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TRAVELING WAVE SOLUTIONS FOR AN EPIDEMIC MODEL

ZHENBU ZHANG

ABSTRACT. In this article, we consider a one-dimensional reaction-diffusion
epidemic model, which is neither cooperative nor competitive. We study the
possible impact of the spatial movement by investigating the existence of trav-
eling wave solutions. We construct a pair of upper-lower solutions and then
use Shauder’s fixed point theorem to prove the existence of nonnegative non-
trivial bounded semi-traveling wave solution. This is done by introducing a
critical wave speed depending on the diffusion coefficients and other parame-
ters in the model such that, for the wave speed that is greater than the critical
wave speed, the model has such a solution. We also derive a condition under
which the model has no nonnegative nontrivial bounded semi-traveling wave
solution.

1. INTRODUCTION

Mathematical models play an important role in understanding the transmission
and spread and estimating the impact of control measures of infectious disease like
influenza, rabies, rubeola, malaria, dengue disease, COVID-19, etc. It turns out
that the transmission and spread of almost all infectious diseases heavily depend
on climate, rainfall, environment(temperature and humidity), social interactions,
migration of population, and the spatial and genetic heterogeneity of host and
parasite. In order to investigate the possible impact of the spatial movement of
population, following [2I], we consider one-dimensional reaction-diffusion epidemic
model described by

5ui

ot
where u; is the density of a population in compartment i and d; is the diffusion
coefficient of population 7, f; is the reaction term in compartment ¢ under the
influences of demographic process and epidemic interactions. u = (uy,ug, ..., u,)T
with u; > 0 represents the state of individuals in all compartments. Traveling waves
are a common phenomenon in biology. The existence of traveling wave solutions
for a reaction-diffusion system determines the long-term behavior of other solutions
of the system and reveals a lot of information for the spread and transmission of
the disease. In this paper, we introduce a critical wave speed ¢ such that

:dluszrfl(u), 1<i<n,zeR, t>0, (11)
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has a nonnegative nontrivial semi-traveling wave solution wu(t,z) = U(z), where
z = x + ct, if ¢ > ¢. In epidemiology, the existence and nonexistence of nontrivial
traveling waves indicate whether an infectious disease could persist as a wave front
of infection that travels geographically across vast distance [4].

Because of the general form of f;(u) in the model, can be applied to a large
class of compartmental epidemic models. It has been investigated from various
aspects. The corresponding multi-dimensional version of model on a bounded
region with smooth boundary coupled with homogeneous Neumann boundary con-
dition has been investigated in [2I]. The corresponding reaction model has been
investigated in [20].

One of the most important concerns about infectious disease is its ability to
spread into a population. The minimal wave speed cpi, for a traveling wave is a
key parameter to characterize the speed at which the disease spreads in a spatial
domain [4, 12 24, 26]. Biologically speaking, epidemics can spread for ¢ > cpin
while they cannot spread for ¢ < ¢pin [4]. Therefore, estimating the minimal wave
speed cpin s a very significant work both theoretically and practically. It was first
conjectured by Fisher in [8] that for model

up = dugy + pu(l — u)

the minimal wave speed cni, equals the spreading speed c¢* at which the region
{z : u ~ 1} takes over the set {x : u(x,0) = 0} (see [I7]). The conjecture was
proved in [I4]. Under certain assumptions, it has been proved (e.g. [2, B]) that, for
some more general models, the minimal wave speed cpi, is equal to the spreading
speed c*. But usually, it is difficult to estimate ¢*. When ¢* is equal to the spreading
speed ¢ of the linearized system of around the unique disease-free equilibrium,
the spreading speed c¢* of is said to be linearly determined (see [15], 23]). If
this is the case, we can estimate c* as well as cpi, by estimating ¢. Usually, to
estimate ¢ is much easier than to estimate ¢* or c¢nyin. For some models, ¢ can be
estimated quantitatively, see [L5].

It is shown in [I7, 23] that if is cooperative, that is, fi,, > 0 for j # i,
then under certain assumptions, (|1.1)) is linearly determined. This method has been
applied to estimate the minimal wave speed ¢y, for a west nile virus model in [16]
and a malaria model in [27].

If is a competitive model, we can use an appropriate change of variables as
done in [I5] to change it to a cooperative system and then use the method in [I7]
to estimate the minimal wave speed ¢pin.

Unfortunately, some systems are neither cooperative nor competitive like the
models investigated in [4], [, 10} 24 25] 26]. For these models, the method proposed
in [I7] cannot be used to estimate the minimal wave speed cpin.

In this article, we adapt the approach used in [4] (same method is also used in
[10, 18, 19}, 22, 26]) to introduce a critical wave speed ¢ and to derive some sufficient
conditions under which semi-traveling wave solutions exist. The critical wave speed
¢ introduced here will play an important role in estimating the minimal wave speed
cmin- For some special cases, this critical wave speed coincides with the minimal
wave speed of traveling wave solutions under appropriate assumptions. Because
of the generality of our model, we have to overcome some technical difficulties by
making appropriate changes.
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To distinguish the disease-free states and infected states, following [20, 2], we
let

up = (u1,u0,. .., um)?, dr =diag(dy,ds,. .., dny),
us = (um+17 U425 - - - vun)Tv dS = diag(de, dm+27 ceey dn)a

where u;, 1 < i < m, represent the infected compartments, and u;, m+1<i<n
represent the uninfected compartments. Then we write (1.1 as

% =diUres + f](’u) rze€R, t>0,
(,mat (1.2)
87155 =dsuggs + fs(’u)7 rEeR, t>0,
where
f[(’U;) = (fl(u>7 f2(u)7 reny f’m(u))T7 fS(’LL) = (fm+l(u)7 fm+2(u>7 RN} fn(u))T
We assume that f;(u) has the following form, for i = 1,2,...,m,

fz(u) = fi(u17u2, e 7un)

= (Zaijuj) (bio + Z bikuk) — qiU; (1.3)
j=1 k=m+1
= AiBi — qiu,
and fori=m+1,m+2,...,n,

filu) = fi(ur,ug,. .., up)

