the sharp-profile property when

q>

N.
O<pu<4, N,>4 T <g<.
B> 4, ~ , N7_2 q

The second main result treats the superlinear power range.

Theorem 1.4. Assume (1.1), Ny > 2,0 < pu < N, and2 < q < 23. Then there exists A« > 0 such
that, for every A > A, problem (1.2) admits a nontrivial nonnegative weak solution uy € H,(Q).
This solution is obtained al a mountain-pass level cy 4 satisfying

O<erg<c', cng—0 asA— +oo.
Moreover, ||ux|ly — 0 as A — +o0.

Remark 1.5. The large parameter assumption in Theorem 1.4 is used only to force the mountain-
pass level below the critical compactness threshold. Removing this assumption would require sharp
domain-dependent test-function expansions, which are not used here.

Next we consider a parameterized general perturbation. Set

F(z,t):/o f(z,s)ds.

Theorem 1.6. Assume (1.1), Ny >2 and 0 < p < N,. Let f : QxR = R be a Carathéodory
function satisfying the following conditions
(A1) f(z,t) =0 fort <0, and f(z,t) = o(t) as t = 01 uniformly for a.e. z € Q;
(A2) there exist ay,az > 0 and r € (2,2%) such that 0 < f(z,t) < ait + agt" ' for a.e. z € Q
and all t > 0;
(A3) there exists 0 € (2,r] such that 0 < 0F(z,t) < tf(z,t) for a.e. z € Q and all t > 0;
(A4) there exist a nonempty open set U compactly contained in  and constants b > 0 and
o € (2,7] such that F(z,t) > bt? for a.e. z € U and all t > 0.

Then there exists Ay > 0 such that, for every A > Ay, problem (1.3) admits a nontrivial nonneg-
ative weak solution.
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The inequalities 6,0 < r make the lower growth conditions compatible with (A2). Condition
(A4) provides a test function supported in U and a mountain-pass bound of order A"2/(0=2) The
compactness and cut-off estimates above yield the three existence results.

The paper is organized as follows. Section 2 recalls the functional setting, proves the Choquard
Brézis-Lieb splitting and establishes compactness below the critical level. Section 3 compares the
bounded- and whole-space constants and gives quantitative cut-off estimates. Section 4 proves
Theorems 1.1 and 1.4. Section 5 proves Theorem 1.6.

2. FUNCTIONAL SETTING AND COMPACTNESS BELOW THE CRITICAL LEVEL
Let  C R™ x R™ be a bounded smooth domain satisfying (1.1). The Grushin gradient is
Voyu = (Veu, (1+7)[z["Vyu).

We denote by H,(f2), equivalently the zero-boundary Grushin Sobolev space H ,(€2), the com-
pletion of C'°(£2) with respect to the norm

1/2
fully = ([ 190 az) "

(u,v)y = / Vyu-Vyvdz.
Q

The embedding H.,(2) — L*(f2) is continuous for 1 < s < 2* and compact for 1 < s < 27; see
[15] 30, B]. We write |u|s for the norm of u in L*(Q2). For 1 <s <23, let Cs > 0 be such that

The scalar product is

luls < Csllu||, for all u e H,(Q). (2.1)
For u € H,(Q) define the critical Choquard quantity
|u(2)[P|u(w)]?
B(u :/ — = dzdw. 2.2
(u) alo dz—w)" (22)

The Grushin Hardy-Littlewood-Sobolev inequality [19] gives

h(z)k(w) ‘ 2N,
S\ < _ =
’/Q/Q 1o~y 2 e] S Clnbkle, 1= 5=

for every h, k € L'(Q). Since pt = 2%, the quantity B(u) is finite for every u € H, (). Define

_ (ka4
weH, (Q\{0} B(u)l/P

S () (2.3)

The Hardy-Littlewood-Sobolev and Sobolev inequalities give S, ,(€2) > 0. A nonzero test function
gives S ,(€2) < co. Hence

B(u) < Sy, (Q)7P|ull?P for all u € Hy (). (2.4)

Definition 2.1. A function u € H,(f2) is a weak solution of (1.2) if

| s juw)P
/52ku Vyeds /\/Q el updz ¥ /Q </Q d(z — w)r dw) el g dz
for all ¢ € H,(2).

