Special Issue in honor of Alan C. Lazer
Electronic Journal of Differential Equations, Special Issue 01 (2021), pp. 1-11.
ISSN: 1072-6691. URL: https://ejde.math.txstate.edu or https://ejde.math.unt.edu

A THIRD LOOK AT THE FIRST RESULT OF
LANDESMAN-LAZER TYPE

PABLO AMSTER

Dedicated with great admiration to Alan Lazer

ABSTRACT. We review some of the Landesman-Lazer-Leach results and pro-
vide elementary proofs by means of shooting type arguments. An appropriate
extension of a first result by Alan Lazer to systems can be regarded as a
generalization of the fundamental theorem of algebra.

1. INTRODUCTION

In the celebrated paper [10], Landesman and Lazer gave a sufficient condition
for the existence of solutions to a nonlinear elliptic equation under resonance at a
simple eigenvalue. To simplify, we consider the Dirichlet problem

Au(z) + Au(z) + g(u(z)) = p(z), uloa =0,
where 0 C R? is a smooth bounded domain, g € C(R) has finite limits at 400,
p € L2(2), and X is a simple eigenvalue of the operator Lu := —Awu under Dirichlet
conditions. Let 1) be an eigenfunction associated with A and define QT and Q~

as the subsets of € in which ¢ > 0 and ¥ < 0 respectively. In this setting, the
Landesman-Lazer condition reads

o(+) [ dla)de+g(—0) [ v(o)do
> / p()i(a) da (1.1)

> g(400) - () dx + g(—o0) - ¥(z) d.

As shown in [TI0], this condition is sufficient for the existence of at least one solution
and, furthermore, if

g(u) # g(£o0) uweR,
then is also necessary. The latter property is immediate and is left for the
reader as an exercise. From now on, we shall focus only on the sufficiency part of
the result.
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A few years after [I0] was published, a nice application of elementary criti-
cal point theory allowed obtaining a more general conditions, well-known Ahmad-
Lazer-Paul conditions [I]. Since then, several extensions of the Landesman-Lazer
theorem have been obtained; for a survey see for example [I6]. In 2000, Alan Lazer
published a delightful article in EJDE [12], in which the original result and some
variants for ODEs were discussed, including the Lazer-Leach [I3] and the so-called
Frederickson-Lazer theorems. In this paper, we shall review some of these results
and give simple proofs for the classical ODE cases. Moreover, we shall present some
extensions to systems and more general situations.

The paper is organized as follows. In the next section, we shall give a very
elementary proof of the ODE analogue of the original Landesman-Lazer result by
means of a shooting argument. Section [3]is devoted to the periodic problem: in the
first place, a non-asymptotic extension for a systems under resonance at the first
eigenvalue is given and its connection with the fundamental theorem of algebra is
explored. In the second place, it shall be shown that, when resonance occurs at
a higher order eigenvalue, the shooting method also allows to give an elementary
proof of the original Lazer-Leach theorem.

2. THE ONE-DIMENSIONAL LANDESMAN-LAZER THEOREM: EASY PROOF BY THE
SHOOTING METHOD

In this section, we shall give an elementary proof of the Landesman-Lazer theo-
rem for an ODE, namely the Dirichlet problem

u”(t) + n?u(t) + g(u(t)) = p(t), u(0) =u(r) =0, (2.1)

where g has finite limits g(+o00) and p € L?(0, 7). Here, it is readily seen that n? is
a simple eigenvalue of Lu := —u", with associated eigenfunction subspace spanned

by ¥(t) := sin(nt).

Theorem 2.1 (Landesman-Lazer). In the above situation, if (1.1)) holds then prob-
lem (2.1) admits at least one solution.