=Q; — (Zm:laijuj)( i bikuk) — qil; (1.4)

k=m++1
= Qi — A0 — qiuy,

where Q;(i = m+1,m+2,...,n) and ¢;(i = 1,2,...,n) are positive constants,
aij, bjo, bk (1=1,2,...,m,j=1,2,...m, k=m+1,m+2,...,n) are nonnegative
constants and

m
Ai = Ai(’u,[) = Ai(ul,UQ, ce ,um) = E AijUj, 1= 172, ey,
j=1

n
B; = Bi(us) = Bi(Umi1,Um+a,- - un) =bio + D biguk, i=12,...,m,
k=m+1

C; = Ci(us) = Ci(Umt1, Umg2, -+, Un) = Z bigur, i=m+1m+2,...,n.
k=m+1
Such a model includes the diffusive influenza model with multiple strains

oI
aTl =di e+ (1= )Bi(L +60)S — kI, z€R, t>0,

oI
22 = dologe + f(1 = 1)B1(Iy + 612)S — kalo, x€R, t >0,

81815 (1.5)
(,T;’ = d3lspy + [frB(I1 + 613) + Bol3)S — ksls, x€R, t>0,
as

a:dSSm+A—[61(11+512)+[32[3}57u5, reR, t>0
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which was investigated in [4]. The differential susceptibility epidemic model
!

oI
- :dIIernﬂIE a;S;—(n+v)I zeR, t>0,
ot ;
j=1 (1.6)
aSz 0 .
5 = diSize + upiS° —nBa;lS; —uS;, xR, t>0,i=1,2,...,1,

whose corresponding reaction model was investigated in [I3]. The within-host HIV
model with cell-to-cell transmission,

oI
aTl =diL1ge + (1]1 + f212)S —rli, xR, t>0,
ol
872 = dylogy +6I) — ply, z€R, >0, (L.7)
oS
E :dssz$+/\— (61114'62[2)5—775, xER, t>0
investigated in [I9]. By direct computations, for ¢,j = 1,2,...,m, we have
Ofi .
O = aijBiv Jj#i,
j
afi
=auB; — q;
5’u,~ “ G
fori=1,2,...,m,j=m+1,m+2,...,n, we have
ofi
o = bij Ay
an J
fori=m4+1m+2,...,n,j=12,...,m, we have
Ofi
= —a;;Cy;
an i
and for i,j =m+1,m+2,...,n, we have
Ofi .
v —bij A, J#1,
j
ofi
ou, = —biiAi — -

From these expressions we can see that model is neither cooperative nor
competitive.

This article is organized as follows. In next section we summarize some results
for the corresponding reaction model that will be used in the following sections.
In Section 3, we introduce a critical wave speed and establsih the existence of
semi-traveling wave solutions. In Section 4, we prove a theorem of nonexistence of
traveling wave solutions. Finally, in Section 5, we summarize what we did in this
paper and suggest some possible directions of future work.

2. BASIC REPRODUCTION NUMBER FOR THE REACTION MODEL AND SOME
EXAMPLES

When the spatial diffusion of population is omitted, the diffusive model is
reduced to the reaction model
dui

dt

= filw), i=1,2,...,n, (2.1)



EJDE-2022/2025/CONF /26 TRAVELING WAVE SOLUTIONS 5

where u; = u;(t) is independent of x. Since is autonomous, the dynamics
of can give us some insight into the model . Therefore, we will cite
some results about from other references (see [20] and the references therein)
and look at some specific examples. It is easily seen that has a disease-free
equilibrium Ey = (0,...,0,u%,,,...,u0)" with u) = % >0, m+1<i<n. The
disease-free equilibrium is the population before the transmission of the disease.
Write the linearized system of around Ej as
du

i Df(Eo)(u — Ep),

where D f(Ey) is the derivative [g—f]an evaluated at Ey. More specifically,

Df(EO) = |:E__JQ _](\)45:| )

where
0 0 0
a11B1 a12Bl s almBl
0 0 0
E _ a2132 a22B2 e agmBQ
0 0 0
am1 By, am2B,, - ammB

mld mxm

corresponds to the new infection,

@ 0 - 0
0= 0 ¢ - 0
0 0 ... qm xm
corresponds to the remaining transfer terms,
a(m+1)10%b+1 agm+12Cpi1 0 AmanymCga
7= |%m21 Oz Am422C0m42 0 Gmt2ymCmyz
an1 CO ap2CY e A C2 (nem)xm
gm+1 0 0
Mg = 0 Gmt2 0
0 0 e (n—m)x(n—m)
where
B?:BZ(UOS):Bl(u?n+1,,ug)ﬂ i:1727"‘7m,

C) = Ci(u) = Ci(udy vy un), i=m+1m+2,... n

Recall that the basic reproduction number Ry is the expected number of sec-
ondary infections generated by a single infectious individual during the infection
period in an entirely susceptible population (see [Tl [5l [6 1T, 20, 21]). To intro-
duce Ry, following [20, 21] (also see the references therein), consider a “typical”
infectious individual introduced into a completely susceptible population, to see
how many new infections will be produced. Let ¢;(0) be the number of infected
individuals initially in compartment i. Without reinfection, at any time t, let
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d(t) = (¢1(t), da(t), ..., dm(t))T be the total infective member which were devel-
oped from those initially infected individuals ¢;(0), then ¢(t) satisfies
¢ (t) = —Qa(t),  $(0) = (61(0), ¢2(0),..., dm(0))".

Therefore, ¢(t) = e~ ¢ (0). Thus, the new infection at time ¢ is F¢(t) = Ee~2t¢(0).
Consequently, the expected number of new infections produced by the initially in-
fected individuals is

/Oo E¢(t)dt = /OO Ee Qp(0)dt = EQ™1¢(0).
0 0

EQ~! is called the next generation matrix for the model (see [6]). Following |6 19,
20, 21], we introduce the basic reproduction number

RO = p(EQ71)7
the spectral radius of EQ~!. Ry is the threshold value for the local stability of the

disease-free equilibria of (2.1) as stated in the following theorem from [20] (see [5]
for a similar result).

Theorem 2.1. Let Ey be a disease-free equilibrium of model (2.1)), then Ey is
locally asymptotically stable if Ry < 1, but unstable if Ry > 1.

For model (1.5), m = 3, n = 4. For notation convenience, denote w = %
a = (1 - f)Bla 5 = f(l - T)Bl? Y= f’rﬂh then EO = (0,070,(,0),

T

)

where
a ad 0 kk 0 O
E=w|p B 0], Q=0 k 0],
Y o0 B 0 0 ks

J=[fiw Biow Pw], Ms=p.

