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CRITICAL DIRICHLET PROBLEMS ON H DOMAINS
OF CARNOT GROUPS
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Dedicated to the memory of our beloved friend Anna

ABSTRACT. The paper deals with the existence of at least one (weak) solution
for a wide class of one-parameter subelliptic critical problems in unbounded
domains Q of a Carnot group G, which present several difficulties, due to
the intrinsic lack of compactness. More precisely, when the real parameter is
sufficiently small, thanks to the celebrated symmetric criticality principle of
Palais, we are able to show the existence of at least one nontrivial solution.
The proof techniques are based on variational arguments and on a recent
compactness result, due to Balogh and Kristdly in [2]. In contrast with a
persisting assumption in the current literature we do not require any longer
the strongly asymptotically contractive condition on the domain 2. A direct
application of the main result in the meaningful subcase of the Heisenberg
group is also presented.

1. INTRODUCTION

This paper constitutes the initial part of a project devoted to the study of nonlin-
ear equations defined on possibly unbounded domains of Carnot groups. Differential
problems involving a subelliptic operator on an unbounded domain §2 of stratified
groups have been intensively studied in recent years by many authors, see, among
others, the papers of Garofalo and Lanconelli [16], Maad [23| [24], Schindler and
Tintarev [32], Tintarev [33] and references therein.

On the contrary, once a domain is not bounded the Folland-Stein space HW, *()
maybe not be compactly embedded into a Lebesgue space. This lack of compactness
produces several difficulties exploiting variational methods. To recover compactness
on the unbounded case a persisting hypothesis in the above cited results was the
strongly asymptotically contractive condition on 2, introduced by Maad, see [23]
for details. Indeed, every bounded domain is strongly asymptotically contractive.
In the FEuclidean setting unbounded domains were covered in the pioneering paper
[12).

Now, we observe that a strongly asymptotically contractive domain 2 is geo-
metrically thin at infinity. In presence of symmetries, by replacing the contractive
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assumption on 2 with a geometrical hypothesis, see condition (H) below, intro-
duced recently by Balogh and Kristdly in [2], we are able to treat here subelliptic
critical equations, in which the domain is possibly large at infinity.

The purpose of the present paper is to establish the existence of (weak) solutions
of the one-parameter problem

—Agu+u=h(g)f(u) + Mul> 2u in Q,
u=0 on 0.

More precisely, our strategy is to find a topological group 7', acting continuously on
HW,*(£2), such that the T-invariant closed subspace H VVO1 2(Q) can be compactly
embedded in suitable Lebesgue spaces. Successively, assufning the left invariance
of the standard Haar measure p of the Carnot group G, with respect to the action
of the group * : T x HWy?(Q) — HW,?(Q), see Bourbaki [6, Chapter IIT §2
No 4] and Bourbaki [7, Chapter 7 §1 No 1], the principle of symmetric criticality
of Palais, see Lemma [3.5] below, can be applied to the associated energy Euler-
Lagrange functional Iy, allowing a variational approach of problem (|1.1)).

Moreover, as usual, when dealing with critical equations, one of the main difficul-
ties appears since the Palais-Smale condition for the Euler-Lagrange functional I
does not hold at any level, but just under a suitable threshold. Along this paper we
overcome these difficulties, using some strategies considered in the literature also in
context different than the one treated here, see, for instance, papers [5], 22| 28], [30].

Let us briefly introduce the structural setting of problem . Let G = (G, 0)
be a Carnot group of step r and homogeneous dimension @ > 2, with neutral
element denoted by e. Let T = (T, ) be a closed infinite topological group acting
continuously and left-distributively on G by the map * : T'x G — G. Assume that
T acts isometrically on the horizontal Folland-Stein space H VVO1 2(G), where the
action £ : T x HW,*(G) — HW,*(G) is defined for every (1,u) € T x HW,*(G)
by

(1.1)

(t8u)(q) = u(t"* xq) for all ¢ € G.
In what follows doc : G x G — Rg denotes the Carnot-Carathéodory distance on
G, while p is the natural Haar measure on G and “liminf” is the Kuratowski lower
limit of sets.
Let ©Q be a nonempty open T-invariant subset of G, with boundary 0f2, and
assume that

(H1) for every (¢x)r C G such that
lim dee(e, qr) = o0  and ,u(lim inf(qy o Q)) >0,
k—o00 k—o00

where g0 = {qroq : ¢ € Q}, then there exist a subsequence (qx, ); of (qx)x
and a sequence of subgroups (Tij ); of T', with cardinality card(quj) = 00,
having the property that for all 7, 7 € T‘ij’ with 7 # 79, it results

lim inf deo((71 % qk,) © ¢, (T2 * qx;) © q) = oo.

