2004-Fez conference on Differential Equations and Mechanics

Electronic Journal of Differential Equations, Conference 11, 2004, pp. 109-116.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu (login: ftp)

ON A PROBLEM OF SHALLOW WATER TYPE

MOHAMED ELALAOUI TALIBI, MOULAY HICHAM TBER

ABSTRACT. In this paper we present an existence theorem for a problem of
shallow water kind. We take into account a general friction term depending on
water depth and the norm of velocity, which is the main difficulty. We present
also a numerical study in the case which we consider the above problem as
a perturbation of shallow water equations in the non conservative dept-mean
velocity form.

1. INTRODUCTION AND SETTING OF THE PROBLEM

The two-dimensional shallow water equations (briefly SWE) are deduced by inte-
grating, with respect to depth, the continuity and the momentum equations of the
three-dimensional incompressible Navier-Stokes system, neglecting the influence of
the vertical component of acceleration, the pressure is then supposed hydrostatic
[1]. They provide a model allowing to describe the flows of water in domains char-
acterized by small ratio between vertical and horizontal length scales, therefore
typical physical situations modelled are: tidal waves, currents in portual basins,
lagoon, ..etc. But their use is surprisingly extended to very different phenomena
even with discontinuous behavior, like the "dam break” problem [11].

The shallow-water system we are studying in this work reads

%—ltl+(u~V)u—u1Au+C(h)\u\u—|—lx u+gVh=f onQ, (1.1)
oh
T voAh+V - (hu) = f on Q, (1.2)

where u = (u1,us)" is the velocity vector and h is the depth of studied layer,
it can be considered as sum of the bottom topography which is given and the
topography of the free surface. £ € R? is the projection of the domain of the study
on the horizontal plane. I' denotes its boundary. 1 is the Coriolis force defined
by (0,0, 2wsin(¢)), where w is the rotation rate of the earth and ¢ the latitude.
g denotes the acceleration of the gravity. The bottom friction effect is presented
by the term C(h) |u|u where C(.) is a continuous function satisfying the condition
0 < C(.) < € which physically justified by the Manning-Strickler’s formula and by
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the Chezy’s one if the free surface elevation remain larger than minimal level. vy,
Vo are respectively the eddy viscosity and diffusivity coefficients which we consider
as an artificial viscosity taken, numerically, equal to zero to have the shallow-water
equations in the nonconservative depth-mean velocity form. The right-hand side
terms f and f represent, respectively, the outside stress and the fluid exchanges
(rain, evaporation, etc.).

To solve these equations we take homogeneous boundary conditions and we set
the initial data as

(uﬂ h) = (Oa 0) on I,
(u,)(t = 0) = (ug, ho) in

Remark 1.1. To be compatible with the physical situation for which the friction
formulation is justified, we assume that h = hg > hpin > 0 on I' and A(0) >
hmin > 0 in Q. However by setting h := h + hy where hy is the solution of the
problem
%—VQA}IL:O in
hL (0) =0 inQ

hL:hB onl.

(As shown in [8], this problem has a solution in L?(0,T, H'(2)) N L>(0,T, L>°(Q))
for h € L2(0,T, H=(I'))NL>(0, T, L>=(T'))) we find again the homogeneous bound-
ary conditions modulo a constant in the momentum equation and a linear term in
the continuity one changing quit the reasoning done below. Therefore we will con-
sider, for convenience, only the homogeneous case.

2. NOTATION AND VARIATIONAL FORMULATION

We introduce the following functional spaces: Vi = (HE(Q))? ,H; = (L?(Q))?,

Vo = HE(Q), Hy = L*(Q), V = Vi x Vo, H = Hy X Hy. The norm and semi-norm
defined on H'(Q2) are equivalent in V;, Vs, and V.
Then we set |[ul| = |lullvy, |kl = ||kllv, and | X]|| = | X||v for u € Vi, h € Va, and
X € V. || denotes the norm in L?(€2), | - |2 denotes the Euclidean norm in R?,
(-,+) is the scalar product in Hy, Hy or H and (-,-)2 the scalar product in R?. We
define

a1 (u,v) = v1(Vu, Vv),
a2(h7 6) = V?(Vh7 Vﬁ)a
CL(X, Y) = al(ua V) + a2(haﬂ)
with X = (u,h) and Y = (v, 3). Note that a1, as and a are bilinear continuous
coercive forms, respectively, on V7, V5 and V.
We denote by g, v, A, B, C', XA and 6 constants such that:
0<C(.)<E
a(X,Y) > v|X|I|IY] for (X, Y) eV xV
A>0, Cy=constant-g, B=2v—-C4— A,
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and C = constant - Cg where C¢ is the best constant of the Gagliardo-Nirenberg
inequality [2]:
a7y < Cellullul. (2.1)

