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NORMAL SOLVABILITY AND FREDHOLM PROPERTIES FOR
SPECIAL CLASSES OF HYPOELLIPTIC OPERATORS

ANI TUMANYAN

ABSTRACT. In this work, we establish normal solvability and a priori estimates
for hypoelliptic operators with special variable coefficients, associated with
multi-quasi-elliptic symbols, acting in weighted Sobolev spaces in R"™. We
obtain Fredholm criteria for the special classes of regular hypoelliptic operators
in various scales of multianisotropic spaces. We also provide applications to the
smoothness of solutions, index invariance on the scale, and spectral properties
of such operators.

1. INTRODUCTION, BASIC NOTIONS AND DEFINITIONS

We study the Fredholm properties of a class of regular hypoelliptic operators,
which is a special subclass of Hérmander’s hypoelliptic operators and has many
important applications (see [I6]). The characteristic polynomials of these operators
are multi-quasi-elliptic, so they are a natural generalization of elliptic, parabolic,
2b-parabolic, and quasielliptic operators. These operators were introduced in the
late 60s-70s and studied by many authors: Nikolsky [22], Mikhailov [21], Friberg
[13], Volevich, Gindikin [3T], Ghazaryan [14], and others.

The analysis of regular hypoelliptic operators has certain challenges, as corre-
sponding characteristic polynomials are not homogeneous like in the elliptic case.
Solvability conditions, a priori estimates, and Fredholm properties have been stud-
ied for special classes of hypoelliptic operators in various functional spaces, but
most of the results are related to elliptic and quasielliptic operators.

The Fredholm property for elliptic operators has been studied for different scales
of weighted spaces in R™ in the works of Bagirov [3], Lockhart, McOwen [20, [19],
Schrohe [24], and numerous others.

A priori estimates and the Fredholm solvability of quasielliptic operators have
been studied in the works of Bagirov [4], Karapetyan, Darbinyan [I7], Darbinyan
and Tumanyan [8, [29], and others. Isomorphic characteristics for quasielliptic op-
erators with constant coefficients on a special scale of weighted spaces have been
derived in the works of Demidenko (see [I0, [I1]), and such operators have been
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further studied in Hile’s work (see [I5]). In this paper, we obtain a priori esti-
mates, normal solvability, and Fredholm criteria for a different class of quasielliptic
operators with variable coefficients on the scale of weighted anisotropic spaces.

Rodino, Boggiatto, and Buzano studied the Fredholm properties and the spec-
trum of special classes of pseudo-differential operators in multianisotropic spaces
with polynomial weights (see [5]). The spectral properties of Schrédinger type
hypoelliptic operators, as well as hypoelliptic pseudo-differential operators, which
are relatively bounded perturbations of constant-coefficients operators, have been
studied in the works of Buzano, Ziggioto (see [0, [7]). Fredholm criteria have been
established for specific subclasses of regular hypoelliptic operators in the works
26, 28].

In this article, we obtain normal solvability and a priori estimates for two classes
of regular hypoelliptic operators with variable coefficients, acting on special scales
of weighted Sobolev spaces in R™. Fredholm criteria are established for the consid-
ered classes of operators on multianisotropic H, (’;’R’T’(R") and anisotropic H, (’;””p (R™)
scales of spaces with appropriate weight functions q. We study regularity of solu-
tions, index invariance, and spectral properties of these operators. The scales of
multianisotropic spaces and conditions on the coefficients considered are more gen-
eral than those in previous works (see [29, 26]).

Definition 1.1. A bounded linear operator A, acting from a Banach space X to
a Banach space Y, is called a normally solvable operator if the image of operator
A is closed (Im(A) = Im(A)).

An operator A is called an n-normally solvable (or n-normal) operator if it is
normally solvable, and the kernel of operator A is finite-dimensional (dimker(A) <
00).

An operator A is called a Fredholm operator if it is n-normal, and the cokernel
of operator A is finite-dimensional (dim coker(4) = dimY/Im(A4) < c0).

Definition 1.2. For a closed operator A with a dense domain in a Banach space
X, essential spectrum of A is the set g.s(A) of complex numbers A such that A— AT
is not a Fredholm operator.

The difference between the dimension of the kernel and the cokernel of operator
A is called the index of the operator

ind(A) = dimker(A) — dim coker(A).

Definition 1.3. For a bounded linear operator A, acting from a Banach space X
to a Banach space Y, the bounded linear operators Ry : Y — X and Ry : Y — X
are called, respectively, left and right regularizers if the following holds: R; A =
Ix +Ty,ARy; = Iy + 15, where Ix, Iy are the identity operators, 77 : X — X and
T5 :Y — Y are compact operators.

A bounded linear operator R : Y — X is called a regularizer for operator A if it
is a left and right regularizer.

Let n € N and R" be the Euclidean n-dimensional space, Z'} , N be the sets of n-
dimensional multi-indices and multi-indices with natural components respectively.
Let N' C Z'} be a finite set of multi-indices, R = R(N) be a minimum convex
polyhedron containing all the points A.

Definition 1.4. A polyhedron R is called completely regular if the following holds:
(a) R is a complete polyhedron: R has a vertex at the origin and further vertices
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on each coordinate axes in R™; (b) all components of the outer normals of (n — 1)-
dimensional non-coordinate faces of R are positive.