j—o0qeG

A domain Q of G, for which condition (H1) holds, is simply called H domain.
In (1.1)) the subelliptic Laplacian operator Ag on G is the second-order differential

operator
m1
Ac=D Xi,
k=1
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where B = {X1,..., X, } is a basis of the first graduated component &; of the
stratified Lie algebra & = @} _, &), associated to G; see Section

The critical Sobolev exponent 2* in the Carnot group G is 2* = 2Q/(Q —2). The
parameter A is a real number. The nonlinearity f : R — R is a continuous function,
with associated primitive

F(t) = /Ot f(&)dg for every t € R,

and satisfies

(H2) F > 0in R\ {0}, and there exist C' > 0 and s € (1,2) such that

|f(®)] < C|t|*~! for all t € R;
(H3) there exist ap > 0,6 > 0 and s; € (1,2) such that
F(t) > ap|t]** for all t € R, with |¢| < 4.
Since @ > 2, by [18] we know that for all ¢ € C§°(Q)
ez < C2llDepll2; (1.2)

where Cg 2 is a positive constant depending on the dimension @) and

DG = (le"'7Xm1)

denotes the horizontal gradient.
Concerning the function h in (|1.1)), we assume that h satisfies

(H4) 0< h e L%(Q) and there exists a nonempty open set g C 2 such that

inf h 0.
Jnf (q) >

Clearly, condition (H4) simply requires that h be nontrivial and belong to a suitable
Lebesgue space. Finally, suppose that

(H5) the functional ¥ : HW,*(Q) — R given by
W(u) = / h(q)f(u)du(q) for all u € HW 2()
Q

is T-invariant, that is U(7#u) = W(u) for all (7,u) € T x HW,(G).
In Section 2] we present the useful criterion Lemma[2.5]on the validity of assumption
(H5). We are now able to state the main existence result for (1.1]).

Theorem 1.1. Let Q be a H domain of G. Assume that f and h fulfil (H2)—(H5).
Then admits at least one nontrivial solution wuy in the Folland-Stein space
HW&’z(Q) for all A < 0. Furthermore, if A > 0 and h satisfies

1 1 90\ 2—s\ 1/2
1Al 2= < S =m0 7 , (1.3)
3% 5 —5)Q+2s
C <Cég,2 ) ( Q ) )
where C' and s are introduced in (H2), Cg 2 > 0 in (1.2), and
_ 2%(6—s)—38
@ -2)2-s)

then there exists A\* > 0 such that problem (1.1)) admits at least one nontrivial
solution uy in HWy () for all X € (0,\*).
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FIGURE 1. A simple prototype of €2y

Thanks to [2, Theorem 1.1] and Lemma below, a direct application of Theo-
rem [I.1] gives the existence of at least one solution for subelliptic equations defined
on a special class of (unbounded) domains of the Heisenberg group H" = C™ x R,
n > 1. More precisely, let ¥y, ¥ : R — R, Rf = [0,00), be two functions that
are bounded on bounded sets, with 11 (t) < 12 (t) for every t € Rf. Define

Q= {qg € H" : ¢ = (2,t) with 91 (|z]) <t <va(|z])},

where |z| = />, 2i]%; see Figure |1}
Then the subelliptic problem (1.1)) becomes
—Agnu+u=h(g)f(u) + Aul* 2u in Q
u=0 on Jfy,

where Ay the subelliptic Kohn-Laplace operator.
Let U(n) = U(n) x {1}, where

U(n) =U(n,C) = {7 € GL(n;C) : (12,72")cn = (2,2)¢n for all z,2" € C"},

that is U(n) is the usual unitary group. Here (-, -)c» denotes the standard Hermitian
product on C", in other words (z,2")cn = S p_, 2 - 2.
Hence, U(n) is the unitary group endowed with the natural multiplication law
: U(n) x U(n) — U(n), which acts continuously and left-distributively on H" by
the map * : U(n) x H™ — H", defined by

Txq=(rz,t) foral 7= (r,1) € Un) and all ¢ = (z,t) € H",

thanks to |2, Lemma 3.1]. Taking T' = U(n), then Q, is U(n)-invariant and a H
domain, as shown in the proof of Theorem 1.1 of [2]. Moreover,

HWy 50 (Qy) = {u € HW5(Qy) s u(z, 1) = u(|z],t) for all g = (2,1) € Qy},
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that is H VVO1 ’S(n)(Qw) =H Wclyf(Qw) is the space of cylindrically symmetric func-

tions of HWy*(y).

Finally, U(n) acts isometrically on the horizontal Folland-Stein space HW, *(H™),
where the action # : U(n) x HW,?(H") — HW,"*(H") is defined for every (7,u)
in U(n) x HW} 2 (H") by

(Ttu)(q) = u(t~t2,t) for all ¢ = (2,t) € H",
in view of [2) Lemma 3.2] A special case of Theorem reads as follows.