In what follows we take homogeneous boundary conditions and we write

(u.V)u = %grad(\u\%) + curl(u)a(u)

where curl(u) = g—gf — % and a(u) = (—ug,u1). Now we can set the weak

formulation of the problem:
(V) Find (u, h) € L?(0,T,V) N L>(0,T, H) such that

(22 v) 4 an(,) + (eurl(wpa(u). v) + & (arad [u.v) .
Ol v) + (LA w,v) = g(div(v).h) = (£.v)

(555) +aalh, ) + (@ivim), 9) = (1,5) V(w0 eV, (23

(. 1)t = 0) = (vt ). (2.0

3. EXISTENCE THEOREM

Theorem 3.1. Assume thatF = (£, f) € L?(0,T, H), Xo = (1o, ho) € VNL>(Q)3.
Also assume the following conditions are satisfied,

(1) B=2v—-Cy—X>0

(2) [Xo| <B/C

(3) (B/C)* > |Xof* + 3 |F|
where constants are defined above. Then the variational problem (V) admits at last
one solution (u, h) in L*(0,T,V) N L>(0,T, H).

The proof of the theorem is based on the three next lemmas.

Lemma 3.2. Let X = (u,h) be a classic solution of the problem (V ), on [0,T).
Under the same hypothesis in the theorem, we have
1
1 X1 Lo 0,7,y + (B = CI| X || o< 0,7, )1 X | 22 (0,7,v) < XHFHL?(O,T,H) + [ Xo
(B =C|X||z,r,8m)) > 0.
||XHL°°(O,T,H) + ||XHL2(O,T,V) < constant

Proof. By writing the energy inequality and using the hypothesis above, we find
the result via Green’s formula and Gagliardo-Neirenberg inequality. (]

Lemma 3.3. Let (X,,) be a sequence of classic solution of (V') on [0,T] satisfying
1 Xnll Lo 0,1,y + 1 XnllL20,0,v) < C'. (3.1)

where C' is a constant independent of n. Then there exist a subsequence also
denoted by X,, and X = (u,h) € L*(0,T, H) N L?(0,T,V) such that

X, — X weakly in L*°(0,T, H), (3.2)
X, — X weakly in L*(0,T,V),
X, — X strongly in L*(0,T, H).
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Proof. Statements (3.2) and (3.3) are immediate consequences of (3.1). On the

other hand we can show that the sequence X, is uniformly bounded in the set
ov
ot

According to [I5], the injection of Y into L?(0,T, H) is compact. Then we can
extract from X,, a subsequence also denoted by X,, such that we have (3.4) O

Y ={velL*0,tV),—~ €L0,T,V)}.

Lemma 3.4. let (up,hy) be a sequence converging toward (u,h) in L*(0,T, H)
strongly and L*(0,T,V) weakly. Then for any o(t) € C*(0,T) and (v,3) € V N
L>(22)3 we have

T T
/ (o) tmltim, ot V)t — / (C ) ulu, p(t)v)dt
0 0
T T
/ (div(hytta), 0(8)3)dt — / (div(hu), o(£)3)dt
0 0

T T
/ (curl(un)a(uy), (t)v)dt — / (curl(u)a(u), p(t)v)dt,
0 0

1 /T 1 (T
5/ (grad|u|§,ap(t)v)dt — 5/ (grad|u|§,ap(t)v)dt.
0 0

We can proof this lemma using Shwartz inequality and appropriated Sobolev
injections.

Proof of the Theorem[3.1. The proof is based on the construction of sequence of
finite dimensional Problems (V,,) of which the solutions (X,,) (by using lemmas
and converge strongly in H and weakly in V to X € (u,h) € L?(0,T,V) N
L*>(0,T,H). Then by third Lemma we can show that X is a solution of the
problem. O

4. NUMERICAL STUDIES

The goal of this numerical studies is to know how the solution of the problem
varies when the included artificial diffusivity coefficients v, tend to zero. The
approach we are using here is based on the finite elements for the space discretization
and on the discretization of the Lagrangian derivative along the characteristics.
This method provides a centred scheme which have the advantage of stabilizing
the convection and allow large time steps to be taken when compared to standard
time-stepping methods [4].

Similar numerical schemes were considered in [I3] for the incompressible Navier-
Stokes problem. Within the framework of the shallow water problems, this approach
combined with the method of the fractional steps, is adopted in [I0] to simulate
transcritical flows, and applied later in TELEMAC project [9].