Definition 2.2. A function u € H,(f2) is a weak solution of (1.3) if

|u(w)[? 2
: dz =\ d ————d P d
/viu Vypdz /Qf(z,u)w Z+/Q(/Qd(z—w)# w>|u| wpdz
for all ¢ € H, ().
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For u € H,(Q), let u™ = max{u,0} and u~ = max{—u,0}. For A > 0 and 1 < ¢ < 2% set

1 A 1
J u:fu2—f/u+qdz——8u+.
rna(w) = Sllull5 p Q( ) 55"
The functional J, , is of class C' on H, () and

/ku V7<pdz—)\/ )a- 1<pdz—/9(/ﬂwdw)(u+)ﬂ<pdz.

If u is a critical point of J) 4, testing the equation by u~ gives

- -2
0= (Jyq(w),u) = =[5,
because utu™ =0 a.e. and Vou™ - V,u~ = 0 a.e. Hence every nonzero critical point of Jy 4 is a
nonnegative weak solution of (1.2).
Recall that the critical compactness level ¢* is defined in (1.4).

Lemma 2.3 (Nonlocal splitting and derivative convergence). Let {u;} C H(Q2) be bounded and
suppose that u; — u a.e. in Q). Then

B(uj) = B(u; —u) + B(u) + o(1). (2.5)
If, in addition, u; — u in H,(Q), then for every ¢ € H~(£2)

J

/Q (/Q d(u;(_i); d'UJ>|UJ|p 2ujpdz —>/ / %dw>|up2ugpdz. (2.6)

Proof. Put t = = 21;’”. Then pt = 2% and 1/t + 1/t' = 1. Since {u;} is bounded in

L*(9Q), the sequences |u]| , |uj — ulP and |u|P are bounded in L*(Q). The power form of the
Brézis-Lieb lemma []] gives

hi = |ui|P — Ju; —ulP — |ulP =0 in LY(Q). (2.7)
Indeed, for every § > 0, the power inequality yields
hjl < 0luj — ul” + Cslul”.

The functions (|h;|—6|u; —ulP)™ tend to zero a.e. and are bounded by Cs|u|P € L*(£2). Dominated
convergence therefore gives

limsup |h;|¢ < 6sup |u;
j—roo j

Letting 6 — 0 proves (2.7). Let

T(h)(z)—/ﬂd(:(_u?u)“dw

The Grushin Hardy-Littlewood-Sobolev inequality implies that 7" : Lf(€2) — L (2) is continuous.
Hence
T(h;) =0 in L' (). (2.8)
We first prove the energy splitting. We denote a; = |uj — u|? and b = |u[P. Then |u;|P =
a; + b+ hj. Using the symmetry of the kernel, we obtain the exact identity

The second, third and fourth terms tend to zero by (2.7), (2.8), the boundedness of a; in L*(12)
and Holder’s inequality. For the first term, note that a; — 0 in L(Q2). Indeed, u; —u — 0 a.e.
and {a;} is bounded in L*(Q2). Since T'(b) € L* (), we have

/QT(aj)bdz = / a;T(b)dz — 0.

Q
This proves (2.5).
We now prove the convergence of the derivative. Let

Gy = T(lu; ") [P "*uy, G = T(|ul”)|ulf~u.
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By Holder’s inequality and
1 1 p-1

@) TRET

x
the sequence {G;} is bounded in L)' ().
We first test against a bounded function ¢ € L>(£2). Put sp = (p — 1)t. We have

0<so=(p—1)t=2] —t<2.

If s9 > 1, the compact embedding gives u; — u in L% (). If s < 1, the convergence in L'(2)
and the finiteness of || give

/ iy — ™ dz < Q1'% |u; — ul2® — 0.
Q
In the latter case p < 2, and the map s +— |s|[P~2s is (p — 1)-Holder continuous. In both cases the
standard power estimate gives
Jus "2t = JulPPugp i Q).
Moreover, |u;|? — |ul? in L!(£2), and therefore
T(ju;P) = T(Jul?) in L"(9).

Consequently,

/Qsz/sz—>/QG1/)dz.