Corollary 1.2. Let Qy, be defined as above. Assume that f and h fulfil (H2)-(H4),
and h is cylindrically symmetric, that is h(q) = h(z,t) = h(|z|,t) for every ¢ =
(2,t) € Qy. Then admits at least one nontrivial solution uy in HW()lﬁ(n)(Qw)
for all X <0.

Furthermore, if A > 0 and h satisfies also , then there exists \* > 0 such
that problem admits at least one nontrivial solution uy in HWOIﬁ(n)(Qip) for
all A € (0, A%).

If the functions 1, and v, are bounded, the domain € is strongly asymptotically
contractive and the whole space HW,?(€,,) is compactly embedded in L”(€,) for
every v € (2,2*). We refer to [2|24] for further details. In such a case Corollary [L.2]
follows by using the embedding result proved by Garofalo and Lanconelli in [16].
See also Schindler and Tintarev [32].

On the Heisenberg setting, a Rubik-cube technique, see [2], applied to subgroups
of U(n) and suitable variational arguments allow us to obtain further multiplicity
results that will be presented in the forthcoming paper [27].

The manuscript is organized as follows. In Section [2] we present the notations
and recall some properties of the functional solution space of . In particular,
in order to apply critical point methods to problem , we need to exploit some
analytic properties of the closed subspace H W&’%(Qw), introduced above. Then, in
the same section, we give the key Lemmas and which are particularly useful
for the proof of Theorem([I.1} Finally, in Section[3|we describe the geometrical profile
of the underlying functional in Lemmas[3.1]and [3.2)and we prove the existence result
stated in Theorem [I.1]

For general references on the subject and on methods treated along the paper we
refer to the monographs [4, 21] as well as [111 25] 26, [36] and the references therein.

2. NOTATION AND PRELIMINARIES

In this section we briefly recall some basic facts on Carnot groups and the func-
tional Folland-Stein space HW01’2(Q). A Carnot group G = (G, o) is a connected,
simply connected, nilpotent Lie group, whose Lie algebra & admits a stratification,
ie.

6 = )8y,
where the integer r is called the step of G, while & is the linear subspace of finite
dimension my, of & for every k € {1,...,r}, and

[61,8,] =Gy forallk, with1<k<r—1 and [6;,8,]={0}.

In this context the symbol [&1, &;] denotes the subalgebra of & generated by the
commutators [ X, Y], where X € &1 and Y € &, and where the last bracket denotes
the Lie bracket of vector fields, that is [X,Y] = XY — Y X.
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The left translation by ¢ € G on G is given by ¢,(p) = gop for every p € G. Let
I(TG) be the space of global sections of the tangent bundle TG on G. A vector
field X € I'(TG) is left invariant if for every ¢ € G one has

X((pofq) = (X¢p) o lg,

for any p € C*°(G) and p € G.
The Lie algebra & associated to G is the Lie algebra of left invariant vector fields
X on &. Moreover, & is canonically isomorphic to the tangent space T.G.

Let
I
m = Z mig
k=1

be the topological dimension of the Carnot group G.

The exponential map expg : & — G is given by expg(X) = vx (1), where vx is
the unique integral curve associated to the left invariant vector field X such that
vx(0) = e. In other words, the curve yx is the unique solution of the Cauchy
problem

Yx(t) = X(x (1), x(0)=e. (2.1)
The curve vy is defined for any ¢ € R, that is left invariant vector fields are complete.
Indeed, yx (t + s) = vx(s)vx(t) by . Therefore, vx can be extended in the
entire R.

Since G is nilpotent, connected and simply connected Lie group, the exponential
map expg is a smooth diffeomorphism from & onto G.

Let (-, -)o be a fixed inner product on the first graduated component &; of &, with

associated orthonormal basis B = {X;, Xs,..., X,,, }. From now on, we consider
the extension of the inner product (-, )¢ to the whole tangent bundle TG by group
translation. The corresponding norm is denoted by || - [lo. A left invariant vector

field X € & is said to be horizontal if
X(q) € span{X1(q),..., Xm,(¢)}

for every g € G. Indeed, &; is considered to be the horizontal direction, while the
remaining layers &5, --- &, are viewed as the wertical directions. In particular,
the last layer &, is the center of the Lie algebra and the horizontal direction Gy
generates in the sense of Lie algebras the whole &. More precisely,

By = [61,[61,[&1,...[61,E1] - ]]]

k times

forall k=2,--- r.
Since the map expg is bijective, for every element ¢ € G there exists a unique
vector field X = Y™ Xy + 300, 1 2 X}, € & such that

ma m
q = expg(X) = expg (Zkak—F Z ackX@,
k=1 k=mq+1

where {X,,41,..., X} are non-horizontal vector fields that extend B to an or-
thonormal basis B* of &.