Let R be a completely regular polyhedron. Denote by R;L_l(j =1,...,1,-1)
(n—1)-dimensional non-coordinate faces of R with the corresponding outer normals
p? such that all multi-indices a € R?fl satisfy (a : pf) = 4 4.0 4 22 = ],

My I

n

OR = U;;l R;-“l. For k > 0 denote by kR := {ka = (kay, kas ..., kay) : « € R}.
Consider the differential operator

P(z,D) = Z aq(z)D%, (1.1)
a€ER
where D* = D{* ... D¢, D; = i_lﬁ,x = (21,...,2n) € R an(x) € C(R™).

Denote

P(z,6) = ) aa(x)E". (1.2)

aER

€l =D €% [€lor = Y 1%

aER a€dR

For ¢ € R™ denote

Definition 1.5. A differential operator P(x, D) is called regular at a point oy € R™,
if there exists a constant § > 0 such that
1+ |P(z0,£)| = 6[¢|r,VE € R™.

P(z,D) is called regular in R™, if P(z,D) is regular at each point € R™.
P(z,D) is called uniformly regular in R™, if there exists a constant § > 0 such
that:
14 |P(x,8)| > 0|¢|r, VEeER" VaeR"™
A polyhedron R is called the characteristic or Newton polyhedron of P(z,D).
In the anisotropic case, a completely regular polyhedron R has only one (n— 1)-

dimensional non-coordinate face with an outer normal v € N™. The differential
operator P(x,D) with such characteristic polyhedron R can be written as

P(z,&)= ) aa(2)g™ (13)
(a)<1

For £ € R™ and v € N, denote |], := > 1 &)

Example 1.6. We ahve the followfing examples of regular differential operators:

(1) Let m € N and R be a Newton polyhedron for the set of points (0,0,...,0),
(m,0,...,0),...,(0,0,...,m). In this case conditions from definition
coincide with ellipticity conditions with |£|ar = [€]m = Dy [

(2) Let v € N™ and R be a Newton polyhedron for the set of points (0,0, ...,0),
(11,0,...,0),...,(0,0,...,v,). In this case conditions from definition
coincide with quasiellipticity conditions with [£|or = ||, = D1, €]

(3) Let n =2 and R be a Newton polyhedron for the points (0, 0), (8,0), (0,8)
and (6,4). Then

P(2,D) = a1 D} + az D Dy + a3 D5 + q(z)

is a regular differential operator in R? with some a;,as,a3 > 0 and ¢ €

C(R?).
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et n =3 an e a Newton polyhedron for the points (0,0,0), (8,0,0),
4) L 3 and R be a N lyhed for th i 0,0,0), (8,0,0
(0,8,0), (6,4,0), (6,0,6), (0,6,6) and (0,0,12). Then

P(z,D) = DY + D$Dj3 + D§ + DY D§ + DSDS + D3* + q(x)
is a regular differential operator in R? with ¢ € C(R?).

Let the sequence {a;}2, C Ry be such that the series Y ;- a; diverges, and the
inequality a;+1 < ya; with v > 0 holds for ¢« = 0,1, .. ..

Using the sequence {a; }$2, we define the special covering of R™ as {W,}72; and
the sets of functions {¢,}52; and {¢;,}72,, following the definitions in the works
[B] and [26].

These systems of functions have the following properties:

(1) supp @y, C supp )y, C Wy;

(2) Yp(z)pp(z) = pp(z) for all z € R™;
(3) for each v € Z, there exists a constant C, > 0 such that

[ DYy ()| < Ca(a[PTfl])_lah |D%pp(x)| < Ca(a[prl])_‘al,

forallz e R", p=1,2,...;
(4) X op(a) =1
We denote
Q:={geCR") :g(x) >0,Vr € R"}.
Further, we define two sets of special weight functions. For m € Z4 and a
completely regular polyhedron R, denote as Q™™ a set of weight functions g € Q,
which satisfy the following conditions:

(1) ﬁ = 0 when |z| — oo;

(2) for B € mR,B # 0 D’g(x) € C(R™) and there exists Cg > 0 such that

DPg(z n )
g(lm)g%ﬁcﬁ forallz € R”, j=1,..., 1, 1;

(3) for each € > 0 there exist § = d(¢) > 0 and py = po(g) > 0 such that for all
p > po when max;—;  ;diamU; < ¢ the following holds:

— 1
max BE Wl L

z,yeEW, g(y) z,yEW, g(m) umln,m a[pT_l]

where Hmaz = MaX1<<T1,, 1 maxlgsgn{;ﬂ;}.
The considered class Q™™ includes polynomial functions and special exponential
functions such as: (1 + |z|z)!, exp (1+ |z|z)" when [,7 > 0.
For m € Z, and v € N, denote as @k’” a set of weight functions g € @, which
satisfy the following conditions:
(1) there exists a constant C' > 0 such that 0 < g(x) < C for all z € R";
(2) for B € 2%, (B:v) <m,B #0 DPg e C(R") and there exists Cs > 0 such

that 222 < Oy for all 7 € R

(3) for each € > 0 there exist 6 = §(¢) > 0 and py = po(e) > 0 such that for all
p > po when max;—;, . ;diamU; < ¢ the following holds:

x)— 1
max w<5, max —————— <&,

syew,  9(y) 7 €Wy g(x) i apm
1

where Vmin = mini<;<,{v;}.
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The class Q™" includes functions (1 + |z|,)!, where —pmin <[ <0. Fork€R, a
completely regular polyhedron R and 1 < p < oo, we denote

HERP(R™) = {u € S |lullprp = |F (1 + |€lor)* Fullp, &) < oo},
where S’ is the set of tempered distributions.

