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A generalization of the
Landesman-Lazer condition *

Petr Tomiczek

Abstract
In this paper we prove the existence of solutions to the semi-linear
problem
u(z) + m*u(z) + g(z,u(z)) = f ()
u(0) =u(mr) =0

at resonance. We assume a Landesman-Lazer type condition and use a
variational method based on the Saddle Point Theorem.

1 Introduction
Let us consider the nonlinear boundary-value problem

u"(2) + mPu(z) + g(u(z)) = f(z), =z€(0,m), (1.1)
u(0) =u(m) =0,

at resonance. Here m € N, f € C(0,7) and g : R — R is a continuous function
such that

lim g(s) =g+ and lim g(s) =g- (1.2)

S§—00 S§—>—00

exist and are finite numbers. Fuéik [3, Th.6.4] proved that (1.1) has at least one
solution provided that

/OTr [9-(sinmaz)t — g, (sinmz)~| d (1.3)
i ) sinmx dz i sinma)*t — g_(sinmz) | dz.
< [ t@sinmade < [ o sinme) —g-(sinma) ] d

Intensive study of problem (1.1) started with the paper [5] by Landesman and
Lazer in 1970. Their result [5] has been generalized in various directions. For
a survey of results and exhaustive list of the bibliography up to 1979, we refer
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the reader to Fucik [3]. A list of works published since 1980, can be found in
Drébek [1]. Chun-Lei Tang [4] defined the function F(s) = %(s) —g(s) and the
constants Fy = liminf, |, F(s), F_ = limsup,_,_. F(s) to prove that for
m = 1, Problem (1.1) is solvable under the condition

/7T [F_(sinz)" — Fy(sinz)" | dz < /7T f(z)sinzdx (1.4)
0 0
< /0 [Fy(sinz)™ — F_(sinz)” | dzx.

In this paper, we generalize the Landesman-Lazer type conditions (1.3) and
(1.4) to prove solvability of (1.1) when the nonlinearity g that satisfies:

e g(s) is a continuous and odd function

e For s > >0, g(s) =e+ Ksins with K > ¢ > 0 (see Theorem 2).

Note that for this linearity, there is no function f satisfying conditions (1.3) or
(1.4). We will use a variational method based on the modification of the Saddle
Point Theorem introduced by Rabinowitz [7].

2 Preliminaries

It is known that the spectrum of the linear problem

u'(z) + Au(z) =0, z€(0,m), (2.1)
z(0)=x(r) =0
is the set C = {A\: A=m?, m e N}.

Notation: We shall use the classical spaces C(0,7), LP(0,7) of continuous
and measurable real-valued functions whose p-th power of the absolute value is
Lebesgue integrable, respectively. H is the Sobolev space of absolutely continu-
ous functions u : (0,7) — R such that v’ € L%(0,7) and u(0) = u(m) = 0. We
denote by the symbols |||, and ||-||2 the norm in H, and in L?(0, 7), respectively.
Let H~ be the subspace of H spanned by all eigenfunctions corresponding to
the eigenvalues 1,4,...,m? and let Ht be the subspace of H spanned by all
eigenfunctions corresponding to the eigenvalues greater or equal to (m + 1)2.
Then H=H & H", dim(H ") < oo and dim(H*) = co.

Let I : H — R be a functional such that I € C1(H,R) (continuously differ-
entiable). We say that u is a critical point of I, if

I'(fujp=0 forall veH.

We say that I satisfies Palais-Smale condition (PS) if every sequence (u,) for
which I(uy,) is bounded in H and I'(uy) — 0 (as n — 00) possesses a convergent
subsequence.

Now we can formulate a variation of the Saddle Point Theorem, due to Lupo
and Micheletti [6].
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Theorem 2.1 Let I € C'(H,R) and
(a) inf), oo I(u) = —00 foru € H™
(b) limyy o0 I(u) = 400 for u € HT and I is bounded on bounded sets in H*
(c) I satisfies Palais-Smale Condition (PS).

Then functional I has a critical point in H.