Now, observe that & = R™. Then, there exists a smooth map g such that the
following diagram is commutative
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Rm T 6 = @6
N k=1%k

~

Q\\\ JeXpG

RS

G
where 77! is the inverse of the canonical projection 7 : & — R™ such that
-1
R™ 3 (@1, Ty ooy ) —— X =30 ap X+ 20 1 T6 X €6
el JQXPG
g \\‘\‘\\\
qeG

Thus, we often identify every element ¢ € G with its exponential coordinates
(T1,- -, Ty, Tmg+1s - - - s T ) € R™ respect to the basis B* in &.

More precisely, it is possible to identify the Carnot group (G, o) with (R™,x),
where the expression of the group operation * is given by

zxy =0 '(o(x)oo(y) forallz,yeR™

and is explicitly determined by the Baker-Campbell-Hausdorff formula.

Whenever we are in presence of a stratification, it is possible to define a one-
parameter group {A,},s¢ of dilatations of the algebra. More precisely, for a fixed
real number 7 > 0 and all X € &, we set A,(X) = n*X and extend the map
A, to the whole & by linearity. Furthermore, the family {A,},>0 induces a family
{0y }n>0 of the group automorphisms on G by the exponential map such that the
following diagram is commutative

-1
exp
G 6 =006
' O JAn
\:/ eXpG
G & =), 6,

that is
8,(q) = expg (A (expz'(9)))
for every q € G.

The homogeneous dimension @ of G, attached to the automorphisms {4, },>0,
is defined by

T
Q:deim(’ﬁk =mq +2mo + -+ rm,.
k=1
In particular, the above definition of @ and the fact that {d,},0 is a family of
automorphisms on G imply that the Jacobian determinant of the dilation 9, is
constant in ¢ and given by n<.
Moreover, let 1 denote the push-forward of the m-dimensional Lebesgue measure

£, on & via the exponential map. Then, du defines a biinvariant Haar measure on
G and

dp(g 0 6,) = n%du(q)-
Since G can be identified with (R™,x) by using the exponential map, if E C G is
a measurable subset, its Haar measure is explicitly given by u(E) = £,(p~*(E)).
Therefore, the same notation will be used for both measures.
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Take ¢1, g2 € G and let HT'y, 4, (G) be the set of piecewise smooth curves +, such
that v: [0,1] = G, ¥(t) € &1 a.e. t € [0,1], (7(0),7(1)) = (a1, ¢2) and

1
/ 15(8) odt < ox.
0

Since HT'y, 4,(G) # 0 by the celebrated Chow-Rashevskii theorem in [I0], it is
possible to define the Carnot-Carathéodory distance on G, as follows

1
d q») = inf (1) |l odt.
cc(q1,q2) »yeHrlfl,qz(G)/o [17()[lo

The metric de¢ is left invariant on G and for every n > 0 it results

dcco(6y(q1),0n(q2)) = ndec(qr, 42),

for every ¢q1,q2 € G.

The Euclidean distance to the origin | - | on & induces a homogeneous pseudo-
norm | - |¢ on ® and (via the exponential map) one on the group G. Indeed, for
X €6, with X =37, X}, where X, € &, define a pseudo-norm on & as follows

[ X]e = (Z \Xk|2rl/k)2r!~
k=1

The induced pseudo-norm on G has the form
lglc = |expg'(q)|s for all ¢ € G.

The function | - |g is usually known as the non-isotropic gauge. It defines a
pseudo-distance on G given by

1

d(p,q) =lp~ oqlec forallp,qeG,

that is equivalent to the Carnot-Carathéodory distance dcc on G.

Thus, Carnot groups are endowed with the intrinsic Carnot-Carathéodory ge-
ometry. The adjective intrinsic is meant to emphasize a privileged role played by
the horizontal layer and by group translations and dilations. It is worth stressing
that the Carnot-Carathéodory geometry is not Riemannian at any scale. In fact,
Carnot groups can be seen as a particular case of more general structures, the
so-called sub-Riemannian spaces.