For a proof, let us firstly assume that g is smooth, so the initial value problem
u"(t) +n*u(t) + g(u(t)) = p(t), u(0) =0, u'(0)=s

has a unique solution u,. By standard results, us is defined up to ¢ = 7 and the
shooting operator s — () is continuous; thus, it suffices to show the existence of
numbers s*, s~ € R such that u,—(7) < 0 < ug+ (7). By variation of parameters,
it is verified that

t t
us(t) = _%/o sin(n7)&s(7) dr cos(nt) + %(s —l—/o cos(nt)&s(7) dT) sin(nt)
where &(7) := p(7) — g(us(7)). Because ¢ is bounded, it follows that
ug(t) = %sin(nt) 1 B,(t),

with | Bs(t)| < B for some constant B independent of s. Next, observe that

(-

ug(m) = (/OTr sin(n7)p(r) dr — /OTr sin(nt)g(us(7)) dT)
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and, by the dominated convergence,

| sntnrigtu(r)ydr = o) [

as s — oo, where Q1 and Q™ are, as before, the positive and negative sets the
function ¥ (t) = sin(nt) over Q := (0,7). Thus, it is deduced from (|1.1) that if
s>> 0 then us(m) and u_, () have different signs and the conclusion follows.

sin(nt) dr + g(Fo0) / sin(nr) dr,

+

Remark 2.2. It is not difficult to see that the result is still valid if g is bounded
and (|1.1]) is replaced by the following weaker condition: there exist ug,e > 0 such

that
/ Y(x)de + g(— / Y(x)de — e

>Ammw@m (2.2)
> g(u /7/) )dx + g(— /zb Ydz + €.

for all u > ug. Using this fact, it is possible to deduce the proof when g is only
continuous by an approximation argument(details are left to the reader).

3. PERIODIC PROBLEM: FROM THE SCALAR EQUATION TO SYSTEMS

A particular situation occurs when the boundary conditions are periodic, because
all the eigenvalues of the operator Lu := —u” are multiple, except for the first one
Ao = 0, whose corresponding eigenfunction subspace is the set of constant functions.
The nonlinear problem related to this case reads

u”(t) + g(u(t)) = p(t) (3.1)
where p € L2 (R) is T-periodic and g € C(R) is bounded. It is well known that
the eigenfunction associated to the first eigenvalue does not change sign; here, this
fact is particularly obvious and hence the Landesman-Lazer condition takes a very
simple form:

g(+00) >p = —/ t)dt > g(—o0). (3.2)

However, shortly before [10] was published, Lazer [I1] employed the Schauder fixed
point theorem to obtain T-periodic solutions of (3.1) under a slightly different
assumption:

(L) There exists Ry > 0 such that
g(u) >p > g(—u) forall u> Ry.

It is clear that this condition is more general than the Landesman-Lazer condition,
because (L) is non-asymptotic, in the sense that, besides the sign, no specific be-
haviour for g is prescribed as u — 4o0o. In particular, it might happen that g(u)
tends to p, a situation which is described in the literature as a wvanishing nonlin-
earity. Furthermore, observe that, differently to , the inequalities in (L) are
non-strict, although another approximation argument shows that it suffices to prove
the result for the strict case, taking for instance gi(u) := g(u) + § arctan(u).

It is worth mentioning also that the original result in [II] required that g be
sublinear instead of bounded; this extension is easily deduced from the fact that
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sublinearity, together with (L), is sufficient to obtain a priori bounds for the solu-
tions and allows a truncation argument. Summarizing, we have:

Theorem 3.1. In the above situation, if (L) holds then (3.1) admits at least one
T-periodic solution.

In 1972, Mawhin [14] presented an extension of Lazer’s theorem when (3.1)) is
a system of N equations and g € C(R",R") is sublinear and satisfies, for each
coordinate j = 1,..., N, the assumption

(A1) There exists Ry > 0 such that g;j(u) > D

that U > Ro.

As in the scalar case, it may be assumed that g is bounded and smooth. Moreover,
without loss of generality, from now on we may also assume that p = 0. Moreover,
it shall follow from the proof that the inequalities in (A1) can be reversed for some
(or all) coordinates.