Finally, let ¢ € H., (). Since H,(Q) — L* (Q) and L>°(Q) is dense in L* (Q), choose 1y, € L>(R)
such that ¥y, — ¢ in L?(Q). The uniform boundedness of {G;} in L(2§)/(Q) yields

| /QGJ'(SD — ) dz| < Clo — Vkl2x,
and the same estimate holds with G in place of G;. Letting first 7 — oo and then k — oo gives

(2.6). O

Lemma 2.4 (Compactness below the critical level). Let 1 < ¢ < 2% and let {u;} C H(Q2) be a
Palais-Smale sequence for Jy , at level c.

(i) If2<q <23 and c < c*, then {u;} has a strongly convergent subsequence in H. ().
(i) If 1 < g < 2, then there is a constant Dg > 0, independent of X, such that {u;} has a
strongly convergent subsequence whenever

c<ct— Dq)\z%q.
Proof. We first prove boundedness. Put
A= wll3, G =lufll, B =B(u)).

If ¢ > 2, then
_ Loy (o, oIy
C"‘O(l)"‘o(l)”uj”v_JA,q(uJ)_6<J>\,q(ua)vuj>— (2 q>AJ+ <q 2p>BJ'

Since 2 < ¢ < 2 < 2p, both coefficients are positive. Hence {u;} is bounded.
If 1 < g <2, it follows that

1
¢+ o(1) +o(V)ujlly = Jx.q(u;) — %Uﬁ,q(u]‘),ug&
_r=t oDy
2 A; A(q 2p)C]

p—1
> o l[ui |2 = CAllusl,

where we have used (2.1). Since ¢ < 2, boundedness follows.
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Next, the negative part of a Palais-Smale sequence is small. Indeed,

(T3 q(ug)uy ) = =[lug 12 = o(1) |y ||,
and therefore
5 Iy — 0. (2.9)

Set w; = uj By (2.9), {w,} is bounded in H,(f2) and, up to a subsequence,
wj —wu in H(Q), w;—wu inLl%Q), 1<s<2, wj —u ae inf,

with u > 0. Since u; —w; = —u; tends to zero strongly in H., (), the weak limit of u; is also .

We claim that u is a critical point of Jy 4. Let ¢ € H,(92). The gradient part passes to the
limit by weak convergence. The subcritical term passes to the limit because w; — u in LI(€2).
The critical Choquard term passes to the limit by Lemma 2.3 applied to w;. Since J3  (u;) — 0
and u; — w; — 0, we obtain

(Tq(w), ) = 0.
Put v; = w; — u. Here B(v;) is always understood in the sense of (2.2), with absolute values,
so no sign condition on v; is needed. Then

s 15 = w5 + o(1) = [lvslI3 + [[ull? + o(1), (2.10)
B(w;) = B(vj) + B(u) + o(1), (2.11)
and, by compactness of the embedding into L%(2),
lw;ild = ulg + o(1). (2.12)
Using (2.10)—(2.12), the identity Jy 4(u;) = ¢+ o(1) and the fact that u is critical, we obtain
1 1
c= J,\7q(u) + *HUjH?Y — 76(1]],) + o(1). (2.13)
2 2p
Similarly, from (J} ,(u;),u;) = o(1) and (J} ,(u),u) = 0, we obtain
Jesll2 = Bluy) = o(0). (214)

Passing to a further subsequence, we can assume ||v;[2 — £ and B(v;) — ¢, with £ > 0. By (2.3),
o (DB(0)7 < o3
Thus either £ =0 or
>S5, ,(Q)7-T. (2.15)
If £ =0, then v; — 0in H,(2), and hence u; — u strongly in H.(€). It remains to rule out £ > 0.
Assume first ¢ > 2. Since u is a critical point and u > 0,
lull, = Alulg + B(u),

and therefore _ )
p—
Inalw) = A(5 = §)|u|g + 5y, B 20
Using (2.13), (2.14) and (2.15), if £ > 0 then
-1
¢ =Jxnq(u) + %f > c”,
which contradicts ¢ < ¢*.
Now assume 1 < ¢ < 2. Let a = (p—1)/(2p) and

b= (é - %)Cg.