It is easily seen that

a  as
35
EQl'=wl|f 2 0
2 W B
k?l k)z k}g
and its two nonzero eigenvalues are
a 56
A zw(f 7),
1 o + oo

which is denoted by Rgc in [], representing the number of secondary sensitive
cases that one individual infected with the sensitive strain initiates in a completely
susceptible population where antiviral treatment is implemented, and

_ P
ks’
which is denoted by Rrc in [4], representing the number of secondary resistant

cases that one individual infected with the resistant strain initiates in a completely
susceptible population.

A2

p(EQ™") = max{A1, A2}
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is denoted by R¢ in [4] and is called the control reproduction number of the corre-
sponding reaction model, which is used to determine whether the epidemic can be
contained when certain control measures are taken (also see [I]).

For model , m =1, n =1+1 Denote w = n3S° g = u + ~, then
Ey = (0,p15%,p25°, ..., ;SY),

w¥lijapi—g¢ 0 0 0 - 0
—wap1 —u 0 o .- 0
Df(EO) = —wagpP2 0 —u 0 e 0
—wayp; 0 0 0 - —pu
l 0 l
_ L WX miap MBS ap;
p(EQ™") =EQ™" = Jql“: H’;“,

which is the reproductive number Ry introduced in [13].
For model (1.7), m = 2, n = 3, we denote w = % Then Ey = (0,0,w) and

e A

where

FE = |:’815w /ng:| ’ Q = |:6 ‘2:| s J = [Blw BQUJ], Mg = 7.

It is easily seen that

e[
S0
and its two eigenvalues are
\_ Bid £ /B2A2 + 46257“/\.
27
Thus,
A(EQ) = Bid+ /B2 + 4ﬂ25m.

27

3. SEMI-TRAVELING WAVES FOR THE DIFFUSIVE MODEL

The existence of traveling wave solutions for reaction-diffusion models is one of
the most important topics for the past several decades. To investigate the existence
of traveling wave solutions for , we start with the existence of so-called semi-
traveling waves as defined in the following definition from [4] 12| [26].

Definition 3.1. A solution u(t,z) of (1.2) of the form
u(t, ) = U(z),

where z = = + ct, is called a semi-traveling wave solution connected to the disease-
free equilibrium FEj if it satisfies

lim U(z) = Ep. (3.1)

Z—>—00
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From the definition we can see that a semi-traveling wave solution is a traveling
wave solution starting from the disease-free equilibrium. Such a solution is of
biological significance since we can get a lot of information from it, such as whether
epidemics will spread, asymptotic speed of propagation, and the final state of the
wavefront, etc.

To prove the existence of semi-traveling wave solution for , we adapt the ap-
proach used in [4} [T0] [I8], 19} 22| (24} 25| 26]. That is, first we introduce an auxiliary
system, then construct a pair of upper-lower solutions for the auxiliary system by
linearizing the corresponding wave equation at the disease-free equilibrium. Then,
use the Schauder’s fixed point theorem to prove the existence of semi-traveling
wave solution for the auxiliary system. Finally, by taking the limit, we obtain the
existence of semi-traveling wave solution for .

We consider the following auxiliary system related to ,

% = diurpe, +f1(u) — 6Iu? x €R, t>0,
Oug

ot
where u? = (u},u3,...,u2,)", § > 0 is a small number, and I,, is the identity

matrix of size m. Let u(t,z) = U(z) be a semi-traveling wave solution of (3.2]),
then U satisfies

(3.2)

= dsugzs + fs(u), z€R, t>0,

Up = d;U} + fr(U) - 61,,U3,
Ul = dsUl + fs(U),

where Ur = (Uy,Us,...,Uyn)T and Us = (Upms1,Ums2,---,Un)T. The limiting
equations of (3.3) as § — 0 are the wave equations corresponding to (1.2)), especially,
the equation involving U; only is the equation

(3.3)

Uy = dU7 + f1(U) (3.4)

Linearizing around the disease-free equilibrium Fjy leads to the linear system
c®) =d; 9] + E®; — QP (3.5)

where @1 = (¢1, ¢2, ..., dm)T. Next we are going to introduce a critical wave speed

¢. To do this, we adopt the method used in []. Let (¢1(2), ¢2(2),...,dm(2)) =

e (v1,v2,. .., Um), then system (3.5)) is equivalent to
A(v1, v, ..., o) T = Moy, v2, ... om)T, (3.6)

where
A=X\d;+E-Q.
Denoting V = (v, vs,...,v,)7, we can write (3.6]) as
(MNd; — e, — Q)V = —EV

or
(-\N2Q ' +eNQ ' +1,)V=Q 'EV.
By direct computations, we have
B\, ) =-NQ 'dr +cAQ ! + Iy,
:diag(_dl/\2+6/\+(h, —dm)\2+c/\+qm>.

ey

q1 . dm
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Assume A > 0 such that —d; % + ¢\ + ¢; > 0. Then B(), ¢) is invertible and the
above equation can be written as

B\ e) HQ'E)V =V.
Denoting H(\,c¢) = B(\,¢) 1 (Q7'E), we have
H(A, )V =V. (3.7)
Let d = maxj<ij<m d; > 0. Observe that, for ¢ > 0, the two roots of —d; N2+ g =

0 are
c—/c+4d;q;
A=—"— <0,
2d;
and
/2 i
N = CEVE TG e ey
2d; d; — d
we know that, for A € [0, §], B(, ¢) is invertible and
B(\, )" = diag ( n I ).
(.¢) AN oAt a1 AN + A + g

and H(A, ¢) is a nonnegative matrix.
Let pci()\) = _di)\2 + cA + qi, then

c (2d — d;)c?

[ W e e Vi i >0

20’ @ 7

and which is strictly increasing for ¢ € [0,00). Thus, H(55, c) is strictly decreasing
for ¢ € [0,00) and H(0,0) = Q71E.