The most basic second-order partial differential operator in a Carnot group G is
the sub-Laplacian, or equivalently the horizontal Laplacian in G, given by

mi
Ag = Z X2,
k=1
We shall denote by Dg = (X1,...,Xm,) the related horizontal gradient and set
1/2
|Dsullo = (S, (Xuu)?) 2.
Obviously, Euclidean spaces are commutative Carnot groups, and, more pre-
cisely, the only commutative Carnot groups. The simplest example of Carnot
group of step two is provided by the Heisenberg group H" of topological dimension

m = 2n + 1 and homogeneous dimension @) = 2n + 2, that is the Lie group whose
underlying manifold is R?"*!, endowed with the non-Abelian group law

goq = (Z + 26+t + 2Z(yix§ - xlgi))

i=1
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for all ¢, ¢ € H", with

q = (Zat) = (xla"'axnayla"'ayn7t)a q/ = (Z/7t/) = (mg_a"'ax;myg_a"'ay;wtl)'
The vector fields for j =1,...,n

0 0 0 0 0
X]_aixj—"_QyJaa )/j_aiyj_zrjaa a7

constitute a basis B* for the real Lie algebra $ = & of left invariant vector fields
on H". The basis B* satisfies the Heisenberg canonical commutation relations for
position and momentum [X, Y] = —40;,0/0¢t, all other commutators being zero.

If u € C%(H"), then the horizontal Laplacian in H™ of u, called the Kohn-Spencer
Laplacian, is defined as follows

(2.2)

Agru=> (X} +Y])u

j=1

o2 o2 o2 ,
_Z(a 7 52 T Wige ot 4’”jayjat)“+4|z‘ o

and Agn is hypoelliptic according to the celebrated Theorem 1.1 due to Hormander
n [19].

Turning back to (1.1), we need to introduce the suitable solution space. Let
Q) be a nontrivial open subset of G. The Folland-Stein horizontal Sobolev space
HW,*() is the completition of C§°(Q), with respect to the Hilbertian norm

Jull = ([ WDeulfdnta) + [ tuauto) "
(u, ) = /Q (Dgu, Dep)o dp(q) + /Q updp(q).

Of course, if @ = G, then HWY2(G) = HW,*(G), where HW'2(G) denotes
the horizontal Sobolev space of the functions u € L?(G) such that Dgu exists in
the sense of distributions and ||Dgulp is in L?*(G), endowed with the Hilbertian

norm .

In particular, the embedding
HW32(Q) — L*(Q) (2.4)

(2.3)

is continuous for any v € [2,2*]; see Folland and Stein [15]. Furthermore, by
[T7, 20, B8] we know that, if O is a bounded open set of G, the embedding

HW?(0) —— L¥(0) (2.5)

is compact for all v, with 1 < v < 2*.

Let (G,o) be a Carnot group, and (T,-) be a closed topological group, with
neutral element j. The group 7T is said to act continuously on G, if there exists a
map * : T X G — G such that the following conditions

(H6) j*q = q for every q € G;

(HT) 7 % (2 % q) = (11 - 2) * q for every 71,75 € T and ¢ € G
hold. In addition, the action x is left distributed if

(H8) 7+ (pogq)=(r*p)o(rxq) for every 7 € T and p,q € G.
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A set Q C G is T-invariant, with respect to *, if T x = Q.
We assume that 7' induces an action  : T x HWy*(G) — HW,*(G), defined
for every (1,u) € T x HWy*(G) by
(t4u)(q) = u(t" ' xq) for all ¢ € G. (2.6)
The group T acts isometrically on HW,>(Q) if
[tul| = |lul| for all (r,u) € T x HW *(G). (2.7)
Let
HW&%(Q) = {uc HW,?(Q) : THu = u for all 7 € T}

be the T-invariant subspace of HW,?(€2). Clearly, HW(}%(Q) is closed, since the
action £ of T on HW,*(Q) is continuous by (H6) and (H7).

The following compactness result is due to Balog and Kristaly and given in [2]
Theorem 3.1].

Lemma 2.1. Let G = (G,0) be a Carnot group of step r and homogeneous di-
mension QQ > 2, with neutral element denoted by e. Let T = (T,-) be a closed
infinite topological group acting continuously and left distributively on G by the
map *x : T x G — G. Assume furthermore that T acts isometrically on HWOI’Z(G),
where the action t : T x HWy*(G) — HWy*(G) is defined in ([2-6). Let Q be
a nonempty T-invariant open subset of G, satisfying condition (H1). Then the
embedding

HW,7(Q) —— L"()
is compact for every v € (2,2%).
Remark 2.2. By the embeddings
HWo2(9) = L'(9)

are continuous for every v € [2,2*]. In particular, there exists a constant C), such
that

lull, < Cyllu]|  for all u € HW,R(Q), (2.8)
where C,, depends on v and Q.

We also notice that inequality (1.2)) yields
[ullz+ < Cq 2|l Damull2 (2.9)
for all u € HWy'7(9).