In the original Saddle Point Theorem [7], instead of a) and b) above, the
author assumes the following two conditions

(@) There exists a bounded neighborhood D of 0 in H~ and a constant « such
that /0D < a,

(b) There is a constant 3 > « such that I/H* > 3.

It is obvious, that conditions (@), (b) follow from conditions (a), (b).
We investigate the boundary-value problem

u”(2) + mPu(z) + g(z,u(z)) = f(z), z€(0,7), (2:2)
u(0) = u(r) =0,

where f € L*(0,7), m € Nand g : (0, 7) xR — R is Caratheodory type function,
i.e. g(-, s) is measurable for all s € R and g(z, -) is continuous for a.e. z € (0, 7).
By a solution of (2.2) we mean a function u € C(0,7) such that v’ is
absolutely continuous, u satisfies the boundary conditions and the equations
(2.2) holds a.e. in (0, ).
We study (2.2) by using of varitional methods. More precisely, we look for
critical points of the functional J : H — R, which is defined by

1

s = [Tl - do - [C[Gon) - pde, (23)

where

G(z,s) = /0S gz, t)dt.

Every critical point u € H of the functional J satisfies
/ [u'v — m*uwv] dz — / [9(z,uw)v— fv]dz =0 forall veH.
0 0

Then u is also a weak solution of (2.2) and vice versa. The usual regularity
argument for ODE yields immediately (see Fucik [3]) that any weak solution of
(2.2) is also the solution in the sense mentioned above.

We will suppose that g satisfies the growth restriction

lg(x, 8)| < c|s| + p(x) for a.e. z € (0,7) and forall seR, (2.4)
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with p € L1(0,7) and ¢ > 0. Moreover,

‘ llim 9(@5) _ 0 uniformly for a.e. z € (0,7). (2.5)
s|—o0 S
We define
.. . G(z,s) . G(z, s)
=1 f——= - =1 —_—.
Gro=lnpl = G@ =l

Assume that the following potential Landesman-Lazer type condition holds:
/O7r [G_(z)(sinmz)" — G4 (z)(sinmz) | da (2.6)
< /O7T f(z)sinmz dz < /07T [G 4 (z)(sinma)" — G_(z)(sinma) | dz.
Set

F(x,s):{ M—g(%s) s#0,

S
g(.’]], O) s=0 P
9+(z) = liminf g(z,s), g-(z)=limsupg(z,s),
s—+00 S——00

Fy(z) =liminf F(z,s), F_(z)=limsupF(z,s).

s—+00 S——00

We generalize conditions (1.3) and (1.4) by assuming that f and g satisfy one
of the following set of inequalities: Either

/OTr [9—(z)(sinma)™ — gy () (sinmz)” | dx (2.7)

< /0 f(z)sinmzdr < /0 [9+(2)(sinmz)" — g_(z)(sinmz)~ | dz,

/OTr [F_(z)(sinma)" — Fy(z)(sinmz)” | dx (2.8)
< /07T f(z)sinmaz dz < /07T [Fy (z)(sinma)t — F_(z)(sinmz) | dz.

We shall prove that for any g,

9+(2) < Gy(z), Fi(z) <Gi(r), G (z)<g-(z), G (z)<F (x).
(2.9)
Therefore, the potential Landesman-Lazer type condition (2.6) is more general
than the conditions (2.7) and (2.8).

Let us prove the first two inequalities in (2.9). The proof of the other two is
similar. It follows from the definition of the function g4 (z) that Ve > 0, 3R > 0
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such that Vs > R, g(x,s) > ¢g4+(z) — ¢ for x € (0,7). Then for s > R and
z € (0,7) we have

s— R
P

R
> 1 / gl t)dt + (g4 (z) — )

S S

Hence, the inequality g4 (z) < G4 (x) follows.

We use the argument from C.-L. Tang [4] and prove that Fly (z) < G4(z).
It follows from (2.8) that F (x) > —oo for a.e. = € (0,7m). For these z and
arbitrary € > 0, we set

Fe(x):{ Fi(z)—¢ 1fF+(x)ini,

1/e if Fly(x)
Then for any € > 0 there exists K (x) > 0 such that
F(z,s) > F.(x) forall s> K(x).