1 1 1
Taa(w) = ngw) = 5oy w)sw) = allwl = A( = 5 )1y > alhwl? = Abfw]

For every critical point w of Jy 4,
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The minimizing point of s — as? — \bs? is s = (Abg/(2a))/(2=9). Tts minimum is —D A2/ (2=,

where
p - 2-4q (bﬁ)%q
1 q 2a
Therefore Jy 4(u) > —D, A\ (279 If £ > 0, then

—1 .
¢> —DAT + %S%M(Q)ﬁ — ¢ = D AT,

contradicting the assumed bound on ¢. Hence ¢ = 0 also in the concave case. The proof is
complete. O

3. WHOLE-SPACE PROFILES AND QUANTITATIVE CUT-OFF ESTIMATES

We compare the sharp constants and estimate the truncation errors under a whole-space profile
assumption. Let DI2(RY) be the completion of C2°(RY) with respect to

Judi g = [ |19

For u € D}?(RY) we set

// hutz) Pl )|,,dd 5o e Athe (3.1)
av Jey d(z—w  wept2 (N )\ {0} Boo(u) /P

Proposition 3.1. For every bounded domain satisfying (1.1),
Sy () =57,

Proof. Extension by zero gives S5°, <5, ,(€2). For the reverse inequality choose 2o = (0,y0) € Q
)

and 7 > 0 so that a Grushin ball of radius 2r centered at z is contained in 2. Let ¢ € C°(RY
be nonzero and define

be (T, y) =€~ N”{qu(f? y— yo).

g et
For sufficiently small ¢, this function belongs to C°(€2). The change of variables associated with
the dilation J. gives

||¢6 Zo”"/ H¢”'y RN, B(¢s,zo) :Bw(¢)

Taking first the infimum over ¢ and then using density in (3.1) proves the reverse inequality. O

The sharp-profile property required below is the following statement about quotient (3.1): there
is a nonnegative extremal U € D}Y’z(]RN ) and constants ¢, C' > 0 such that

Boo(U) =1, |U|2 g~ =S5,

¥ob?
c C
— = <U2) < —————— .
Trae e Ve s g (3:2)
|V, U(2)] < Cd(z)' N ford(z) > 1
If the infimum is attained, its Euler-Lagrange equation, with this normalization, is
_ Qoo U(w)p p—1 N
_A’YU_S’Y’#(/RN mdﬂ))[] in R*™. (33)

Thus (3.2) asks not only for attainment but also for the sharp harmonic-order decay and the
corresponding gradient bound.

Proposition 3.2 (Quantitative cut-off estimates). Let 1 < ¢ < 2 and assume (3.2). Put
q(Ny —2)
5 .

Then there are nonnegative functions w. € H(Q2) and constants cy,Co,e0 > 0 such that, for
0<e<ep,

a =min{Ny — 2, Ny — p/2}, b= N, —

B(w:) =1, ||w5||3 <8y u() + Coe®,  fweld > coe’. (3.4)
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Consequently, (Cq) holds whenever
2N,

N,—2+a

In particular, if 0 < p < 4, then a = N, —2 and (3.5) is precisely
Ny

N, -2

Proof. Fix zg = (0,7y9) € Q. Choose r > 0 such that {(x,y) : d((z,y — yo)) < 3r} C Q. Take

n€CX(Q) with0<n <1, n=1on{d(z,y —yo)) < 2r}, and n =0 on {d((z,y — yo)) = 3r}.

Extend 1 by zero outside §2. Define

q>

q>

My (T Y — Yo
UE,ZU(‘T7y) =€ 2 U(gv 51+'Y )7 Ve = nUE,ZO'
The full-space quantities are invariant under this rescaling:
Ue oI5 = 8550 Boo(Ue,z) = 1. (3.6)

We first estimate the energy. The decay assumptions in (3.2), the volume growth |[{d < R}| =
CRM» and a dyadic decomposition give

/ |V, UP?dz < OR* N, / U*dz<CR™ (R>1).
d(z)>R d(z)>R

On the fixed region where V.7 is supported, the same assumptions and the scaling give
N’Y_2
Ue 20| + VA Ue,z| < Ce™2
Expanding |V, (nUs ., )|?, using the last two estimates and changing variables in the discarded
tail, we obtain

loell2 = 853, + 0N 2). (37)
The nonlocal truncation has a different rate. Set t = %; then pt = 2*. Set F. = UP
~— Y €;20

and G. = (1 —nP)F. on RY. We have ||F.||p: @~y = [|[UP||1¢®ny. The Hardy-Littlewood-Sobolev
inequality yields
0 < Boo(Ue ) = B(ve) < Ol Fellpem)l|Gelle@m)-