For Q C R™, we denote by H*™?(Q) the completeness of C5°(€2) with the norm

- lleR.p-
For k € Z,, a completely regular polyhedron R, 1 < p < oo and q € Q, we
denote

H§’R’p(R") = {U3 ||UHH];RW(R71) = ||ullk,R.p.q
= Y D gt gy < o0}
a€kR

For 2 C R™ and zy € R", we denote
HYR(Q) = {us fullgpmny = 3 D% g3 ) < o0},

ackR
kR.pmpny .— . —
H @) o= {u ull gy = Nl aton
= 2 1% gl gy < o0},

ackR

For p = 2, we denote H*®(R™) := H*™2(R") and H}"®(R") := HF™2(R™).
In the anisotropic case, when R has only one (n — 1)-dimensional non-coordinate
face with an outer normal v € N", we analogously define the space H"P(R")

for k € R and the spaces HF"?(R™), HFM?(Q), H;“(’::;(R”) for k € Zy. The

introduced spaces generalize multianisotropic Sobolev-type spaces (see [14]).

2. A PRIORI ESTIMATES AND NORMAL SOLVABILITY

Let k € Z4 and ¢ € Q. Consider the differential operator P(z,D) (see (L.1))
with the coefficients that satisfy the following conditions:

PD) = Y ag(@)D* = 3 (ad (@)™ 4 al (@) D%, (21)
acR aER

where DP (a,(z)) = O(g(z)™:(%)) and D?(al (z)) = o(q(z)t—maxi(@=F4)) when
|x] = oo for all « € R, 8 € kR.

It is easy to check that P(x, D) generates a bounded linear operator, acting from
Hé““’R’p(]R”) to Hé“’R’p(]R”).

We consider also the special case, when R has only one (n — 1)-dimensional non-
coordinate face with an outer normal v € N™. In this case, the differential operator
P(z,D) can be expressed as

PD) = > (@D = Y (ad(@)e(@)' " + k@)D, (22)
(ar)<1 (ar)<1

where D (a0 (x)) = O(q(x) ), D?(al(x)) = o(q(z)'~(@=F)) when |z| — oo for
all (a:v)<1,(8:v)<k.For N >0 and xy € R" denote

KN(CL'0) = {LC eR": ‘LL‘—QI?0| < N}7KN = KN(O)

Further, we use the following theorem, a consequence of [I8, Theorem 7.1].
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Theorem 2.1. Let k € Z.,q € Q, and P(xz,D) be the differential operator (2.1)).
Then the operator P(x,D) : H¥* 1 RP(R™) — HFRP(R™) is an n—normal operator
if and only if there exist constants k > 0 and N > 0 such that

kRpa + ullL,(ky)),  Yu € HYPHRP(R™)., (2.3)

ullkt+1,R,p,q < &([1Pul

Further, we consider two classes of regular hypoelliptic operators defined using
the weight functions from Q*”® and Q% respectively. We derive special conditions
on the symbol of operators for the fulfillment of a priori estimates for these
special classes of regular hypoelliptic operators.

Theorem 2.2. Letk € Z.,q € Q"®, and P(x,D) be the differential operator given
by (2.1) with the coefficients satisfying limy, 0 max, , v |a (z) — al (y)| = 0 for
all « € R. Suppose there exists a constant k > 0 such that
lullers,Rpg < KUIPUllkRpg + 1l o, @), Yu € HFFHRPR™). (2.4)
Then, P(xz,D) is regular in R™, and there exist constants 6 > 0 and M > 0 such
that
| > ad(2)e*| = 6(1 + [¢lor),  VEER™, [z > M. (2.5)
a€ER

Proof. The proof of [26], Theorem 2.2] for p = 2 can be generalized for the spaces
HJtLRP(R™) in a similar way. O

Theorem 2.3. Letk € Z4,q € @k’”, and P(xz,D) be the differential operator given
by (2.2) with the coefficients satisfying limy, o max, , v a2 (z) — al (y)| = 0 for
all a € 27, (o - v) < 1. Suppose there exist constants k> 0 and N > 0 such that:

lullkt1pig < BUPUkwpg + Ul ox), Yu € HfTHP(R™). (2.6)
Then, P(x,D) is reqular in R™, and there exist constants 6 > 0 and M > 0 such
that

| Y. al@)e?] > 6(1+[€l,). ¥ € R™, Ja] > M. (27)
(a:v)<1

Proof. From [29, Theorem 2.1] follows that P(z,D) is regular in R™. Thus, we need
to prove (2.7)).

Let {x,}20_, C R™ is such a sequence that |z,,| = co when m — co. Without
loss of generality assume z,, € W,,. Let £ € R™. Consider the function @,,(z) =
exp(i(q(zm)» €, 2))m(z). Since ¢ € Q¥ then for any & > 0 there exist §(¢) > 0
and mo(g) > 0 such that for all m > mg and max;—,. ;diamU; <

|q(x) - q(y)‘ < EQ(Q),V%ZIJ € Wp.