Since

T2

9 <_ G(l‘,T)) _ _g(x,7) 12 = 2G(z,7) T F(x,7) S F.(z)
or -

for any s > ¢t > K(x), we have

50 G(z, 1) *F.(x) ,
o) [

G(z,t) G(z,s) 1 1
t2’ - 82’ >F.(z)(t7'=s1).
Assumption (2.5) implies that G(x,s)/s?> — 0. Since ¢ > 0 was arbitrary,
passing to the limit as s — +oco in the last inequality, we obtain G(z,t)/t*> >

F.(z)/t and so G4 (z) > Fi(z).

i.e.

Example. We suppose that the nonlinearities g;(z,s) = g:(s) (i = 1,2,3,4)
are continuous, odd and for all s > € > 0: g1(s) = 1, ga2(s) = |sins|, g3(s) =
1 _Isins|, ga(s) =1 +sins. We set

Mg = {f € L*(0,7) such that f satisfies (2.6)},
My; = {f € L*(0,7) such that f satisfies (2.7)},
Mg = {f € L*(0,7) such that f satisfies (2.8)}.

Then for g1, one has Mg = M7 = Mg £ 0, gy = FL =G4 = 1;
for gy, one has My =0, 0 # Mg CC Mg, 9. =0< F, =2 1 <G, = 2;
forgg,onehasMg:Q),@#M7CCM6,F+:0<g+:%—1<G+:%;
for g4, one has My = Mg =0, 0 # Mg, g = FL. =0< G, = 1.
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3 Main result

Theorem 3.1 Under the assumptions (2.4), (2.5), and (2.6), Problem (2.2)
has at least one solution in H.

Proof Firstly, we note that by (2.5),

lim / G(L);f“dmzo. (3.1)
lull—oo Jo [l

We shall prove that the functional J defined by (2.3) satisfies the assumptions
in Theorem 2.1 (Saddle Point Theorem).
For Assumption (a), we argue by contradiction. Suppose that

inf J(u) =-o00 for we H™

lluf|—o0

is not true. Then there is a sequence (u,) C H~ such that |lu,|| — oo and a
constant c_ satisfying

lim inf J(uy,) > c_. (3.2)
n—oo
From the definition of J and from (3.2) it follows that
1 T 1\2 _ n "
liminf[—/ (un)* = mu; FG@un) — fun s (3.3)
n=ee 2o (s (s
For w € H~ we have
/ [(w')? = m*u?)de = ||u]® = m*|[u]; < 0 (3-4)
0

and the equality in (3.4) holds only for u = ksinmz, k € R. Set v, = up/|un]l-
Since dim H~ < oo there is vg € H~ such that v,, — vg strongly in H~ (also
strongly in L?(0,)). Then (3.1), (3.3), and (3.4) yield

vg = ksinmz,

where k = %\/g or k= —%\/g, (llvo]] = 1). Let k = %\/g We divide (3.2)
by ||un| to obtain

™ N2 _ ,02,,2 ™ _
hminf{l/ wdx_/ wm}zo_ (3.5)
0 0

n—eo |2 [[un]| [[unl

Because u,, € H™ the first integral in (3.5) is less than or equal to zero and we
have

lim inf{ _76’(:3, n)
Unp

n—oo

Up da:} + k/ fsinmzdx >0. (3.6)
0
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We know that v,, — ksinmz, k > 0 in H~. Because of the compact imbedding
H~ c C(0,7), we have v, — ksinmaz in C(0,7) and we get

+oo for z € (0,7) such that sinmax > 0,
—oo for x € (0,7) such that sinmz < 0.

lim u,(z) = {

n—0o0

We note that from (2.6) it follows that there exist constants R, r and functions
Ay (z),A_(x) € LY(0,) such that A, (z) < Gi(z), G_(z) < A_(x) for a.e.
x € (0,7) and for all s > R, s < r, respectively. We obtain from Fatou’s lemma
and (3.6)

/Tr f(z)sinmaz dx > /7T (G4 (z)(sinmaz)t — G_(z)(sinma) | dz, (3.7)
0 0

a contradiction to (2.6). We proceed for the case k = —%\/g . Then Assump-
tion a) of Theorem 1 is verified.