Lemma 2.3. Let (ug)r be in HW&%(Q), such that up — u weakly in HW(}%(Q),
and up, — u a.e. in ). Then

lim / g — uf? dp(q) = lim / fugl? dpu(g) — / ul?" dpu(q),
Q k—oo Jo Q

k—oo

k—oo

lim / |uk|2*72ukudu(q):/ |u
k—oo Jq Q

lim /Q lul? ~2uuy — u)dpu(q) = 0, (2.10)

2 dp(q).




EJDE-2018/CONF/25 CRITICAL DIRICHLET PROBLEMS 189

Proof. The first part of is just the celebrated Brezis-Lieb lemma in [§].
For the second part of | , it is enough to observe that uy — w in L? (Q)
by Lemman and that ¢ — fQ |u|?" ~2ue@dpu(q) is a linear continuous functional on
L% (©). While the third limit is a consequence of [I, Proposition A.8]. O

A function u € HWy?(€) is said to be a (weak) solution of problem (T.1) if
/ h(q) f(w)pdu(q) + )\/ lu|? ~2updu(q) (2.11)

for any ¢ € HW,(Q).
Problem (|l.1) has a variational nature and the Euler-Lagrange functional Iy
associated to (|1.1)) is

1) = gl = [ M Peoduta) = 5 [ o duta).

Clearly, the functional Iy is well-defined in H WO1 2(Q) and, thanks to (H2) and
(H4), it is of class C'(HW, *(Q)). Moreover, for every u € HW,*(Q)

<MW@:W@*LMU(WH /MZUWM) (2.12)

for all o € HW,?(Q). Hence, the critical points of Iy in HW,? () are exactly the
(weak) solutions of (1.1J).

Let u € HWolq%(Q) be a solution of problem (1.1f) only in the HW(}%(Q) sense,
that is

<u,<P>:/Qh(q)f(U)sadu(Q)+>\/QIUI2*’2wdu(q) (2.13)

for any ¢ € HW&%(Q) Then, u € HWOI%(Q) is a solution of in the whole
space HW,*(Q), that is in sense of definition (2.11)), if the principle of symmetric
criticality of Palais given in [29] holds. To prove this let us recall the well known
principle of symmetric criticality of Palais stated in the general form proved in [13]
for reflexive strictly convex Banach spaces. For details and comments we refer to
[9] Section 5].

More precisely, let X = (X, || - || x) be a reflexive strictly convex Banach space.
Suppose that G is a subgroup of isometries g : X — X, that is g is linear and
llgu|lx = ||ul|x for all u € X. Consider the G-invariant closed subspace of X,

g={ueX:gu=uforall g€ g}
By [13] Proposition 3.1] we have

Lemma 2.4. Let X, G and X be as before and let I be a C* functional defined on
X such that Iog =1 forallg € G. Then u € Xg s a critical point of I if and only
if w is a critical point of J = I|5,.

From now on we assume that 7T satisfies the main structural conditions of The-
orem and that € is a nonempty open subset of G, which is T-invariant. We
apply the principle of symmetric criticality to the Sobolev space H WOI;(Q) under

the action § : T x HW,*(G) — HW,*(G) defined in (2.6). Clearly,
Irtull = ||lu|| for all (r,u) € T x HW}*(Q), (2.14)



190 G. MOLICA BISCI & P. PUCCI EJDE-2018/CONF/25

since T acts isometrically on H VVO1 2(Q) by assumption. Moreover, the functional
U : HW,*(Q) — R is T-invariant by assumption (H5). Thus, Iy is T-invariant in
HW,(Q).

Hence, the principle of symmetric criticality of Palais ensures that u € H W&;(Q)
is a solution of problem if and only if u is a critical point of the functional
I HW&%(Q) — R, where J) = I,\|HW01’,%(Q).

We end the section by an essential lemma which shows when the key assumption
(H5) is satisfied. To this aim, we need to introduce some facts well known in
abstract group measure theory.

Lemma 2.5. Suppose that the action x of the group T on the Carnot group G
satisfies conditions (H6)—(HS8). Assume furthermore that the natural Haar measure
u, defined on G, is left * invariant, that is for all measurable subset E of G and
forallT €T

(7 E) = p(E),
where T« E ={Txq:q€ E}.

If b is T-invariant, that is h(T+q) = h(q) forallt € T andq € G, and f : R - R
is a continuous function, then (H5) holds.