Then, for any r > 0 it holds
l9(2)" = q(zm)"] < T (e)q(@m)", Vo € Wi, (2.8)

where 7,.(¢) — 0 when ¢ — 0.
From inequality (2.8) and supp @, C W, follows that there exists 7(¢) such that
7(e) = 0 when € — 0 and the following inequalities hold:

il g = (1= 7)) it i 1o (2.9)
| Pitanllisspng < (147 [Pl ipaon)- (2.10)
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For sufficiently large m € N and a small enough max;—o,...; diam U; for m > my,
it holds

. 1
[@mllk+10pa 2 5 1@mllkt1,0pa6m) (2.11)
- 1
1Pamllkvpa < SIPUnllkvp.acem)- (2.12)

Considering that ¢ € @k"” and the properties of {1, }2°_;, we obtain that for all
(v:v) <k+1and e > 0 there exist () > 0 and mg(e) > 0 such that for m > myg
and max;—; . ;diamU; < 9§, the following inequality holds

DV (2)]al_,
| DY, ()] _ | ()] [m=1] SWW(PS), (2.13)

(v:v) ) — 1l [~
q(x) v q(x) (’Y ) Ymin q(x) Ymin a‘[ﬁ%l]

where w.(¢) — 0 when ¢ — 0.
For 8 € Z% with some constants C; > 0 and 0 = o(v) > 0 the following holds:

||Dﬂam‘|LP(R")Q(1'm)k+17(ﬁ:U)

> 1€P1g(@m) T Imll @y = Co Y 1€ Ma(@m) TP TNDE T | 1 .
0<y<p
Using estimate (2.13) and the properties of {¢,,}5°_;, the following estimate holds
D% || 1, ey @) T B
> [P q(@m)" T (W) —wi(e) D 1€ 1a(wm)  n(Win),
0<y<B
where p(W,,) is the measure of W,,, wi(e) — 0 when £ — 0.
Then, it is easy to check that the following holds:

HamHkJrl,V,p,Q(im)
> > 1laln) T W) —wale) DS 1€ gl (W), (214)
(B:v)<k+1 (yv)<k+1
where wy(e) — 0 when € — 0.
For B € Z1 (B : v) < k, we have
|DP (P (@, D)iim) | 1, @y g (@)~ )

< HDB( 3 ag(x)q(x)lf(a:V)Daf‘m)HLP(R")Q(xm)ki(ﬂw) (2.15)
(aw)<1 -

+ ||DB( Z ai(x)Daﬁm) {|Lp(Rn)q(mm)k7(ﬁ:V).
aER

Taking into account that D?(al(z)) = o(q(z)'~(*=#¥)) when |z| — oo for all
a,B e Z, (o :v) < 1,(B:v) <k and (2.13), it is easy to check that for a
sufficiently large my and m > my, it holds

HDB( z;eai(m)Daam) HLP(Rn)q(xm)k—(ﬂ:u)
ag

< WB(E) Z |€’Y|Q($m)k+lﬂ(Wm)a

(viv)<k+1

(2.16)
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where w3 (e) — 0 when ¢ — 0. From conditions (2.1), limy, o0 max, , 57— [ad (z) —

al(y)]=0forall (a:v)<1,q€ @k”’, and inequality (2.8]), we conclude that for
(:v) <1and (f:v) <k when mg is large enough and max;—; _;diamUj is
small enough, for m > mg, the following holds:

D7 (@ (x)a(@) =) — @ () g(2m) ™) < o p(e)q(@m) T (2.17)

where 7,,5(¢) — 0 when ¢ — 0. Utilizing (2.17) and following a similar approach
to the proof in [27] Theorem 2.4], we obtain that for a sufficiently large mg and
m > my, the following estimate holds:

109 (3 o) = D) |, gyl

.....

(a:v)<1
§| Z ag(xm)£a||£B|Q(xm)k+1”wm”LP(R")
(a:v)<1
+Cy > [ glwm) T TN DY |
0<y<B
<| Y0 a(@m)E P 1q(@m) T (W) + wale) D 1€ 1q(@m) T p(Win)
(a:v)<1 0<~y<p

(2.18)
where wy(e) — 0 when ¢ — 0.

From estimates (2.16)—(2.18) for a sufficiently large mg, for all m > mg, we
obtain

1Pl paten) < | D aal@n)e®| Y 1€%la(@mn) " (W)

(a)<1 (B:v)<k

twse) Y 1€ lalwn) T (W),

(viv)<k+1

where ws(e) — 0 when € — 0. Then, from (2.4)), using (2.14)) and (2.19]), we obtain
> 1Pl (W) —wa(e) Y 1€ q(m)F T (W)

(B:v)<k+1 (yiv)<k+1

<h(l > ab@n)el Y 1€ lalwn)  u(Win)

(aiv)<1 (B:v)<k

Fus(e) D 1€ a@n) T (W) )

(v:iv)<k+1

(2.19)