Moreover, (3.2) gives

IGelswny <O f,

Together with (3.6), this shows that

RS
U(z)* dz) < CeNvn/2,
>r/e

B(v.) =14 O(eN1/2), (3.8)
In particular, B(v.) stays bounded away from zero. Normalise by setting
“e T Blu)/en
Then B(w.) = 1, and Proposition 3.1, (3.7) and (3.8) give
2 ”vsH% <g Q O
lwelly = =77 (€2) + Ce”.

B(Ue)l/p — M7p

Finally, the rescaled image of a fixed ball is contained in the region where n = 1 for small ¢.
The lower bound in (3.2) therefore gives

(N~ —2)
e B / U(2)1dz > ceb.
d(z)<1

The normalization factor tends to one by (3.8), so the same lower bound holds for w,. This proves
(3.4). Since
ag > 2b <= ¢q(Ny—2+a)>2N,,

condition (3.5) is exactly the exponent condition in (C,). O
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Proof of Corollary 1.3. Proposition 3.2 verifies (Cq) in the stated range. The conclusion follows
from the second part of Theorem 1.1. O

Remark 3.3 (Scope of the whole-space input). For v = 0, the sharp Hardy-Littlewood-Sobolev
extremals and the Aubin-Talenti profile give (3.2). For v > 0, the inequality in [I9] bounds the
Grushin Riesz form but does not establish attainment of (3.1). The decay result in [16] concerns
the local equation —A,U = U1, The equation in [7] contains a positive mass term. Neither
result provides (3.2) for the massless critical equation (3.3). Corollary 1.3 therefore retains this
profile assumption.

4. PURE POWER PERTURBATIONS
This section proves Theorems 1.1 and 1.4.

4.1. Concave range. We first estimate a concentrating path below the concave compactness
threshold.

Lemma 4.1 (Concentrating level estimate). Let 1 < g < 2, assume (Cy), and let p > 0 be fized.
Then there exist \y = A1(p) > 0 and, for every 0 < X\ < A1, a nonnegative function ey € H(£2)
such that

lexlly > ps Ixaqlen) <O,
and the mountain-pass level

drg = inf max Jrq((t)),

where
Iy = {n € C([0, 1], Hy(2)) : n(0) = 0,n(1) = ex},
satisfies
dyg < ¢ — DyAT 3,
where Dy is the constant in Lemma 2.4.

Proof. Let w be given by (C,) and set A. = [|w.||2. Since B(w.) = 1, the maximum of

t2 t2p
t— —A.— —
2 2p
is {
});AEF?1 <c 4 Ce®
2p
for a constant C' > 0 independent of small e. We next justify the uniform use of the concave term.
Choose A; > 0 small enough that D A2/Z=9) < ¢*/2 for 0 < A < Ay, If max;>q Jy 4(twe) < ¢*/2,

then .
c . 2
11138{(],\7,1(75(4}5) <5 <= D A7,

Otherwise, at a maximizing point ¢, .,

po|

1
iAeti,g 2 J)\,q(t)\,ew6> Z

=]

The numbers A, are uniformly bounded. Thus ¢y . > 7 > 0, where 7 is independent of small A

and e. Condition (C,) now gives

max Ing(twe) < ¢+ Ce® —cyheb (4.1)

with ¢1 = ¢o7?/q > 0.
Choose K > 0 so large that ¢; K® > 2D, and put e(A) = KA 5@ . Since aq > 2b,

aq

Ce(\)® = CKONTD = o(Az%q).