Denote by p(H (A, ¢)) the principal eigenvalue of the nonnegative matrix H (A, ¢)
for A € [0, 55]. Since p(H(A,c)) is continuous and monotonically increasing with
respect to the nonnegative matrix H(\,c), p(H(s3,¢)) is strictly decreasing for
c € [0,00) with p(H(0,0)) = p(Q~'E) and

. & -
Jm p(H(55:0)) =0

It can be shown that p(Q 1 E) = p(EQ~1)(see [4]). Therefore, if Ry = p(EQ~!) =
p(Q™1E) = p(H(0,0)) > 1, by the continuity and monotonicity of p(H (55, ¢)) with
respect to ¢, there exists a unique & > 0 such that p(H (5, ¢)) = 1 and for c € [0,¢),
p(M(55,¢)) > 1. For ¢ € (¢,00), p(H(55,¢) < 1.

For any ¢ > ¢ fixed, since pl;(A) = ¢ — 2d;A > 0 for X € [0, 5], p(H(X,c)) is
strictly decreasing and nonnegative for A € [0, 55]. But,

p(H(0,¢)) = p(H(0,0)) = Ro > 1
and p(H(55,¢)) < 1, by the continuity and monotonicity of p(H (A, c)) with respect
to A, there exists a unique Ac € (0, ) such that p(H(A,c)) = 1 and for A € [0, Ac),

p(H(X¢)) > 1, and for A € (Ac, 53], p(H(X,¢)) < 1. Thus we have the following
lemma (see [4, Lemmas A.1 and A.2]).

’Yi(c) = pci(

Lemma 3.2. If Ry = p(EQ™!) > 1, then, there exists a unique ¢ > 0 such that
for any ¢ > ¢, there exists a unique A\, € (0 ) and V. = (v1,v2,...,0m)T with
v; >0, 1 <i<m, such that

<
7 2d
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The vector ®; = (41(2), P2(2), ..., dm(2)T with ¢;(2) = vier*, i = 1,2,...,m,
satisfies ([3.5)).

Now we adapt the approach in [4] with necessary changes to construct a pair of
upper-lower solutions of (3.3]). That is, we define

Us(z) = (U(r)n+1» up)T
Us(2) = (um+1(2), -, un(2))7,
with u;(z) = max{u)(1 — ne**),0} for m+1 <i <n, and

Ui(2) = (@i(2), .-, um(2)",
with ;(2) = min{v;e?e*, v;w} for 1 < i < m,

&(z) = (ul(z)’ s 7u7m(z))Ta

3

with u;(2) = max{v;e**(1 — 7e##),0} for 1 < i < m, where constants 7, o, w, T, 1
are to be determined later.

Lemma 3.3. For w > 1 large enough, Ur(z) satisfies
Ui = diU;" + f1(0) = 01, U7 (3.8)
where U = U(z) = (Ur(2),Us(2))7.

Proof. From the definition of %;(z) = min{v;e**, v;w} for 1 < i < m, if z such that
ere? < w, ie 2z < lr/l\—:’ £ 21, then w;(2) = v;ee* and Up(z) = ®;. Then, from the
definition of E, @, and U, we have f;(U) = (E — Q)®;. Therefore, from Lemma
and , we have

d07" = U7 + f1(T) = di®) — @) + B — QP; = 0 < 61,,U7 -
That is, (3.8]) holds.

If 2 > 21, then ;(2) = v;w and Ur(z) = wV,.. Then
407" = U7 + f1(0) = 61,07 = f1(T) = 6Im(v2,. .., 02 ) w?.

But, fori=1,2,...,m,

m
fi(U) = 6v?w? = Z aijvij? — qiviw — dviw?
j=1

then
07" — U7 + f1(U) — 61,07 <0
and (3.8]) holds. This completes the proof. [
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Lemma 3.4. For 0 < o < min{$, Ac} and

m n 0
0> max {1’ Cmax (22521 @ijvj )q(i:?k_m—&-l biruy) }
Us(z) satisfies
cUs' < dsUs" + fs(U), (3.9)
where D = max{dyi1,...,dn} and U = U(z) = (U;(2),Us(2))T.
Proof. Let z9 = —1“7” < 0. If z satisfies z > 2y, then u;(z ) =0form+1<1:<n,
Us(2) = (0,...,0)T and U = (U;(2),0,...,0)T. Thus, fs(U) > 0. Therefore, (3.9)

holds.
If 2 < 29, ui(2) = ud(1 — ne*®) for m+1 < i < n. Observe that zo < 0 < z1,
U;(2) = viere® for 1 <4 < m. Thus,

U= (vle)‘cz, . 7vmeACz,1L0m_~_1(1 —ne*?), ... ,u%(l - neaz))T,
and - .
dsUs" — cUs" + fs(U) = (—dsa? + ca)ne®*0 + fs(U),
where © = (uf,_ 1, ..., ud)T.
Since, for m+ 1 < i <n,
£i(0)
m n
=Qi— (ZaijvjeAcz) ( > bpup(l— Ueaz)) — giug (1 = ne™)
j=1 k=m-+1
m n
=Q; — e*(1 — ne® (Z a/ijvj> ( Z bikuo) — qiud + gimuie™®
Jj=1 k=m+1
m n
= netee? ( Z aijvj) ( Z blkuk) —e (Z auv]> ( Z biku2> + qmuoeo‘z
Jj=1 k=m+1 k=m+1
m n
—ere? ( Z az‘j'Uj) ( Z bikug) + ginue®,
j=1 k=m+1
we have

diu! — eul, + f;(0)

> (=d;anud + canu?) (Za”v])( Z bikug) + qimule®”

k=m+1
= [ — dio®nul + canul + ginu — e )2 ( Z aij'l}j) ( > bikug)} e
j=1 k=m-+1
> [(—dioﬂ + ca + gi)nuld — (Zaijvj) ( Z bikug)}eaz >0
j=1 k=m+1

for 0 < o < min{F, A\c} and

(Zj 1‘%”])(21« m+1 bzk“k)
q;u
Therefore, (3.9) holds. This completes the proof. [l

n>
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Lemma 3.5. Let 0 < pp < a < A small enough such that A\e + p < 5. Then for
T > 1 large enough, Ur(z) satisfies

Uy’ <diUy” + f1(U) — 61U, (3.10)
where U = U(z) = (Ur(2),Us(2))".