Since {a(z) : (a : v) < 1} are bounded functions and w,,, — oo when m — oo,
there exist convergent subsequences of sequences {al (z,,) : (a : v) < 1}. Without
loss of generality, assume that the sequences {a2(z,,) : (o : v) < 1} are convergent.
So, for each a € ZT, (o : v) < 1 there exists a constant al, such that a2 (z,,) = aj,
when m — oo. Then, dividing by q(x,,)*1u(W,,) and choosing m sufficiently
large, for m > mg we obtain the following inequality:

Yo E€lwse) D <[ D angt] Yo 1€,
(B:v)<k+1 (v:iv)<k+1 (a:v)<1 (B:v)<k

where wg(e) — 0 when € — 0.
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By appropriately choosing €, we obtain that with some constant C3 > 0 it holds
Cs 3 lel=] >0 aner| Yo K
() <k+1 (e:v)<1 (B:v)<k

From this inequality, using the [29] estimates (2.12)], we obtain that there exists a
constant > 0 such that

| D a@ag| = +lel).
(a:v)<1

Since the last inequality holds for all the partial limits of sequences {a2(z.,) : (o :
v) < 1}, where |z,,| — 0o when m — oo, we conclude the existence of constants
0 >0 and M > 0 such that

| > ad(@)€®] = 5(1+[€],), Y€ € R™, x| > M.
(a:v)<1
O

It turns out that the necessary conditions obtained on the symbol of operators
are also sufficient for fulfilling the a priori estimates ([2.4]) in the considered spaces.

Theorem 2.4. Let k € Z,,q € Q"®, and P(z,D) be the differential form given
by with the coefficients satisfying limy, 0 max, , 77— a2 (z) — a%(y)| = 0 for
all « € R. Assume P(x,D) is reqular in R™, and there exist constants § > 0 and
M > 0 such that

| > al(@)6®] =61+ [€lor), VEER™, |z > M. (2:20)
aER
Then there exist constants k > 0 and N > 0 such that
[ullkr1,Rpg < KUIPUllkRp.q + [l L, ky)), Yu € HYTHRP(R™). (2.21)

Theorem 2.5. Letk € Z,,q € @k"’, and P(z,D) be the differential form given by
(2.2) with the coefficients satisfying limy, o max, , 77— |a2(z) — a%(y)| = 0 for all
a €, (a:v) < 1. Assume P(x,D) is regular in R™, and there exist constants

6 >0 and M > 0 such that

| Y ad(@)E?| =61 +1¢l), VEER™, || > M. (2.22)
(a:v)<1
Then there exist constants k > 0 and N > 0 such that
ks 1.0p.g < KPPk v pg + Ul xy)),  Yu € HFHPP(R™). (2.23)

Proof. We combine the proof of these two theorems for completely regular polyhe-
dron R. When necessary, a distinction between the weight functions from @k’” and
Q" and the corresponding spaces HP(R™) and HF*1RP(R") are provided.
Let mo € N. Using the a priori estimates for bounded domains from the work [23]
with some constants Cy > 0 and N7 > 0 we have

mo
> lemtlssrpg < Co(IPulkrpa + lull,mny )y (229

m=1

for all u € Hg‘*‘l’R’p(R"), where N is such that [ J]-°, W; C Kn,. We denote

P (@, D) i= 3 [ () (0 (@)g(@) =) — 08 () gm0
aER
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_,’_ag(xm)q(xm)1—max7‘,(oz:/ﬂ'):|Doz7 m=1,2,....

Taking into consideration that ¢ € Q* and the properties of {¢,, }5°_;, we obtain
that for all v € kR and € > 0 there exist d(¢) > 0 and mg(e) > 0 such that for all
m > mg and max;—; . ;diamU; < ¢ the following inequality holds

v [7I
D7 (2)] DY om (@)l

<1 (€), (2.25)

Q@) g ()~ g () T al

(=]

where 71 (¢) = 0 when ¢ — 0. For g € Q¥ and (v : v) < k, we have

y vl
|D7g0m(x)| _ |D wm(w)la[%ﬂ] <
q(x)(’yty) B —(G2L () bl —TQ,’Y(E)v (2.26)
q(x) min q(l’) min a[mf—l]

where 75 ,(¢) = 0 as e — 0.
The corresponding inequalities apply to the functions {t¢,,}5°_; in a similar
manner. Using these estimates, the conditions on the coefficients

and [28, Lemma 3.1], analogously to the proof [I7, Theorem 2.2], one can verify that
for a sufficiently large mo and m > my, the operators P™(x,D) : H¥*1LRP(R™) —
H g’R’p (R™) have bounded inverse operators. Since (2.5) holds, they have uniformly
bounded norms, and with some C5 > 0 it holds

lomullkr1,R pg < C2l|P™ (0mt)llk,R pgr  Yu € H§+1’R’p(Rn)'
Since P™(omu) = Po(pmu), for all u € HFP1RP(R™) and m > mg, we obtain

lemullk+1,R,p.g < CollP™ (@) ||k,R pq
< CollPo(pmw)|lk,Rpq, VU € H§+1’R’p(R").