Proof. Fix 7 € T and u € HW,?(Q). Then, putting 7=! % ¢ = p, we get by
(H6)—(H8)

W (rbu) = / h(a)f((4u)(g))dp(g) = / h(g) f (u(r" % q))du(q)
- / b)) <)
- / h(p) f (u(p))dia(p) = ¥ (us),

since ) and h are T-invariant by assumption, and the left * invariance of the
measure y implies

du(t +p) =du(p) for all p € G,
which is exactly [T, formula (10)], being 1 the multiplier of u. See also |3, Chapter
4].
This shows that ¥ is T-invariant, that is ¥ satisfies (H5), and concludes the
proof. ([l

3. PROOF OF THEOREM [I.1]

In this section we suppose that the assumptions of Theorem are satisfied,
without further mentioning. Thus, problem has a variational structure and,
as explained in Section [2] it is enough to study the critical points of the functional
I HW(};(Q) — R, defined by

T = 5l = [ ma)Faute) = 52 [ o duto) (31)

forallu e H VVOI%(Q) We first show that J has a useful geometrical profile, and
recall that, when A > 0, we require also (1.3 on h.
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Lemma 3.1. For any parameter A < 1 there exist positive numbers py and j such
that Jx(u) >j for any u € HW&%(Q), with ||u|| = po, and for any function h of
the type stated in Theorem[I.1, Moreover,

my = inf J\(u) <0,
u€B,,

where B,y = {u € HW(}%(Q) lull < po}, and there exist a sequence (ug)k in Bp,

and a function uy in B,, such that for all k,

1

llukll < po,  ma < Tn(ug) < my+ e

we = uy in HW2(Q),  wp — uy ace. in Q, (3.2)
Ti(ue) = 0 in [HWy 7 (Q)].

Proof. Fix A < 1. By (H2), Lemma[2.1] and (2.9) we obtain

1 A
@ = 31l € [ hl@luldu(a) - 5 u
Q

AT o «
G llul®,

o*
2%

(3.3)

1 S
> S [lull* = CCQ 1Al

2 |lul]® =
2% —s

forallu e H W(}%(Q) Therefore, if A <0, for py > 0 sufficiently large we have

S 1 —S S
Taw) 2 i[5 = CCullhl 2= | = >0

for all u € HW(}%(Q), with |lu|| = po, since 1 < s < 2.
In X € (0,1], then the Young inequality yields for any & > 0
2

— 2—s
CCalhll g lull* < el + === (CCy 5= )™

being 1 < s < 2. Thus, for ¢ = 1/4 it follows that

1 o s 2/@2-5)  Cda o
Taw) = 7l = (2CChalnl g ) = S22l
since 0 < A < 1. Let us consider the function
1 cZ, .
) =2 — =222 >0
Now the number py = (2CQ72)ﬁ > 0 is such that
1/1 1 *\2/(2—2%)
n(po) = maxn(t) = 5 (5 - ;) (265.2) >0

because 2 < 2*. Therefore, for any function h, satisfying (1.3)), and for any w in
HWolJQ“(Q)’ with |Ju|| = po, we obtain

2/(2—s)
) =j>0,

Tau) = n(po) = (22CCH 01 2=

which concludes the proof of the first part.
Let qo € Qp and R > 0 be so small that B C g, where B = B(qo, 2R) is the
open ball of center ¢o and radius R and € is given in (H4). Choose ¢ € C5°(B)
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such that 0 < ¢ < 1, with [l¢|| < po, and [ ¢**du(q) > 0. Let 6 > 0 be the
number given in (H3). For all ¢ € (0,6), then (H3) and (H4) yield

Iite) < 5ltelP = | Mo Pt)n) 2 5 [ o duta)
2 o*
< GlelP = [ MoPena + x5 [ o

2 . . R i
< 505 —t"ag inf h(q)/ ¢*rdu(q) + A7 3 / ¢ du(q).
q€Qo B 2 B

Hence, Jx(tp) < 0 for for t € (0,0) sufficiently small, since 1 < s7 < 2 < 2* by
(H3). This shows that my < 0 and completes the proof.

Applying the Ekeland variational principle in §p0 and the first part of the lemma,
there exists a sequence (ug), in B, such that

1 1
my < Ia(ug) < my + 7 Ia(u) > Tn(ug) — %Hu — ugl|

for all u € B,,. A standard procedure gives that Jy(ux) — 0 in [HWOI%(Q)]’
as k — oo and, up to a subsequence, the bounded sequence (uy)r C B,, weakly

converges to some u) € Fpo and uxy — u)y a.e. in . This completes the proof
of (3.2) and of the lemma. O

Clearly, (3.2)) of Lemmaimplies that the bounded sequence (uy ) is a Palais-
Smale sequence of J, in HWO7’72~(Q) at level m.

Lemma 3.2. There exists A\* € (0,1] such that, up to a subsequence, (uy)y strongly
converges to some uy in HWOIT%(Q) for all X < X*.