Proof. If 1 — tet* < 0, that is, z > —1“77 £ 23, Uy = (0,...,0). Then, we have
f1(U) = 0 and (3.10) holds. For z < 23, u;(2) = v;e*<*(1—71e#*) for 1 < i < m. For
7 > 1 large enough (depending on « and 1), we have z3 < 2o < 0. Thus, for z < z3,
ui(2) = ud(1 —ne*®) form+1<i<nand U= (vie’*(1 —7e"?), ..., ve’*(1 —
Tel?),ul (1 —ne®?), ..., ud (1 —ne**))T. Thus, for 1 <i < m,
ui'(2) = viAe(1 — Te"®) — Tpet*ler?,
and
w”!(2) = v A2(1 — 7€) — (2NeTp + Tp?)e! et
Therefore, for 1 < i < m, we have
cul, — dul! — f;(U) + du?
= cvi[Ae(1 — T€M?) — TpetF]ete?
— dvi[N2(1 — 1eM®) — (2AeTp + T?) et et
- [Zaijvje’\cz(l - Te“'z)(bio + Z biruf (1 — neaz))}
j=1 k=m+1

+ quier* (1 — 7e?) + dv2e? e (1 — rel?)?

m

= eM*(1 — 1el?) [ — div A + cvide — (Zaij'l]j) (bio + Z bikug) + qi'Ui:|
j=1 k=m-+1

+ [divs Ao 4+ T?) — cvoTplePetr)z

+ ne’\°z(1 — Tel®)e*® ( Z aijvj> ( Z bikug) + 5@?62/\”2(1 — Tel*)?,
j=1 k=m+1

Since ®; = (vie*e?, ..., v,er®)T satisfies (3.5)), we have

m n
—divA2e 4 cvidee® = (Y az‘j’vjeAcz) (biO + 0y bikug) + qivie* =0,
=1

k=m+1
or
m n
7divi)‘z —+ C’Ui>\c - (Zal‘j’t}j) (sz -+ Z bikug) + qiv; = 0.
j=1 k=m+1
Therefore,

cul, — dgull — f;(U) + 6u?
= [divi @A + TU?) — cvnu}e(%ﬂi)z
+ 776)\62(1 — Tet?)e*? ( Z aijvj) ( Z bikug) + (5’01-262>\°Z(1 — 7'@“2)2
=1 k=m-+1

= e(>\c+u)z{[di(2)\c + M) . C]Uﬂ'u
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m n
+n(l— Te“z)e(o‘f“)z<z aijv]) ( Z biku2> + 51}?60‘““)2(1 — T@“Z)Q}.
=1 k=m-+1

In T

Observe that, for z < z3 = —lnTT, we have 0 <1 —7ef* <1l and e* <e™ *
for0<p<a<g,

. Thus,

elo—mwz e—(a—u)h‘f,
and

InT

e()\cf;,l,)z < e_(Ac_/J) W,

Hence,
cuj — diu — fi(U) + buf
< 6<>\C+M)Z{[di(2>\c + NJ) _ C}’Uﬂ'u

+ ne_(“_”)l% (Z aij’uj> ( Z bikug) + 5v126_(’\c_“)1n77 }
j=1 k=m+1
Since . < 55, we can choose p > 0 small enough such that
c
Ae + < 24
Then
d;i(2Xc + 1) < d(2Xe + p) < 2d(Ae + p) < c.

Therefore, d;(2A. + 1) — ¢ < 0, and we can choose 7 > 1 large enough so that
[di(2\e + 1) — cJoiTp
j=1 k=m+1
Thus, cu, —d;ul — f;(U) +6u? < 0, and holds. This completes the proof. O
Now we use Schauder’s fixed point theorem to prove the existence of semi-

traveling wave solutions of (3.2)). To do this, we introduce Banach space C,(R,R"™)
such that for U = (u1(2),...,u,(2))T € C,(R,R"), its norm is defined by

—olz|
)

112 70l = s supus(:)le
where ¢ > 0 will be determined later. We are going to look for semi-traveling wave
solutions U(z) = (Ur(2),Us(2))T € Cy(R,R™) of satisfying

Ur(2) < Ur(2) < Ur(2), Us(z) < Us(z) < Us(2).
Consider the closed and convex subset ¥ of C,,(R,R™) given by
S ={U=(Ur,Us)" € C;(R,R"), Ur <Ur <Up, Us < Us < Us},

and define map I' = (I'},T'g) : & — C,(R,R"™) as follows:
For U(z) = (Ur(2),Us(2))T € %

F(U) = (FI(U)vl—‘S(U)) = (FI(U)7 aFm(U)ﬂFerl(U)? urn(U))7
FI(U) :F]U[—Ff[(U) —5ImU12,
I's(U) = FsUs + fs(U),
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where
& 0 0o ... 0
P = 0 & o ... 0 ’
0 0 0 ... &n e
Em+1 0 o ... 0
Fy— 0 &2 0 ... 0 ’

fn (n—m)x(n—m)

with &; > ¢; large enough such that for U € 3, T';(U) > 0, which will be determined
later. Then system (3.3) can be written as

—d;u (2) + cuj(2) + ui(z) = Ts(U)(2), (3.11)

fori=1,2,...n.

Let ;1 < 0 < x40 be the two distinct roots of dincl2 —cx; — & = 0, then x; =
T2 — x> 0. We define map II = (IIy,...,11,)T : ¥ — C,(R,R") with IT; : ¥ —
C,(R,R) given by

(U (2) = dlx [ / T ma D, (U) (s)ds + / T el Ir, ) (9)ds).
then it holds
LT (=) + T (2) + ETL(2) = T(U)(2). (3.12)

It is easy to see that any fixed point of II is a solution of (3.11f), which is a semi-
traveling wave solution of (3.2). On the other hand, a solution of (3.11)) is a fixed
point of operator II .