Using the properties of the functions {¢,,}>°_; and estimate for g € QMR
and for q € @k’”, it can be shown that for a sufficiently large mgy and a
small enough max;—1,. ;diamU; for m > mg with some constants Cs,Cy > 0 the
following estimate holds:

[omPou = Po(emw)|} =.p.q

< C’gH Z Z ag(x)DﬂuDA’(PmQ(CE)l_maxi(azui)HZ,R,p,q
a€R B+y=a,|v[>0

1 _ (B
SGll2, D @D D o @) T T
QGRB+’Y:‘17‘7‘>O

< 1@l s o gy

where wy () — 0 when € — 0.
Summing up for all m > mg and taking into account the property (ii) of {¢m }5°_,
and {W,,}>°_,, with some constant C5 > 0 we obtain
o0

Z ||S0mu|‘z+1772,p,q S C5(||P0u||£,7€,p,q + w1 (g)H’U’Hz—‘rl,’R,p,q)? (227)

m=mo+1
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for all u € HFt1™P(R™). Using the properties of the functions {¢m}pe_;, along
with (2.24]) and (2.27)), we establish that with some constant Cs > 0 the following
holds:

mo oo
lullis1,mpg < Y Nomtllirrrpa+ Y lemullirirpqg
m=1 m=mo+1

(2.28)
< Co(IPullkmopa + lull, iy + |1 Potllimopg

+wa(E)ullkt1Rpg),  Vu € Hi PR,

where wy(e) — 0 as ¢ — 0.
We have Py(z,D) = P(z,D) — L(z,D). Then

[1Poullr,z.p.q < [[Pul

kRpg T 1 LullkRpg YU € H§+1’R’p(Rn)-

Considering the conditions D?(al(z)) = o(q(x) =™ (=B} when |z| — oo,
a € R, B € kR it can be verified that for a sufficiently large mg

L]l < ws(@)|ullkr1,Rpg + Crllull s mnxy, ), Yu € Hy FHRP(R™Y),

where w;3(e) = 0 when € — 0 and Ny is such that "%, W; C Ky, .
Similarly to (2.24)), applying the a priori estimate from [23], with some constant
Cs > 0, we obtain

[ Ll

kR.pag < W3(5)Hu||k+1,72,p7q + C8(||PU||k,R,p7q + ||U||LP(KN1))-
Combining the last estimate with , we obtain

[ullks1,7.p.q

< Cs(||Pullk, R p.q + lullz, (xn,) T [Ptk R.p,q + w2(e) |ullk+1,R p,q)

<Cs (IIPUIIk,R,p,q + llullz, (xny) + ws@llulles1rp.q

+ Cs2lPullk R pg + ullL, (x,)) + w2E[ullis1,Ropg)s  Vu € HiTHRP(RY).

Choosing mg sufficiently large and max;—; .. ;diam U; sufficiently small such that
Co(w3(mo) +wa(mo)) < 1/2,

then, with some constant Cg > 0, we obtain

lullest. R < Co(IPuUllkropa + lulln, ny) )s Vu € HEFRPRE),
(I
Corollary 2.6. Let k € N,q € @’“”, and P(x,D) be the differential form given by
(2.2) with the coefficients satisfying limy, o max, , g |a (z) — al (y)| = 0 for all

aeZh, (a:v) <1. Assume P(x,D) is regular in R™, and there exist constants

6 >0 and M > 0 such that

| D ad@)€?| = 6(1 + I€l), V€ € R, [a| > M. (2.29)
(a:v)<1

Then, if u € HpYP(R™), P(z,D)u € HF"P(R™), then u € HyTH"P(R™).
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Proof. Applying Theorem [2.5] we obtain that with some constant C; > 0 for u €
H}P(R™) the following estimate holds

[ullkvpg < CrllPullk—1,0p.q + l[wllz, (5ex)- (2.30)

Using arguments similar to those in [I, Theorem 15.1], one can check that there
exists a constant Cy > 0 such that

> D], @ < Cz(IIPUIIk,u,p,q + HUHHIW(KN)) (2.31)
(:v)=k+1

Using the property 1 of ¢ € Q% and estimate (2.30) with some constant C3 > 0,
we obtain

Z | DYy - gFHL= () Iz, &) < Cs Z |D%u - g" () [P
() <k (av)<k (232)
< CulllPullk-1,0p.q + [0l (x))-

Taking into consideration that u € HF*P(R") and the fact that H}"?(R") is

embedded in H*?(Ky ), from (2.31) and (2.32), we obtain that u € H}™*P(R™).
]

3. FREDHOLM CRITERIA

Lemma 3.1. For k € Z, and q € Q"R the space Hé““'l’R’p(R") s compactly
embedded in H}™P(R™).

Proof. Since ﬁ = 0 as |z| — oo, for each € > 0 there exist N = N(g) > 0
and ¢. € C§(R™) such that suppp. C Ky, 0 < ¢.(z) < 1 for all x € R”,
¢e(x) = 1 for |z| < N/2 and ¢-(x) = 0 for |x| > N that with some constants

C1 = Cy(e) > 0,02 = Ca(e) > 0 the following estimate holds

||“||k,7€,p,q

_ Z ||Dau_qkfmaXi(a:ltz)HLp(Rn)
a€kR

1 —max; (& g —max;(«: i

= D0 I8 = b)) o ala) D (o)) g
a€kR q

<o Y (- ga)Du g | 4 Oyl e sy
a€(k+1)R

< elullirr R pq + Calldeul e r e

Since H*+1RP(K ) is compactly embedded in H*®?(K ), applying the previous
estimate and [2, Proposition 10.8], we obtain that there exists a constant Cs5 =
C3(g) > 0 such that

lullerpa < TENUllks1Rpq + CallullL,rn), VYu€ HFFWRPR™),  (3.1)

where 7(¢) — 0 as ¢ — 0.
From (B.I) and [2, Proposition 10.8], we obtain that H}™HRP?(R") is compactly
embedded in H}»®P(R™). O