Temporal discretization. The characteristic methods consists in approaching
the lagrangian derivative of a function S in time step ¢"*! by:

ﬁ(x’ tn—O—l) ~ S(X7 tn+1) — S(X(Xa tn_H; tn)7 tn) (41)
dt At
where X" = X(x,t""1;") is the position in the time step t" of the particle po-
sitioning at the geometrical point x in time step t"*! and X"(x,t"*1;7) is the
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solution of

X"

¥ (x,t" T 1) = (X" (x, t" T 7)), for ¢ < 7 <"
-

X" (x, il t”+1) =x.

Using (4.1)), the semi-implicit time discretization of (1.1J), (1.2)) is

un+1 —u? o X"

_ n+1
At v AuT, (4.2)
C(h™) [u"|u"™ ™ +1x u™ 4 gVr" T ="
hn+1 — Ao X"
LR OR AW AVt = (4.3)

At

where A" and u” are the approximations of A and u respectively in time step ¢™.

Variational formulation. let us introduce the spaces
Vy={veH(Q)xH' (Q);v=¢ onT}
Vi={heH'(Q);h=n onT}.

Multiplying (4.2) and (4.3) by v € V; and g € V5 respectively, and integrating by
part on 2 we obtain

n+1
(S5 v) v (V) + (O [ [, v) =g (V- v)
u" o X7 . . (4.4)
:(Tt+f 71><u ,V),
thrl n n n n h' o X"
(Tt,q)+V1(Vu TLVV) + (R"Vu Tt g) = (" + AL .q) - (4.5)

Then we write the time-discretized variational formulation as follows:
(V)" Find (u™*', A" ) in V) x V2 such that
e(u"™ v) + b(v, A" ) = (f*,v), Vv eV,
=b(u™™ 1) + ¢ (W )+ = (f",q) Vg € V.

where
(0,v) = ——(u,v) + 2 (T, Vv) + = (C(") [u"] u,v)
e(u,v) = —(u,v —(Vu, Vv — u’‘ju,v),
gt g g
1
el(h7q) = E(hﬂ(J) + VQ(Vh> Vq) B
n 1 (., u'oX" "
b(v,q)f—(q,V~v),f g(f +7At lxu),
n n hnOXn
A v

Finite element discretization. Let qulh and Vn2h (resp Vi, and Vap) two finite
elements spaces approaching V,; and V;? (resp Vi and V5) such that the LBB con-
dition is satisfied [3]. Then the discrete problem is written as
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(V) Find (upt!, Ap*h) in V), x V3, such that
e(uZ“,vh) + b(v,hZ“) = (f7',vn), Vvn € Vip,
—b(uy ™ hjan) + € (hy T an)+ = (fan),  Yan € Vo
The value X" (x) is approximated by X ((n 4+ 1)At, z), the solution of the problem
dX
dr

therefore, at each time step we have to solve the linear system

A B U\ [(Fy
o) ()= ()
where A and D are two definite positive matrices, and B, fET are two matrices
approaching operator of divergence type.
We can show easily (see for example [I4] [7]) that the problem (V)" (resp (V)
) is well posed if A™ (resp h}') remain larger than one level £ > 0. Moreover in [0]

and [I0], a preconditionner of Cahouet-Chabard kind [5] are proposed for the linear
system.

=up(X(7),7), X(n+1)AT)=u=x,

Numerical results. The studied domain is a square with 1km in length with
mean water elevation of 1m. We suppose there is no exchange with the external
medium and the surface stress is reduced to the wind stress tensor defined by

l pwater

fwind = n

wind | Uwind | 2Wwind,
Pair

where pyater, Pair are the density of the water and the air respectively, and @.inq is
an adimensional empiric coefficient. On the other hand, if we choose the Manning-
Strickler’s formula for the bottom friction we obtain

2

an
C(h) ==
() h3

(4.6)
where n is the Manning coefficient.

TABLE 1. Physical parameters

g(m/s_Q) pwater(kg/mg) paiT(kg/m3) n Vg(mz/s)

1 999.00 1.225 0.03 ] 0.1
w (rad/s) [ ¢ () | vi(m?/s) | At(s) Quwind
0-100 0.1 |0.56510° | 7.29210~ " [ 45

Conclusions. Although the continuous problem requires a condition on it,
we can take the diffusion coefficient of continuity equation v, numerically as small
as we want, without any explosion of the solution (see figure 1). Then for vo = 0
and f = 0 we find the shallow water equations established in [I]. Moreover for this
case we can prove formally by characteristics that the free surface elevation remain
larger than minimal level if the initial one it is. Therefore the choice of Manning-
Strickler’s formula is justified and the numerical results are satisfactory.
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FIGURE 1. The section h(x,250m) for different values of v2

0.6 0.7 0.8 0.9 1 11 1.2 13 14

1000

FIGURE 2. Water elevation for v2 =0 in ¢ = 10s
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