Proposition 3.2. In the above situation, if (A1) holds then system (3.1) admits
at least one T-periodic solution.

> g;(—u) for all u € RY such

Proof. Let us verify that a shooting type argument can be applied also in this case,
although the periodic conditions yield a 2/N-dimensional fixed point problem for
the associated Poincaré operator defined by

where ug, is the unique solution of (3.1 satisfying the initial conditions

Upy(0) = 2, up,(0) =y (3.3)

for arbitrary z,y € RY. Equivalently, we define

(2, y) = (y — upy (T), Uy (T) — )

and apply the Poincaré-Miranda theorem. Indeed, fix M > |Ip|lz10,7) + Tll9llo
and write

%Aw—y=XJM@—mW¢@nw

to deduce that
for all ¢, where | - | stands for the maximum norm of RY. In particular, writing
@ = (¢1,p2) it is seen, when y; = M, that (u;y)j (t) > 0 for all ¢t and hence
(uwy(T))j > z;; that is, (¢2);(x,y) > 0. In the same way, it follows that if
y; = —M then (p2);(z,y) <O0.

Next, observe that if |y;| < M for all j then

t t
uay(6) = ol = | [y (9)ds|o < [ O +lyloc) ds <2700 =
0 0

Set R := Ry +r and assume that z; = R, then (ugy);(t) > R —r > Ry for all t. In
turn, this implies g;(uqy(t)) > 0, and consequently,

(p1)j(z,y) =y; — (W(T)); = /0 i (tay (1)) dt > 0.

Analogously, if ; = —R then (¢1);(z,y) < 0. This completes the proof. O



EJDE-2021/SI/01 RESULTS OF LANDESMAN-LAZER TYPE 5

To generalize Mawhin’s result, it may be noticed that, if (Al) is strict, then
the Brouwer degree of ¢ is well defined and satisfies degz(g, Br(0),0) = 1 for all
R sufficiently large, or eventually —1 if some (an odd number) of the inequalities
are reversed. Thus, one might wonder if T-periodic solutions still exist when more
rotation is allowed, that is, when the winding number of the field g over large balls
is an arbitrary nonzero integer,

degp (9, Br(0),0) # 0 (3.4)
for all R > 0. In particular, this is the case in a result by Nirenberg [I7], which
represents an accurate extension of the original Landesman-Lazer condition. In
order to understand this statement, let us observe that (3.2) can be regarded as
two separate conditions:

(1) g(so0) #P.
(2) The mapping ¢ : S° := {-1,1} — R given by ¢(£1) := g(£o0) wraps
around P, that is, ¢(—1) —p and ¢(1) — p have different signs.

Recalling that p = 0, the previous conditions are generalized to a system of NV
equations as follows. Let S™~! be the unit sphere of RY and assume that the
(finite) radial limits

gp = lim g(sv)

s——+oo

exist uniformly for v € SN~!. This implies that g, is a continuous function of v.
In this setting, Nirenberg’s conditions read

(A2) g, #0 for all v € SN—L.

(A3) deg(¢) # 0, where ¢ : S¥=1 — SN~1 is defined by ¢(v) := gu/|gu|-
For the reader’s convenience, let us recall that the degree of a continuous mapping
¢: SN~ — SN=1 can be simply defined as the Brouwer degree degp (qAS, B1(0),0),
where ¢ : By (0) — R¥ is an arbitrary continuous extension of ¢. The following
proposition follows from the result in [17]:

Proposition 3.3. In the above situation, if (A2) and (A3) hold, then system (3.1))

admits at least one T-periodic solution.

It is clear that (A2) and (A3) imply (3.4); however, it was shown in [18] that,
unlike for the scalar case, the latter condition alone does not guarantee the exis-
tence of T-periodic solutions: more precisely, an example was found of a continuous
bounded function g such that g(u) # 0 for |u| large and satisfying , for which
such solutions do not exist. The authors proposed then a weaker version of Niren-
berg’s conditions that allows the non-existence of the radial limits g,, as well as
vanishing nonlinearities. Namely, if g is bounded with g(u) # 0 for |u| large, the
existence result in [I§] replaces g, by the limits

R . g(sv)
, = 1
P = A Tg(s0)]

)

which are assumed to be uniform in v € SN¥~1. As before, this implies that the
mapping § : v — §, is continuous. In this context, the sufficient conditions for
existence in [I8] read

(A4) g, #0 for v e SNL.