Lemma 3.6. The operator II maps ¥ into ¥ and it is continuous and compact
with respect to the norm | - |, in B, (R,R™), where

B,(R,R") ={U(2) € C,(R,R"™) : |U(")]s < c0}.
Proof. We first prove that IT maps ¥ into 3. Indeed, if U(z) = (U;(2),Us(2))T € 3,

that is, o o
Ui(z) <Ui(2) < Ui(z), Us(z) <Us(z) < Us(2),
we need to prove that
ui(z) <ILi(z) <u(z), i=12,...,n. (3.13)

Recall that, for ¢t =1,2,...,m,

(2) = {viekca 2 =52

U;
VW, z >z,
and
viere? (1 — 1el?), 2 < 23 = —lnr
u(2) = a
Ui
0, z > 23,

where w > 1, 7 > 1, and 0 < g < min{o, A}, Ae + 4 < 55

Now we prove that for ¢ = 1,2,...,m, the left-hand side of holds. Indeed,
if z > 23, we have u;(z) = 0. Since I';(z) > 0 implies that II;(z) > 0. Therefore, we
have u;(z) < IL;i(2).
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For z < z3, from (3.10) in Lemma we have
—diui” + cui’ + &ui < Gui + fi(U) — du;®

=&iu; + (Zaijﬂ> (biO + Z bik%) — qiu; — Ou;”
=1

k=m-+1
= [(& — @i)us — 6w + (i aijﬂ) (biO + i bik%)-
=1 k=m41

Since h(x) = (& — ¢;)x — 622 is increasing on (0, 5"'275“) and for 6 > 0 small enough,
for z < z3,

Ti(2) < viete® < &2;5%
Thus,
(& — qi)us — Ous® < (& — qi)us — bu; .
Hence,
_diﬂ” -+ CE’ + 51& < [(é-l —qi — (SU (Za”uj) (bi() + Z bik“k:)

k=m+1
e

It follows that

13: [ [ ; "t GmIT(U) (s)ds + / h e“2<Z*S>ri(U)(s)ds}
e/

z oo
etir(z=s) +/ ewriz(z—s):| [_di%//(s) + C&l(s) + fi%(s)]ds
oo z

/ e =) [ duy" () 4 cui/ (s) + Euqi(s)]ds

le
+/ 229 [ dyu," (s) + cui’ (s) + Eui(s)]ds
/ emiz(zfs)[fdiﬂ”(s) + CE/(S) + &%(s)]ds

%

= ui(z) + — e [u (23 + 0) — /(23 — 0)]
i(2).

Thus, we have proved that, for ¢ = 1,2,...,m, the left-hand side of (3.13]) holds.
Next we prove that, for ¢ = 1,2,...,m, the right-hand side of (3.13]) holds. From
Lemma [3.3] we have

—da" + cui + &g > &g + fi(U) — 6w

= &u; + (Z aiﬂTJ) (bio + Z bily) — qil; — 0t
j=1

k=m+1

=[(& — @)ui — 6w%) + (zm: aij'LTj> (bz’() + E”: bik'LTk)
j=1

k=m+1
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> [(& — qi)u z—5u (Za”u]) bio—|— 2”: bikuk>

k=m+1

=T,(U)(2).

It follows that

0, (U) (2) = — [/_;e 1 (2=9)1, (U) (s )ds+/°° 22T, (U) (s )ds]

d;z; 2

1 z o]
< [/ e$i1(2—8)+/ em7‘,2(z—s):| [_dim//(S)+Cm/(8)+§im(8)]d8

diz;

1 z
_ / eril(Z*S)[ d; *”( ) + CUT;/(S) + &E(S)]ds

div; J oo

! / T I [ (5) + e (5) + (o)lds = ().

z

Similarly, using the definitions of Ug(z) and Ug(z) and Lemma we can prove
that fori=m+1,m+2,...,n, holds. Therefore, II(X) C 3.

Next we prove that the operator II is continuous with respect to the norm | - |,
in B, (R,R™). To do this, first, we take o > 0 such that 0 < o < min{—z;1, ;2,7 =

2,...n}.
For U = (ul(z),uQ( )y sun(2)) € Zand W = (wi(2),w2(2),...,w,(2)) € X
andi=1,2,...,m

ITi(U)(2) = Ti(W)(2)]e 7"

= |&u; + fi(U) — 6u? — i — fi(W) + dw?|e "]

[&ilus — wi + 6Jus — wilJu; + wi| + |£;(U) = fi(W)|Je71
[§i|ui - wl| + (5|UJz — wl||u1 + wil + qi|ui — wi|

+ ‘(iaijuj) (bio + Zn: bikuk) - (iaijwj) (biO + i bikwk)He_Ulzl
=1 k=m-+1 j=1

k=m+1

<
<

= [(& + @i)|ui — wil + 6u; — wil|u; + wy

i ‘(é%j%‘) (bio + zn: bikuk) — (iaijwj) (bio + z”: bikuk)

k=m+1 j=1 k=m+1
m n m n
+ (Z aijwj> (bio + Z bikuk> — (Z aijwj> (biO + Z bikwk) H el
Jj=1 k=m+1 Jj=1 k=m+1

< [(6 + @)l — il + s — wil s +wi)
+ ‘(i%‘(% - wj)||(bz'o + zn: bz‘kuk))‘
j=1

k=m+1
+ ‘ Zaijwj Z bik(uk — wk)qe_”lzl
j=1
S LifU() = W()lo,

k=m+1
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where L; is a positive constant depending on Q;, g, a;j, bk, vs, &, and the constants
in % and u,, (4,7 =1,2,...,m, k=m+1,...,n). Then

IIL(U)(2) = (W) (2)]e~7 2

<t d;" [ e [ e inoe) - rne)las

< ﬂ [/Z erit(z=s)+ols| g 4 /OO eriz(z—s)+0ols| ds} U =W

- d;x; — 0 z ’

_ L; {/Z @it (z—s)—olz|+ols| d8+/oo em(z—s)—a\z\wlsldshU(.) -W0O)ls
dizri L J_ P

< L; {/z eTil(z=s)tolz—s| 1o + /oo eTiz(z—s)Fo|z—s] d8:| |U() _ W()|a

Tdiri L) 2

< GHUC) =W()lo,

where
Li(xi1 — x40 + 20)

G; =
dizi(zin +0)(xi2 — 0)

> 0.

This implies
L (U) () = ILW) ()l < GilU() = W()lo-

Hence, II; : ¥ — C(R,R) is continuous with respect to the norm | - |, in
B,(R,R™). Similarly, we can prove that, for t = m+1,m+2,...,n, II; : ¥ —
C(R,R) is also continuous with respect to the norm |- |, in B,(R,R™). Therefore,
IT: ¥ — ¥ is continuous with respect to the norm |- |, in B, (R, R™).

Finally, we show that the operator II is compact with respect to the norm | - |,
in B,(R,R™). Observe that, for U(z) = (u1(2),u2(2),...,u,(z)) € X, we have

0 <wui(z) <Ny,

where N; depends on v;, A¢, w, 7, 0, @, W, q;, Q;. It follows that there is an M;
depending on these parameters as well as & such that

0 < Ii(U) < M.