Decrease A1 so that (\) < €g. In the second case, (4.1) yields

. 2
max I q(tweery) < € — DgAz=a.
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The same bound holds in the first case. Choose Ty > 0 large so that

[Tawelly > 9, Ixg(Taws(x) <0,
and set ey = Thwe(x)- The path s — sey gives the stated upper bound. O
Proof of Theorem 1.1. Fix 1 < ¢ < 2. By (2.1) and (2.4), for every u € H,(Q),

1, 12 ACY Snu(Q)7P
> = _ q _ Pnp 2p 4.2
Ing() 2 Slully . [[ull % [[ull5 (4.2)
Choose p > 0 small so that
1 Sy (Q)7P 1
§p2 %uz( ) o2 > =2,
» 3
_ _ 1
Sy )PP <
Then choose Ag > 0 such that
ACY 1
—Lp1 < —p® for 0 < A< Ao
q 6
For such A, (4.2) gives
1
Irqlu) > gpz >0 whenever |ju|, = p. (4.3)

The preceding lower bound is uniform for 0 < A < A\g. More precisely, the function
Lo Ao §7 _ Sy ()P

S =§ 5P
2 q 2p
is positive at s = p. Hence, after choosing n € (0, p) sufficiently small, the same estimate yields
1
Ing(u) > EpQ whenever p —n < |lull, <p, 0< X< A (4.4)
Let e € C°(2), e > 0, e £ 0. Since g < 2 < 2p,
2, A t2p
Ixq(te) = 5H6H7 - 7|€|3 - %B(e) <0

for all sufficiently small ¢ > 0. Taking such t with ||te||, < p — 7, we find that

my = inf Jy 4 <0, Ep ={ue Hy(Q) : [July < p}

P
By Ekeland’s variational principle applied to .Jy , on the complete metric space B, there exists a
minimizing sequence {u;} C B, such that
1
Inq(ug) <my+ =,
J
1 _
Ing(v) > JIxq(u;) — =|lv —uj|l, for every v € B,.
J
By (4.4), ||luj|ly < p—n for all large j. For any ¢ € H,(Q) with [|¢[|, = 1, insert v = u; £ty into
the variational inequality and let ¢ — 0T. This gives [(J3 4 (us); )| < 1/5. Hence
J;\’q(u]‘) — 0 in H,Y(Q)*
Thus {u;} is a Palais-Smale sequence at level my.
Let D, be the constant in Lemma 2.4. Decrease Ao, if necessary, so that
2
DoA™ < c*.
For 0 < A < A, since my < 0 < ¢* — D A%/ =9 Lemma 2.4 implies that {u;} converges strongly
in H,(€), up to a subsequence, to some uy. Then

J)\,q(uA) =my <0, J;\7q(U)\) =0.
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Therefore uy # 0. Testing J{  (ux) = 0 by uy gives uy = 0, hence uy > 0, and uy is a weak
solution of (1.2). Since uy minimizes Jy , on B, and |[uy||, < p, it is a local minimizer in H. (£2).
It remains to prove the norm estimate for the first solution. Since u) is critical and nonnegative,
[uall? = Auald + B(uy). (4.5)
As |uply < p and S, ,(Q2)7Pp?~2 < 1/2, by (4.5), (2.1), and (2.4) we have
1
lull < ACTIuallf + 5 llual3-
Thus
||u,\H3_q <207,
and the asserted estimate follows.
Assume now that (C,) holds. Apply Lemma 4.1 with the above value of p, and decrease Ay so

that Ao < A1(p). Let ey and dy 4 be given by that lemma. Since every path from 0 to ey crosses
the sphere ||u|, = p, (4.3) yields

dA,q > inf J)\7q(u) > 0.
lully=p

Moreover, Lemma 4.1 gives
2
0<dyg <" —DgAzs.
The mountain-pass theorem gives a Palais-Smale sequence at level dy ,; by Lemma 2.4 this se-
quence has a strongly convergent subsequence. Its limit will be denoted by vy. Then
J§\7q(l})\) =0, J)Hq(v)\) = d)\,q > 0.

Thus vy # 0. Testing the equation by vy gives vy > 0, and therefore vy is a nonnegative weak
solution of (1.2). Since
Irg(ur) <0< Jyg(va),
the two solutions are distinct. O
4.2. Superlinear range.
Proof of Theorem 1.4. Let 2 < ¢ < 2. From (2.1) and (2.4),
Syu(€)
2p
Since 2 < g < 2p, for each fixed A > 0 one can choose py > 0 such that
ACq Syu(2)”

p 1
qsq—2 + T32P_2 < Z for0<s< Px-

—_—
[[ll57-

1 AC1
Iag(u) > 5IIUH3 - qq flulld —

It follows that 1
Tna(u) = Zlully - for [Jully < pa.
In particular, Jy 4(u) > ay := p3/4 on the sphere ||u, = py. If e € C°(2), e > 0, e # 0, then
Irg(te) > —oo0  ast — +oo.