(A5) deg(g) # 0.

This yields the following result.
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Proposition 3.4. In the above situation, if (A4) and (A5) hold, then system (3.1))
admits at least one T-periodic solution.

Although (A4) and (A5) constitute an improvement with respect to (A2) and
(A3), they are not implied by (A1). Remarkably, a geometric non-asymptotic con-
dition was given in [I9] which can be seen as an extension of both results and, as be-
fore, admits a shooting type argument. For simplicity, assume that g € C(RY,RN)
is bounded and fix constants M and r as in the previous proof. Set R > r and
consider the following condition

(A6) 0 ¢ co(g(B,(z))) for all z € RY such that |z| = R, where co(A) denotes
the convex hull of an arbitrary set A ¢ RV.

It is an easy exercise to prove that both (A4) and the non-strict version of (A1)
imply (A6). Let us adapt the shooting argument to prove that solutions exist when
(A6) and are assumed. As a consequence, the existence results in [I7] and
[18] are deduced.

Proposition 3.5. In the above situation, if (A6) and (3.4) hold then system (3.1))
admits at least one T-periodic solution.

Proof. We may assume that g is smooth and define the mapping ¢(x,y) exactly as
before. On the one hand, it follows from the previous computations that if |y;| = M
then

5 (tgy(T) — :c)j +(1—-s)y; #0

for all s € [0,1]. On the other hand, it is also seen that if |y;| < M for all j,
then |ugy (t) — x| < r for all ¢ which, in turn, implies that if also |z| = R, then the
mapping

T
s »—>/0 g(x + s(ugy(t) —x))dt

does not vanish for s € [0,1]. Indeed, this is due to the mean value theorem for
vector integrals, namely

7 € co(Im(v)),

where v : [0, 7] — R¥ is a continuous curve and Im(~y) denotes the range of v. In our
context, it suffices to consider v(t) = g(z + s(uyy(t) —2)) and the conclusion follows
from (A6). Summarizing, we have proven that if U := Br(0) x (=M, M)" c RN
then the homotopy

T
h(z,y,s) = (/ g(x + s(ugy(t) — ) dt, s (Ugy(T) — ) + (1 — s)y)
0

does not vanish on 9U. This implies that the degree of h(-, s) over U is well defined
and does not depend on s. In particular, observe that ¢ = h(-,1) and hence

degB (@7 U7 O) = degB(h('a 0)7 Ua O)
Finally, observe that

h(z,y,0) = (Ty(x),y)

and the result is immediately deduced from condition (3.4)). [l
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At this point, it is worth noticing that, if one uses the Leray-Schauder degree
theory, then more powerful results can be obtained. For instance, the original
problem studied in [14] included first order terms, namely

(1) + ST F(u(t) + g(u(t)) = p(1) (3.5)

for a C' mapping F : RV — R. In order to treat this case, it is useful to adapt the
standard continuation method (see e. g. [7]) to this specific situation.

Lemma 3.6. In the above situation, assume there exist M, R > 0 such that
(1 I
(1) = slplt) — SV F(u(t)) — glul))] (3.6)
for some s € (0,1), then ||u'||2 < M and |a] # R.
(2) ¢(x) #0 for x € RN with |z| = R, where

oa) =5 [ o)t = gla).

(3) deg(¢, Br(0),0) # 0.
Then system (3.5)) has at least one T-periodic solution.