Proof. Fix A < 1. By of Lemma in addition to and Lemma
passing up to a further subsequence, if necessary, (uy), and uy € B, satisfy
and up — uy in HWOI”%(Q), [lugll — K,

Dguy — Dgu  in L?(,R™),
up — uy in LY(), up — uy ae. in Q, |lup —upl|Z — e, 34
22— \u)\\z**zu)\ in L2*/(2**1)(Q),

where k) and ¢, are nonnegative numbers, and v € (2,2*). We claim that

/Q (@) lux — ux|*du(q) — 0. (3.5)

|ug

Since h € L?Zif(Q) and (ug)r is bounded in HWOI%(Q), by (1.2)) for any ¢ > 0
there exists a measurable set £ C ) such that

/ h(@)lus — ua*du(q)
O\E

<(/f, e

Furthermore, for any measurable subset U C F, by the Holder inequality

/Uh((I)\uk —uy|*du(q) < c(/U Ih(q) )(2*_5)/2*

*

- (2" =5)/2 €
/@ =)dp(q) e = ual- < 5.

2= qp(q)

)
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where ¢ = supy, |ur — uy||3.. Hence, {h(q)|ur — ux|*} is equi-integrable and uni-
formly bounded in L' (E), thanks to (H4). Thus by (3.4) and the Vitali convergence
theorem, for all € > 0 there exists ky > 0 such that

[ @t = wldut) < 5
E

for all k > kg. Therefore,
[ 1@l = s dnta) < Mo s [ halu = s Pduto) <
Q

for all k£ > kg. This proves the claim and (3.5 .
Now (H2) and the Holder inequality give

| / F(ur)(ur — un)dp(g)| < © /Q (@) k"~ s, — ualdpa(q)
< C(/Qh(q)\uk - m\sdu(q))l/sa

for a suitable constant C' > 0. Thus, by (3.5) it follows that

lim h( )f (k) (ug — ux)dp(g) = 0. (3.6)

k—oo

Similarly, by using again (H4) and (H2) we have as k — oo
| @ swednta) = [ ha) fun)ednta), (37)

for any ¢ € HWol%(Q)

By . . 3.7) we see that uy is a solution of (1.1] . that is u) is a critical
point of Jx in HWj 1 (©2). In particular, as k — oo

o(1) = (A (wr) = T (wn), un — wa) = (k3 — [[uall?) = flur]l3- + [[uall3- + o(1).
Consequently, by (3.4) and the Brézis-Lieb lemma [§] we get the main formula
2 = e (3.8)

lim |Jup —ur]|> = A lim |Jug — uy
k—o0 k—oo
Let us first consider the case A < 0. Then, (3.8) gives at once that |Jur —ux| = o(1)

as k — oo, that is (ux)x strongly converges to uy in HW(};(Q), as stated.
Let us now consider the case A € (0, 1]. By using (2.9), with u = uy, — ux, we get

Aen > O3> (3.9)
for all A € (0,1]. Let us define

N = inf{\ € (0,1] : ¢x > 0}, if there exists A € (0, 1] such that ¢y > 0,
), if ¢y =0 for all A € (0,1].
We claim that A* > 0 if there exists A > 0 such that ¢y > 0. Otherwise, there exists
a sequence (Ag)k, with ¢, > 0, such that Ay — 0 as k — oco. Thus, implies
that i
YRC N er. P}

This is an obvious contradiction since {cx}g(o,1) is uniformly bounded above

by (2.9). Indeed, (ux)r C B,,, ux € B,, and pp, given in Lemma is inde-
pendent of .
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Hence, ¢y = 0 for any A € (0, \*). Therefore, for all A € (0, \*),

lim |lup —ux|j2x = 0.
k—o0

Now ({3.8)) implies

klim lur — uxll = 0.
In conclusion, uy — uy as k — oo in HW&%(Q) for all A < A\*, as stated. O

Proof of Theorem[I1.1 Let Jy be the restriction of the energy functional I to the
subspace H WOIC,%(Q) For any A < 1 Lemma |3.1| and the Ekeland variational prin-

ciple give the existence of a Palais-Smale sequence (ug)x in H W(}%(Q) of J\ at
level my < 0. Moreover, by Lemma [3.2] there exists \* > 0 such that, up to a
subsequence, (uy)r strongly converges to some uy in HW(};(Q) for all A < A*.
Furthermore, my = Jx(ux) < 0 and Jj(uy) = 0 for all A < A* Consequently, the
function uy € H Wol%(Q) is a nontrivial critical point of the functional J\. Now, as

observed in Section since the action # : T x HW, > (Q) — HW,y*(€2) given in
is supposed to be isometric, the functional I is T-invariant by assumption (H5).
Hence, the principle of symmetric criticality of Palais, recalled in , implies
that uy € H Woli,%(Q) is a nontrivial critical point also for I in H I/VO1 “(2), that is
a nontrivial solution for in the sense of definition . This completes the
proof. (Il
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