Thus,
|in(U)(Z)| = 1 |::L’i1 /z ea:il(zfs)ds + Lig /OO ewﬂ(zfs)ds} FZ(U)(S)‘
dz diz; oo B
M, : o
< |:|le‘/ e;c11(z—s)ds+xi2/ ex,,g(z—s)ds}
d;z; —co R
20
N dixi’

which implies

d 2M;
SO, < 5o

That is, |d%Hz-(U)(z)\o is bounded. This is true for all ¢ = 1,2,...,n. This means
that II(X) is uniformly bounded and equicontinuous with respect to the norm |- |,.
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For fixed positive integer k, define an operator I1* = (IT¥, T1, ... TI¥) by
II(U)(—k) =z € (—o0,—k],

" (U)(z) = II(U)(z) z € [k, K],
I(U)(k) =z € [k,00).
By Arzela-Ascoli theorem, IT¥ : ¥ — ¥ is compact with respect to the norm | - |,
in B, (R,R™).
Fori=1,2,...,n, we have
1 z o0
@G = [ [ e ist [T et
< M: [/ e®1(Z=9) g +/ e‘m(z’s)ds}
dixi — 00 2
di|ri1 o] .
Therefore,

5 (U) () = IL(U)()], = Sup [IF(U)(2) = I(U)(2)| e~

= sup |II} (U)(2) — I;(U)(z)]e 7"
|z|>k

< 72Mi e % 50
di|zi1xio]

as k — oo. This means that
I U)(-) = U ()]s — 0
as k — oo. That is, IT* converges to IT in ¥ with respect to the norm |-|,. Therefore,

IT: ¥ — ¥ is compact with respect to the norm |- |, in B, (R,R"™). O

Now we are ready to prove the existence of semi-traveling wave solution for

system (3.2)

Proposition 3.7. If Ry > 1, there exists ¢ > 0 such that for any ¢ > ¢, system
(3.2) has a nonnegative bounded semi-traveling wave solution U(z) satisfying

lim U(z) = Ejp.

Z——00

Proof. For Ry > 1, from Lemma there exists ¢ > 0 such that for any ¢ > ¢,
there exists A. € (0, 55) with d = maxi<i<;n d; and V. = (v1,...,vy) with v; >0
such that ®; = (vier?, ... v,,e’e?) satisfies (3.5). Then we can define

U(z) = (U1(2), Us(2)),
U(z) = (Us(2), Us(2))
so that they satisfy Lemmas Then we define operator
() () = (U (=), -, T (U)(2)) 5 5 8

such that (3.12) holds. From Lemma we know that II(X) C ¥ and it is
continuous and compact with respect to the norm |- |, in B,(R,R™). Therefore,
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from Shauder’s fixed point theorem, IT has a fixed point U(z) € X, which satisfies
(3.3). It is easily seen that

lim U(z) = lim U(z) = Ey.

z——00 z——00

It follows that lim,_, o, U(z) = Ey. This completes the proof. O
Next we prove the existence of semi-traveling wave solutions of (1.2]).

Theorem 3.8. If Ry > 1, then there exists ¢ > 0 such that for any c > ¢, system
has a nonnegative bounded semi-traveling solution U(z) = (u1(z), ..., un(z))
satisfying

lim U(z) = Ey.

Z—r—00
Ifby; > 0 fori=m+1,...,n, and there is at least one 1 < j < m such that a;; > 0,
then

ui(z) < ul.
Fori=1,...,m, u;(z) >0 and
: ) —Aez — .. : / —Aez _ .
ZEI_nOO u;(z)e vy, zkr_noo u;(z)e Act;. (3.14)
Proof. For each positive integer k, in (3.3)), set § = §; = %, we have d; | 0 as

k — +oo. From Proposition for each dx, (3.2) has a nonnegative bounded
semi-traveling wave solution

Ui(2) = (u1g(2), uok(2), .. . ,unk(2)) €

satisfying lim,_,_ . Ug(2) = Ep. From the proof of Lemma and system (3.3),
{Ui(2)}321, {U}.(2) }72,, and {U]/ (2) }32, are equicontinuous and uniformly bounded
in R. By Arzela-Ascoli theorem, there exists a subsequence {4, } such that for some

U(z) = (U1(2),Us(2),...,Un(2)) € X,
Uk, (2) = U(z), Up,(2) = U'(2), U (2) = U"(2)

as j — oo. Since Uy, (z) is a solution of , by taking k; — oo so that dx; — 0,
we know that U(z) satisfies the wave equations corresponding , that is,

cUp = diU7 + fr(U),

cUg = dsUg + fs(U).
Thus, U(z) is a nonnegative semi-traveling solution of satisfying

lim U(z) = Ejp.

Z——00

(3.15)

Next, we show that u;(2) > 0 for i = 1,2,...m. Since u;(z) = max{v;e*-*(1 —
Tet?), 0}, for z < z3 = flr:—f, u;(z) > 0, we have u;(2) > u,;(z) > 0. If there is a zg
such that u;(z9) = 0, then there are a and b such that a < z3 < b and zy € (a, b).
Thus, u;(z) attains its nonpositive minimum over [a, b] at zg. Notice that on (a, b),
u;(z) satisfies

—dg + ciup = f;(U(2)),

or
n

—du + cul + qu; = (Z aijui) (bio + Z Uk) =0,
j=1

k=m+1
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By the strong maximum principle for second order elliptic equations (see [7]), u = 0
n (a, b). This is a contradiction since u;(z) > 0 for z € (a, z3). Therefore, we must
have u;(z) > 0 for all z € R. For i = m +1,m —|— 2,...,n, we already know that
0 < u;(2) < uf. If, at some point 2%, u;(2*) = u? then uz( ) attains its positive
maximum at z*. Therefore, u;(z*) =0, u/(z*) < O But, from (3.15), we have

This is a contradiction. Therefore, we must have u;(z) < ul.
Finally, we prove (3.14). We know that the semi-traveling wave solution U(z)
satisfies