For Assumption (b), we prove that

lim J(u) =oco forallue H"

llell—o0

and that J is bounded on bounded sets. Because of the compact imbedding of
H into C(0,7) (||lullc(o,x) < c1llul)), and of H into L?(0,7) (|lull2 < czlull), and
the assumption (2.4) one has

[ 52 o) - )] as

c
< eglul®+ (plh + I flellul . (3.8)

/0 |Gz, u(@)) - f()u(z)] do

IA

N

Hence J is bounded on bounded subsets of H.
Since u € HT, we have

[ull® > (m + 1)?||ull3 (3.9)

The definition of J, (3.1), and (3.9) yield

J(u) 1 ull3
m > —2m+1 . 3.10
ol Tull? = e 3 al? (310
If ||u||2/||ul|?* — O then it follows from the definition of J and (3.1) that
1
Jw) 1 (3.11)

ful[=oo ||ull2 2

Then (3.10) and (3.11) imply lim,|— o J/(u) = 00; therefore, Assumption b) of
Theorem 1 is satisfied.
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For Assumption (c), we show that J satisfies the Palais-Smale condition.
First, we suppose that the sequence (u,,) is unbounded and there exists a con-
stant c3 such that

3 [l i (M6 - @ < @12
and
Jim |7 (un)]| = 0. (313

Let (wy) be an arbitrary sequence bounded in H. It follows from (3.13) and the
Schwarz inequality that

lim / [ul wy, — m*u,wy] dz —/ [9(z, up)wi — fwg) dsc}
0 0

n— oo

k— oo

= | i ] (314
k— o0

< Jim 17 (un) - ) = 0.
k— oo

By (2.4) and (2.5) we obtain

™

(2, un)
0 [9 [l

lim
n— oo
k— oo

f
Wi — wg|de =0. 3.15
= o (3.15)

Put v, = u,,/||us|/. Due to compact imbedding H C L?(0,7) there is vg € H
such that (up to subsequence) v, — wvg weakly in H, v, — wvg strongly in
L2(0,7). One has from (3.14), (3.15)

. " u% / 2 Un
lim ; {Hu ”wk -m T Hwk} dx =0 (3.16)
k— oo n n
and also .
lim. / [(vi — Vi) W), = M2 (v, — Vi )wi ] dz = 0. (3.17)
m—r o0 O

k— oo

We set k = n and wg = v,, K = m and wy = v, in (3.17) and subtract these
equalities we get

Tim {[[vn = v = m? v, = vml3] = 0. (3.18)
Since v, — vg strongly in L?(0, 7) then ||v, —v,,||2 — 0. Since (3.18) holds then
vy, is a Cauchy sequence in H and v,, — vg strongly in H. Hence it follows from
(3.16) and from the usual regularity argument for ordinary differential equations

(see Fucik [3]) that either vy = %\/gsinmx or vy = —%\/gsinmx (Jlvo]] = 1).

Suppose that vy = = \/gsin ma. Setting wy = sinma in (3.14), we get

m
s

lim [—9(z, un(x)) sinma + f(z)sinmz| de =0. (3.19)

n—oo 0
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Let H be the subspace of H spanned by the eigenfunctions sinz, sin2z, ...,
sin(m — 1)z. Then we write v, = T, + a,, sinmz + ¥, where v, € H, ¥, € HT
and a, € R (likewise u, = T, + ||un||an sinmz + 4,). If we set k& = n and
Wk = —TUp, + ap sinmz + U, in (3.14), we get

T
ILm { / [u;(—ﬁn + an sinmz + 9,)" — m2un(—ﬁn + a, sinmx + ﬂn)} dx
n o0

0

_ / [9(z,un) (=T + an sinma + 0,) — f(—Tp + ansinmaz + 0,)] dx}
0
~0. (3.20)
It follows from (3.19) and (3.20) that

1 ™
—{/ [—ula), + m*unty, + ula, — m*u,i,| do (3.21)
0

n=oo ||

—/OW{MU,L(—EH-I-’[L”) —f(—an+ﬁn)} d:c} = 0.