Further, we use the following theorem (see [12], Theorem 3.14]).
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Theorem 3.2. Let A be a bounded linear operator acting from a Banach space X
to a Banach space Y. Then the following holds

(1) if the operator A has a left regularizer, then kernel of operator A in X is
finite dimensional;

(2) if the operator A has a right regularizer, then the image of operator A is
closed in'Y and the cokernel is finite dimensional;

(3) the operator A has left and right reqularizers if and only if A is a Fredholm
operator.

Theorem 3.3. Letk € 7, ,q € Q", and P(x,D) be the differential operator given
by with the coefficients satisfying limy, o max, , 77— |a (z) — al (y)| = 0 for
all o € R. Then, the operator P(z,D) : H¥t2RP(R™) — HERP(R") is a Fredholm
operator if and only if P(x,D) is reqular in R™ and there exist constants § > 0 and
M > 0 such that

1> ad(@)€% = 6(1+ [€lor), VEER™, [a| > M. (3.2)
aER

Theorem 3.4. Letk € Z,,q € @k”’, and P(z,D) be the differential operator given
by with the coefficients satisfying limy, oo max, , 77— |a (z) — al (y)| = 0 for
allow € 2 (o : v) < 1. Then, the operator P(x,D) : HyP1P(R™) — HJVP(R™) is
a Fredholm operator if and only if P(x,D) is regular in R™ and there exist constants
6 >0 and M > 0 such that

| > ad@)Er| =61+ €l), VEERT, |af > M. (3.3)
(a:v)<1

Proof. Since a Fredholm operator is n-normal, the necessary part is a consequence
of Theorem and Theorem for Theorem [3.3] and Theorem for Theorem
B.4

Now, let us prove the sufficient part. We combine the proofs of these two
theorems for completely regular polyhedron R. When necessary, a distinction
between the weight functions from Q** and Q¥R and the corresponding spaces
H}tbvP(R™) and HY V7P (R™) will be provided. Applying Theorem we con-
clude that the operator P(z,D) : HF*LRP(R™) — HF™P(R™) is n-normal. It
remains to prove that the cokernel of the operator P(z,D) : H}PVRP(R") —
H}RP(R™) is finite dimensional.

Let mg € Nand z,,, € W,,,, m=1,2.... For m < mg, we denote

P™(z,D) = Z (U (2)(aa(z) = aa(zm)) + aa(@m)) D,
aER

Pm’o(xvm)) = Z (Y (7)(aa(2) — aa(Tm)) + aa(m)) D,

a€dR

Rm,O = F—l |§|8R F
(1 + |£‘3R)Pm’0($m7£)
mo

Since P(x,D) is regular in R™, for sufficiently small diameters of {W,,} %, from
[27, Lemma 3.1], it follows that for m < mg the following representation holds:

P™(z,D)R™° = T+ T{" + T3", (3.4)
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where TJ" : HFRP(R") — HFoORP(R") with ¢ = 0(R) > 0 and the operator
Tov . HERP(R™) — HFRP(R™) satisfies ||T37|] < 1. We denote
R™:= R™(I+T3") .
Then
PmR™ =] +T™, (3.5)

where T™ : H¥R(R") — HFoR(R") with some o = ¢(R) > 0.
For m > mg, we denote

P, D) = 3 [t (@) (ad(@)a(w) 8 — 08 () gl ) ) )

a€ER
+ ag (xm)q(xm)l_mam (Oz:p.i):| D“.

Similarly as in the proof of Theorem we can take mg large enough such that
for m > mg operators P™ : H(’I”‘l’n’p(R") — H(’;’R’I’(R") have uniformly bounded
inverse operators R™ : HF"™P(R™) — HJt17RP(R™). Consider

Rf =Y iR pif), f € HY P (R). (3.6)
1=0
Similarly to the proof of [27, Theorem 2.6], it can be checked that the following
representation holds
P(z,D)Ru = u+ ¢Tu+ Thu,
where ¢ € C5°(R™), Ty : H¥RP(R") — HFoRP(R?) with ¢ = ¢(R) > 0 and
operator T : Hi»®oP(R™) — HFP(R™) satisfies || T3] < 1.

For ¢ € Q"™ by using Lemma and [27, Theorem 2.6], it can be checked
that R : HFRP(R") — HFTLRP(R™) is a right regularizer. Let us prove this
for the case ¢ € @k”’. Since ¢ € C§°(R™), supp¢ C Ky, with some Ny > 0
and Ty : HFYP(R") — HETOVP(R") with 0 = o(v) > 0, there exist constants
Cl, CQ, Cg, C4 > 0 such that

[6Tvulltwpa < CHlloTrul ey, < ColloTrullfrsonngacy,

ke,v,pq> VU € Hﬁ’”’p(R")

< CSH“”ka,p(KNl) < Cylul

Consider the bounded sequence {u, }5°; C H, f;’”’p (R™). Using the previous estimate
and the fact that H* 7 (Ky, ) is compactly embedded in H*?(Ky, ), we have
a convergent subsequence of {¢Tiuy}52 ;. Thus, the operator ¢T : HEP(R™) —
H}»P(R™) is compact.