Again, for simplicity we may assume that ¢ is bounded and p = 0, then multi-
plying (3.6) by u(t) — @ it is readily seen that all possible T-periodic solutions with
s € (0,1) satisfy

[/ 122 < (Ipllze + VT llglloo) 1w =Tl 2

because

T T
d
/ <$VF(u(t)), u(t) —w)dt = —/ (VF(u(t)),u'(t)) dt = 0.
0 0
From the Wirtinger and Sobolev inequalities, we deduce that

T
l'llze < o llpllee + VT|gllo) = M,

T
lu —Ulloo < 4/ EM =

Moreover, integrating (3.6 yields

T
/ g(u(t)) dt = 0.
0

Thus, the next result, which extends all the preceding ones, is directly deduced
from Lemma

Theorem 3.7. In the above situation, if (A6) and (3.4) hold, then system (3.5)
has at least one T-periodic solution.

The result is easily generalized for sublinear g, after appropriately redefining
the constant r. However, it is interesting to observe that no growth restrictions
are needed in the case of a gradient system, namely, when g = VG for some C!
mapping G : R” — R. Indeed, assume that F is of class C? and strictly convex or
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strictly concave, that is, the hessian H F'(x) is uniformly strictly positive or negative
definite. In other words, assume there exists a constant « > 0 such that

inf |[(HF(z)v,v)| >a>0 (3.7

veSN-1

for all x € RN, If u is a T-periodic solution of (3.6)), then multiplying the equation
by u/(t) we obtain, upon integration,

T T
0= [ )it =s [0 - ZIP@O) - atute). w0} .

When g = VG, the integral of the last term in the right-hand side is equal to 0,
whence

T T
| Gvra. o= [ oo.a o)

Employing (3.7) we deduce, from the Cauchy-Schwarz inequality,

T
a/|wwﬁwswmmwm;
0

that is

||u/HL2 < Hp||L2 )
[0

A particular instance of the above case is the complex equation

2"(t) + a2’ (t) + g(Z(t)) = p(t)

where a € R\{0}, ¢ is an analytic function and Z denotes the conjugate of a number
z € C. The fact that the latter equation is a gradient system for N = 2 is due
to the Cauchy-Riemann conditions. Alternatively, one may multiply by z'(¢) the
homotopy equation

2"(t) = s[p(t) — a2’ (t) — g(Z(t))]
to obtain

27 2 2
(67 a )2 dt = i .
A (02 (1) di + A B A p(t)Z (1) dt

Taking now into account that %|z’(t)|2 = 2R(2"(¢)Z'(t)), it follows that

a/o ﬁ|z’(t)|2dt:8?</o BOELD dt)

and hence
l[pll L2

12'll> <
lal

A similar situation occurs with the problem

2 (t) + aZ' (t) + g(2(t)) = p(t), (3.8)

where g is an analytic function and a € C\{0}. Here, if 2 € C?(R, C) is T-periodic
and satisfies

2"(t) = sp(t) — aZ'(t) — g(2(1))]
for s € (0, 1], then multiplying by z’(t) we obtain

o [120Ra= [ s
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whence
ol

12" 2 <
lal

In both cases, it is clear that (A6) cannot hold for arbitrary g; for instance, if
p = 0 then all possible T-periodic solutions are constant and no solutions exist
when ¢(z) = e®. However, it is readily verified that (A4) and (A5) are fulfilled
when g is a polynomial of degree k > 1 with leading coefficient ay, since

k

9(s2) ez Y(z), ass— +oo

lg(sz)]  lax]
uniformly for |z| = 1 and deg(¢)) = k. In particular, letting p = 0 the solutions
are the roots of g and, according to Mawhin in [I5], the previous result may be
interpreted as a generalization of the fundamental theorem of algebra. It is easy to
extend the result for arbitrary p = p(t, z) continuous and T-periodic in ¢, provided
for example that p is sublinear with respect to z.