Choose Ty > 0so that || Thelly > px and Jy 4(The) < 0. Thus Jy 4 has the mountain-pass geometry.
Define

ex=Tye, TI'yx= {77 € C([()? 1]aH’Y(Q)) : 77(0) = 0777(1) = ek}v

Crg = nienlfA Jnax Irq(n(s))-

Every path in I'y crosses the sphere of radius p). Hence cy4, > ay > 0. The mountain-pass
theorem yields a Palais-Smale sequence at level cy 4.

We now show that cy , < c¢* for all large A\. Keep the above function e. The path s — sThe
belongs to I'y. Since the Choquard term is nonnegative,

cx,g < max Jy 4(te) <1rnax{i||e|\2 —E|e|q}.
4= M — >0 L2 g ' '?
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The last maximum can be computed explicitly. If

a _/\b

My() = 58" =t a=llell}, b=,
then the maximizing point is
= 1 1
= ()7 e = (g - eI

Hence
g <CX 72 =0 as A — +oo.

Choose A, > 0 so large that cy 4 < ¢* for A > A,. Lemma 2.4 then gives a strongly convergent
Palais-Smale sequence. Its limit uy is a critical point of Jy 4 at level ¢y 4 > 0. Thus uy # 0.
Testing by u) gives uy > 0, and hence u) is a weak solution of (1.2). The estimate ¢y, — 0 has
been proved.

Finally, J}  (ux) = 0 and g < 2p give

1
g = J/\vq(u’)\) - a<‘];\,q(u)\)a U)\>
1 1y, ., (1 1
—(r_1 1_1yg
(5= ¢ )lmallz + (= 5;)Blw)
q— 2 2
2 Tq”uA””'
Thus [ux|l, < CA7YE@72) 0 as A\ — +oo. O

5. GENERAL SUPERLINEAR PERTURBATIONS

We now consider the parameterized general problem (1.3). For A > 0 and v € H,(Q) define
1 1
() = 3l - A/QF(z,zﬁ) dz = 5-B(u").

Under assumptions (A1)-(A2), I, € C'(H,(22),R) and

T(w))?
I (w), :/Vu-v dz—)\/ z,u" dz—/ /(u dw) (u)Plpdz.
(Ix(u), @) Ve Vo Qf( ) Q(ﬂd(z_w)# )( )
As before, every nonzero critical point of I is nonnegative and solves (1.3).

Lemma 5.1. Assume (A1)—(A3). For every fized A > 0, the functional I has the mountain-pass
geometry: there exist px,ax > 0 such that Ix(u) > oy for ||ull, = px, and there exists e € H(£2)
with |le|ly > px and Ix(e) < 0.

Proof. By (A1)-(A2), for every € > 0 there is C. > 0 such that
F(z,t) <et? + C.t" forae z€Q, t>0.
Using the Sobolev embedding and (2.4),

1 e Syu(2)7P
B) 2 (5 =208 Jul} = 2.y - 22 .

Choose € > 0 so that A\eC3 < 1/8. Since r > 2 and 2p > 2, there is py > 0 such that

S, (Q)7P 1
)\CECTTST_2 + %(7)5217_2 < 3 for 0 < s < py.
p

Thus
1
I(u) > EHUIﬁ for [lully < pa.

In particular, Iy(u) > @y := p3 /4 when |[ull, = px.



14 S. DENG, Y. LING EJDE-2026/84

Let 0 < e € CX(R), e # 0. Since the kernel is positive and e is nontrivial, B(e) > 0; moreover
2p > 2, and therefore
L
Iy(te) < §||e|\W — %B(e) — —00

as t — +oo. For large t, both ||te|, > px and Ix(te) < 0 hold. O

Lemma 5.2. Assume (A1)—(A3). For every fixzed A > 0, every Palais-Smale sequence of I at a
level ¢ < c¢* has a strongly convergent subsequence in H. ().

Proof. Let {u;} be a Palais-Smale sequence for I at level ¢ < ¢*. By (A3),
1
¢+ o(1) +o(D)l|uylly = In(uy) = 5(IA (), uj)
1 1 1
= (5= gle+x [ (GHGang - Feuh) ds

+ (% - %)B(uj).