Since the operator Ty : H¥™P(R™) — H}RP(R") satisfies || || < 1, there exists
(I +T5)~. Applying this operator to both sides, we obtain

P(z,D)Ru = u + T,

where R := R(I + T»)™" and T := ¢Ty(I + Tp)~' : HWRP(R?) — HFRP(R?)
is a compact operator since ¢T3 is a compact. Then, applying Theorem we
conclude that the cokernel of the operator P(z,D) : Hé”LR’p (R™) — H?RW (R™) is
finite dimensional. Therefore, the operator P(z,D) : Hy TV RP(R™) — HFRP(R™)
is a Fredholm operator.



EJDE-2022/2025/CONF /26 NORMAL SOLVABILITY AND FREDHOLM PROPERTIES 215

4. PROPERTIES ON THE SCALES OF WEIGHTED SPACES
We denote
ker(P; H(];’R’p) ={ue H§+1’R’p(R") : P(z,D)u = 0},
Im(P; HY®oP) o= {f € HP®P(R™) : Ju € HY PV RP(R™) s.t. Pz, D)u = f},
coker(P; HY®7) i= HERP(R™) /Im(P; Hy ™ 7),
ind(P; H;C’R’p) := dim ker(P; Hé“’R’p) — dim coker(P; Hg’R’p).

Corollary 4.1. Let k € Z,,q € QF%, and P(x,D) be the differential operator

[23). Assume holds and the coefficients satisfy limy, o max, , v |al (z) —

ad(y)| =0 for alloc € R. Thenker(P; HF™P), coker(P; H¥R?), and ind(P; HE*P)
are independent of k and p.

Proof. The analogous construction can be done for the left regularizer. Since
the left regularizer exists, using [28, Corollary 3.2], we obtain that for k1, ke € Z4
the following equalities hold: ker(P; H¥1 ™) = ker(P; H}»™P), coker(P; Hi+RoP) =
coker(P; Hy»™P) ind(P; H¥"*P) = ind(P; H¥>®P). So, we establish the indepen-
dence from k. So, for k € Z we have Ker(P; Hi®P) C (5o Hy™P(R™). Since
ﬁ = 0 when |z| — oo, it is easy to show that (1,5, H™P(R™) C S. Thus, the
kernel is independent of k£ and p. Analogously, this is true for the kernel of adjoint
operator. Then, using [I8, Theorem 3.1], we obtain the independence from & and p
for the cokernel. Therefore, the index of the operator is also independent of k and
P. O

Corollary 4.2. Let P(x,D) : HF*VR(R™) — HR(R™) be an operator from The-
orem considered as an unbounded operator in Lo(R™), and assume that (3.2))
holds. Then, one of the following statements holds:

e 0(P)=C;

o o(P) is discrete and ind(P; H(’;’R) =0.

Proof. From Lemma and Theorem it follows that, for every A € C, the
operator P(z,D) — A : H¥*bR(R™) — H}®(R™) is a Fredholm operator. Then,
utilizing arguments similar to those in [25, Theorem 8.4] and taking into account
Lemma [3:1] we establish that one of the statements from the corollary is true. [0

For the case g € @k’”, the properties on the scale of spaces Hé“’”’p(R") can differ
from the previous class. Further, we consider the case ¢ =1 and p = 2.

Corollary 4.3. Let ¢ =1 and P(z,D) be the differential operator . Assume
that holds and the coefficients satisfy limy, oo max, , g7 |a2(z) —al(y)| =0
for all (o : v) < 1. Then ker(P; H*"), coker(P; H*"), and ind(P; H*") are
independent of k.

Proof. Using Corollary it is easy to check that for ki,ky € Z, the following
equality holds: ker(P; H*'*) = ker(P; H*>*). Then, from Corollary and [30}
Lemma 2.1], we obtain a similar equality for the cokernels. Therefore, the kernels,
cokernels, and, consequently, the index of the operator are independent of k. O
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Corollary 4.4. Let ¢ =1 and P(x,D) : HLY(R™) — HYY(R™) be an operator
from Theorem considered as an unbounded operator in Lo(R™). Let there exist
constants an such that a,(x) = a, when |x| — oo, (a:v) < 1. Then

es(P) = { (g):ﬁlaaga fe ]R”}.

Proof. From Theorem and conditions on the coefficients, we obtain that oper-
ator P(x,D) — Al : HETLV(R") — HFY(R") is a Fredholm operator if and only if
there exists a constant § > 0 such that

| D0 Gl = A 201+ [El). (4.1)
(a:v)<1
It follows from (4.1)) that o.s(P) = {Z(a:y)glﬁafo‘ £ €R}. O

Remark 4.5. Using condition and [25] Proposition 8.1], it is easy to verify
that, for A & 0.s(P), the index of the operator P(x,D) — A\ : HFFLV(R™) —
H*Y(R™) from Corollary [4.4]is 0, but the dimensions of the kernel and the cokernel
for such operators may differ from 0 (see examples from [9]).
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