Higher order eigenvalues: the Lazer-Leach theorem. This section is devoted
to the case in which resonance occurs at a higher order eigenvalue, leading to the
also celebrated Lazer-Leach case introduced in [I3]. If for convenience we fix the
period T' = 27, then the eigenvalues of the operator Lu = —u’ are simply given
by A. = n? and, when n > 0, the eigenfunctions form the subspace spanned by
{cos(nt),sin(nt)}. The original result in [I3] states, analogously to the Landesman-
Lazer result, that if the projection of p to this space is small, then 27-periodic
solutions exist, where the smallness assumption is related to the (finite) limits
g(£00). In more precise terms, consider the problem

u"(t) +n*u(t) + g(u(t)) = p(t) (3.9)
where p is 2m-periodic and g € C(R,R) is bounded. The projection of p can be
expressed in terms of its nth order Fourier coefficients. For convenience, we may use
the complex notation and set z, := fo% p(t)e~ " dt, then the Lazer-Leach condition
reads

|2p] < 2[g(+00) = g(—00)]. (3.10)
Theorem 3.8 (Landesman-Lazer). In the above situation, if (3.10) holds, then
problem (3.9) has at least one 2m-periodic solution.

Again, the problem admits a simple approach by using of the Poincaré opera-
tor. The following sketch is a simplified version of the argument introduced in [§].
Assume that g is smooth and define as before u = us, as the solution of with
initial condition , then

Ugy () = Coy(t) cos(nt) + Szy(t) sin(nt),

where
Cofty == [ =2 pe) — gy o)) s,
Sup(0)i= L [ 5) — gl o)) .

Next, we write (x, £) in polar coordinates (p,) to obtain

tny(0) = peosiat ~6) + [ SN =) 1) gy ()] ds,

n
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t
) (t) = —npsin(nt — 6) + / cos(n(t — 8))[p(s) — g(ttay (5))] ds
Thus, we can define the complex function for z = x + iy given by
F(2) = [u, (27) =t} (0)] + in[ury (0) — Uy (27)]
then

F(p,0) = /0 7T[10(8) - g(uwy(s))]eins ds = z, — /0 ) Q(Umy(S))ei"S ds.

It is convenient to write the latter term as
2 4 4 o 4
/ g(uzy(s))ezns ds = 619/ g<uwy(8))ez(ns—a) ds
0 0

2
= ew/ g(pcos(ns — 0) + B(s))ei("sfe) ds
0

where, since g is bounded, B(t) is bounded independently of r and 6. Now a
straightforward application of the dominated convergence theorem shows that
F(p,0) — z, — eie(/ g(+00)e’ =9 s +/ g(—00)e’ =9 ds)
Qg 2
as p — o0, uniformly on 6, where Q;t C [0, 27] are, respectively, the positive and
negative sets of the function cos(nt — 6). Since it is clear that

/ cos(ns — 0) ds = —/ cos(ns — ) ds = 2,
Qg Q
/ sin(ns — 0) ds = / sin(ns — ) ds = 0,

Qg Q

we conclude that
F(p,0) = 2, — 2¢"[g(+00) — g(—00)]

as p — oo, uniformly on 6. Together with (3.10]), this implies that if we fix
p = R >0, then z, belongs to the interior of the disk of radius 2|g(+00) — g(—o0)|.
In other words, the index of the curve y(6) := F(R, #) is equal to 1 which, in turn,
implies that F" has at least one zero z with |z| < R. As before, the general result
follows now by an approximation argument.

Different extensions of the Lazer-Leach result were also introduced by several
authors; for instance, it is immediate to verify that the result is still true if in

(3-10) the quantity |g(+o0) — g(—o0)| is replaced by

liminf g(u) — lim sup g(u
lim inf g(u) — lim sup g(u)

or
liminf g(u) — lim sup g(u).
U——00 u—+00
More general situations are analyzed in [4, 6 [9], among other works. It is worth
noticing, however, that non-asymptotic conditions are more scarce; see e.g. [2, [5].
Extensions to systems are also more difficult than the case of resonance at the
first eigenvalue; a quite general account of this situation for systems of delayed
differential equations was recently given in [3].
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