Because 2 < § <r < 27 < 2p, the first and third coefficients are positive, and the integral term is
nonnegative. Hence {u;} is bounded in H,(2).

As in Lemma 2.4, testing with u" yields [ju; ||, —0. Set w; = ul

;- Up to a subsequence,

wj —u in Hy(Q), w; —u inl*(Q), 1<s<2), w;j—u ae inQ,

with u > 0. The growth assumption (A2) gives
/ F(z,w;)dz= | F(z,u)dz+ o(1), (5.1)
Q Q

because w; — u in L"(Q) and |F(z,t)] < C(t* + ¢"). The Carathéodory property and (A2) give
|f(z,t)|" < O 41t7) for t > 0. Since w; — u in L"(2) and 1 < 7/ < r, the right-hand side is
uniformly integrable along w;. Vitali’s theorem yields

r

fw;) = f(u) in L7 (Q), V=

Consequently,

/ f(z,w;)(w; —u)dz = o(1), / f(z,wj)w; dz — / f(z,w)udz.
Q Q Q
For every ¢ € H, (),
/ flz,w)pdz — / fz,u)pdz. (5.2)
Q Q

Since H,(Q) — L"(Q), (5.2) follows from Holder’s inequality. Using Lemma 2.3, (5.2) and
I} (u;) — 0, we infer that I} (u) = 0.
Put v; = w; —u. Then
lul3 = ol + lullf +o(1),  B(w;) = B(v;) + B(u) + o(1),
and (5.1) holds. Hence
1
%B(’Uj) +o(1). (5.3)

Moreover, subtracting (I} (u), u) = 0 from (I} (u;),u;) = o(1) and using the strong convergence of
the subcritical term gives

1
In(uz) = I\(u) + 5\\”;‘”3 -

lvi I3 = B(v) = o(1). (5.4)
As in the proof of Lemma 2.4, there exists ¢ > 0 such that, up to a subsequence,
lvjl3 = £, Blvj) = ¢,

and either £ =0 or £ > S, ,(Q)?/P~1),
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It remains to rule out £ > 0. Since I} (u) = 0, using (A3) we obtain

In(u) = Iy () — é([f\(u), )

- (% - %) a2 + A/Q (%f(z,u)u - F(z,u)) dz + (% - %)B(u) >0
If £ > 0, then by (5.3) and (5.4),

p—1
c=1Iy(u)+ oy L2 c*,
contrary to ¢ < ¢*. Hence ¢ = 0, and u; — u strongly in H, (). O

Proof of Theorem 1.6. Fix A > 0, and let p) and «) be given by Lemma 5.1. By (A4), choose
e € C*(U) with e > 0 and e # 0. For every t > 0,

1) < L ell2 = Abeel.
The right-hand side tends to —oo. Choose T > 0 after its maximum so that
I Txelly > pr,  In(The) <O.
Set ey, f = The and
Uxs = {n € C([0,1], Hy(Q)) : n(0) = 0,7(1) = ex s}

The mountain-pass level

= inf I
oxg = dnf  max L(n(s)

satisfies ¢y y > ax > 0, because every path in I'y ; crosses the sphere of radius px. The path
s+ sTye belongs to I'y y. The maximum of the right-hand side over ¢ > 0 is equal to

o—2 o/ lel? )%z _ e
=C A\ 77,
20 He””()\ba|e|g ’

where C, > 0 is independent of A. Hence

0<ceny < Iglg(h(te) <O N 72 < ¢

for all sufficiently large A. The mountain-pass theorem gives a Palais-Smale sequence at level c, .
Lemma 5.2 implies that this sequence converges strongly to a critical point w € H,(Q2). Since
In(u) = cexnp > 0, u # 0. Testing I{(u) = 0 by v~ yields v~ = 0. Thus v > 0 and u solves
(1.3). O
Remark 5.3. For f(z,t) = (t7)?"! with 2 < ¢ < 2%, conditions (A1)-(A4) hold with r = 6 =
0 = ¢q. Thus Theorem 1.6 includes the pure-power existence result. The proof in Section 4 also
gives the bounds ¢y , < CA™/(472) and |Juy|l, < CA~Y(472),
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