Unp
For W, € H we have |[u,|? < (m — 1)?|[u,|%, and for 4, € H* we have

[@n]|? > (m +1)2|@,|3. It follows from the orthogonality [ @, dz = 0 that
the first integral in (3.21) satisfies

™
! =/ 2 — Y 2 ~
/ [—ul @, + mPuntn + ul, i, — m*up iy, | de
0

= —l[@nl® + m? @l + @] — m?(|an]3 (3:22)
2 2
_ m _ 3 m N
> [+ mllunIF + [lan]? ~ WHUTLHQ
om—1 _ ., 2m+l .,

It follows from (2.5) and (2.4) that Ve > 0, 3R > 0 such that for a.e. x € (0,7)
and all |s| > R,

[CEPN

S

Also for a.e. z € (0,7), and all |s| <R,
lg(z,s)| < cR +p(z) .

It follows from the imbedding H < L2?(0,7) (|jull2 < ||ul) that the second
integral in the equations (3.21) satisfies

/07r [g(x’ Un) (i + i) — F(—Tn + an)} da (3.23)

Up
< e(unll® + llanl?) + (cR + lpl + 1£ 1) (1Tl co,m + lallcom) -
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It follows from (3.21), (3.22), (3.23), and the imbedding H C C(0,m) (||ullc(o,x) <
c1)|u||) that there are constants g1 > 0, g2 > 0 such that

1 _ _
0> lim o [e1][T@nll? + e2ll@n]l? = (R + [lplly + [ flln)ex (T |l + [1anl)] -

n—»00 H

Let uyp = Uy, + tin. Then it holds ||u;t]|2 = |[Un||? + ||@n]|? and ||[@,|| + [|@n| <
V2||lu;b|| . Since there are constants ¢ > 0 and 3 > 0 such that

0> lim m(@HU#II2 = Blluyl) -
Therefore,

1112
0= lim 122l (3.24)

nooo [lun -

Now we divide (3.12) by |Jun||. We get

1 " ; n T n) n
lim {—/ [&u;_wﬁu_un} dm—/ de} =0. (3.25)
n—oo (2 Jo Llunl [[unl| 0 [[un|

We obtain from (3.24) the following equality

1 ™ !
m —/ [iu; —m2 }dm (3.26)
n=o0 2 Jo Lfunl Tunll
1 ™ ((ul))2 132
n=oe 2 Jo L flun| [[un]|

We know that v,, — ksinmz, k > 0 in H. Due to compact imbedding H C
C(0,7) we have v, — ksinmz in C(0,7) and we get

+oo for z € (0,7) such that sinmz > 0,
—oo for z € (0,7) such that sinmz < 0.

n—0o0

lim u,(z) = {
Using Fatou’s lemma, (3.25), and (3.26) we conclude

/7T f(z)sinmz dx > /Tr [Gy(z)(sinma)t — G_(z)(sinma)” | dz.  (3.27)
0 0

This is a contradiction to (2.6). This implies that the sequence {|luy|} is
bounded. Then there exists ug € H such that ||u| — wo in H, ||uy|| = uo in
L?(0,7), C(0,7) (taking a subsequence if it is necessary). It follows from the
equality (3.14) that

T

lim [(un — wm ) w), — m?(un, — wp)wy ] d (3.28)
m—oo 0
k— o0

_/07T [9(z,un) — g(@, um) | wi dac} = 0.
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The strong convergence u, — ug in C(0,7) and the assumption (2.4) imply

™

lim [9(z,un) — g(z, um)] (un — um) dz = 0. (3.29)

n— oo
m—oo 4O

If we set wy = Uy, WE = Uy, in (3.29) and subtract these equalities, then

s
lim [ [(u, = up,)® = m® (up — )] dz = 0. (3.30)
m—ro0 J0
Hence the strong convergence u,, — uo in L%(0,7) and (3.30) imply the strong
convergence u, — ug in H. This shows that J satisfies Palais-Smale condition

and the proof of Theorem 2 is complete.
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