Fori=1,2,...m,

VW, z >z,
and
viete (1 —7et?), z<z3= Inz
ui(z) = K
- 0, Z > 23,

where w > 1, 7> 1, and 0 < p < min{a, Ac}, Ac + p <
with |z| large enough, we have

vie e (1 — 1el?) < uy(z) < vt

55+ Therefore, for z < 0

That is,
vi(1 — TeM?) < ui(z)e N < vy
Thus,
lim w;(z)e % = ;.
Z—r—00

To prove that

ZEIEIOO ug(z)e—)\cz = Acviu

let us consider a nonnegative semi-traveling wave solution Uy (z) = (Urk(2), Usk(2))
of the auxiliary system (3.2) with § = 6, = 1. Using that Uy(z) is a fixed point of
operator Il and the definition of II, it is easy to prove that

lim wi(2)=0, i=1,2,...,n

Z——00

For i = 1,2,...m, integrating both sides of the i-th equation of (3.3) from —oco to
z and using the facts that u;(—o0) = uj(—o00) = 0 reveal that

diui(z) = cu;(z / fi(U)(s)ds + 5;9/ u?(s)ds.

Therefore,
: I —Aez
. 1 Acz ? 2
= ZLHPoo @ (cul(z) fz s)ds + ope” ¢ N u; (s)ds)
1 R A 1 C Ok uP(s)ds
= — (cvi — lim —/—————— + lim —)
di Z—+—00 eAc? Z——00 eAc?
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_ 1 i) (=) . Skui(2)dz
= g (ov =l S i )
1 —AezZ £([] Sre—reZu2(2)d
= 7 (ov ‘zﬁ@w%f)(z) +ZE@MWA—W)
l <C’U~ _ (27:1 aijvj)(bio + EZ:m+1 blkug) - qivi)
dl' ! )\c
)\cdi (]
dlv = )\C'Ui
In the last equality we used (3.6]). This completes the proof. O

4. NONEXISTENCE OF TRAVELING WAVE SOLUTIONS

The existence of semi-traveling wave solutions starting from the disease-free equi-
librium Ey means that the disease will spread among the population. The sufficient
conditions to have these semi-traveling wave solutions that we proved are Ry > 1
and ¢ > ¢ with ¢ > 0 depending on parameters in the system, especially on the
diffusion coefficients of those infected subclasses. This implies that the speed of
population movement will affect the outbreak of the disease. The question is what
condition will guarantee the nonexistence of semi- traveling wave solutions? For
this we have the following result.

Theorem 4.1. If Ry < 1, then for any ¢ > 0, model (1.2)) has no nonnegative
(13.1))

nontrivial bounded semi-traveling wave solution satisfying

Proof. If Ry < 1, suppose that has a nonnegative nontrivial bounded semi-
traveling wave solution U(2) = (u1(2),u2(z), ..., u,(2)) satisfying ([3.1). Without
loss of generality, we can assume that 0 < u;(z) < u? for i = m + 1,...,n. Oth-
erwise, we can rescale the solution so that this is true. Since Ry = p(EQ™!) =
p(Q71E) < 1, by Perron-Frobenius theorem, there exists a W = (wy, wa, ..., wy,) €
R™ with w; >0 (i = 1,2,...m) such that

(Q'E)W = RyW. (4.1)
Observe that, for ¢ = 1,2,...m, u;(z) satisfies
cul, = diul + fi(U).

It can be written as

diug' + C’U,; + qiu; = AZ(Z)BZ(Z) = (Z aijuj) (bzo + Z bikuk) (42)
j=1 k=m-+1
Let A} 5 be the roots of —d;A\? + cA + ¢; = 0, that is,
i c++\/c? +4d;q;
7
then (4.2)) can be converted to

ui(z) = x [/ ) Hi(s) ds —|—/ MG Hi(s) ds|, (4.3)
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where A; = A\ — A} > 0 and H;(s) = A;(s)B;(s). From (4.3) and the assumption
0<wu(z) <ul,i=m+1,m+2,...,n, we obtain

0 < wu;i(2)

i ? i 1 RO 1
-l e [Fettaea]

< (QilE)z%[/ ez\g(zfs)ul(s) der/ e)xqi(zfs)u](s) dS:|,

where (Q7'E); (i = 1,2,...,m) denotes the i-th row of the matrix Q~'E and
ur(s) = (ur(s),uz(s), ..., um(s))".

Let u} = sup,cpu;(z) for i =1,2,...,m. Then u* = (u},u},...,u’,)T >0 and
u* # 0. By taking supremum on the both sides of , we obtain
u* < (Q'E)u* (4.5)
Since W is positive, there exists a positive constant v > 0 such that
u* < vW (4.6)
Using 7 , and gives us
u* < (Q'EWW = v(Q 'E)W = vRyW. (4.7)

Using (4.5)), (4.7), and (4.1) leads to u* < vR3W. Continuing this process results
in

0 <u* <vRj'W
for all positive integer m. Taking limit m — oo, since Ry < 1, leads to u* = 0
This is a contradiction. This completes the proof. ([

5. DiscussioN

To investigate the influence of the mobility of population on the spread of disease,
we propose and study a very general epidemic model which inculdes a large class of
epidemic models that possess a disease-free equilibrium. Inspired by some specific
models, we introduced basic reproduction number Ry. It turns out that the basic
reproduction number Ry is a threshold in the sense that the disease vanishes if
Ry < 1 and spreads if Ry > 1.

We introduced a critical wave speed é and established the existence of semi-
traveling wave solutions that start from the disease- free equilibrium for ¢ > ¢ > 0.
In order to investigate the final state of the disease, we need to establish the exis-
tence of traveling wave solution. To do this, we need to impose more restrictions on
the model to guarantee the existence of another nontrivial steady state equilibrium
and the semi-traveling wave solutions whose existence we established also connect
this steady state.

As we mentioned before, this model is neither cooperative nor competitive. For
these models, as the one investigated in [19], the spreading speed may be greater
than the minimal wave speed. In a future work, we will investigate the relationship
among the critical wave speed, the minimal wave speed, and the spreading speed.
This is to prove that the critical wave speed introduced here is the same as the
minimal wave speed. Besides proving the existence of traveling wave solution for
¢ > ¢, we also need to prove that, for Ryp > 1 and ¢ < ¢, there is no traveling wave
solution.
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In our model, all the parameters are constants. If this is not the case, the
behavior of the disease will be very different. This is another direction of a future
work.
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